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Darboux Integral,

G‘V(n ¢ heunded 'Func‘lion
'PIA-——Q R, we define the
'bwcr in{‘esra\ o‘f ‘F own 1 ,’Y

L(f) = :wP{LH‘: P): Pe 6’(1)(

wheee P(I) is the set of

pﬂv‘lilion.j of 1. 5.‘milarly

W€ dC'Finf the upper iniesfal
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by

Uit): inf{ Uif: P} Pe @(1,}.
Thm . The lowevr in{egval
L(f) and Lhe upper inlujr;l

Ulf) on I both exist.
Moreover LI(£f) S Ulf). (Y4

1f P and Pz are any poir

of parl:i‘ion& of I then



then it follows 1het

L(f: P) ¢ UFiRd.
. the number U('F P.) is

en uppcr btmuded far

the set {LH’:P); P e G’fI)}

Hgnf_g L"F) ’ ‘)Qiha the
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Supremum of the set sotisfies

L(¢) ¢ Uf: BRI,



Since P, i anarbitrory
Pari:l'ion of I p then

L{f)is o lower hound

for the sel ;UHEP}:PG 6’!:)},

chu the infimum of this sei

set sotisfies L(#) ¢ UI$).

Def'n Let f11 2R be &

houndtd fu’nchan J. We seay



F is Darboux im‘.egra bie
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the function 3(;{“’3 iprexs3

For € 20 we define

Pi= (O, ), 14 ¢, 3}  We 3¢.‘



the vpper sum
U(g:R)=2-11-0) 4 3014¢-1)
+3(2-¢)
= 2438 +6-3¢= &,

Therefore | Ulgl ¢ &.

(Rec““ Ufg) s the infimum O‘F

all  partitions of [°»3}')



5smi|arly the lowey sum i3

L(g: P) = 2+2¢ +3(2-¢)-8-¢

so thei Llg)2 ¥  Then
§ ¢« Lgy ¢ Urgs = &
which means LGg)z Ugy=¥

S The Barboux in'le.jral of

9 iy f:g s .



In*agrn‘)iliéy Critevion .

Let I:|a b] ana |ed

Ffl“a R be a bounded fen.

on L. Thes f is Darboux

integrahle if and only if

For each £ 20, there is «

Po'*i*“‘" I:; ot I' Svuch that
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U(F:P)- L R) < €. (5

PE. If £ is integroble, lhen
we have Lifi= U}, 1Ifero0

then Sinte the lower i’u‘legral

is & Suprewum, 1here is g

Pﬁr'li{ioh P‘ of I sveh thal

Lif) -%£ <« L(¥; R).
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Similarly theve is a parlition

P, ot 1 such ihad

Utf; P, ) < U3 + £

2

It we led Pi'-' PvP . thee

PS is 6 vefinement of

P. Gnd Pj,. HCV\D‘

L(£)-£ < L(F; R) 2 LIS R
S U R) ¢ U(fR) UM
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2 UF:R) ¢ UMH)*2 and
. 4 ¢
SLUFG) e -L(fr L

Addim 'l'bﬁgihﬂf and uSina U‘-f)
a > L[f)o
U”:Ps) L(F R < &
nole that

For 1he cOnverse

L(f: P) ¢ L(fS and
ulfil < U(f: Pe) .
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Uif) - LIE) ¢ U P)-LEP)
Now 'for each £ 20, suppose

dheve is @ parli'liou P‘

such 1had (5} holds . Then

we have LIfJ € U(f) is always

trve, 48 we have



3



