1.3 Infinite Sels.

A set 5 HE denumerab'f

if there isa bijection
fN—3

If we write Xa: Fenr

fov all nz1,2,.... 1hen
5 : ’x,,: nz 1, 2,9,.. }

where X2 %, il j#k.



EX. .Some examp'es.

The set E ﬁ’{ln: n € N}

o‘f Cvemn natvrecl nuw-ber.s

is denumerchie.

Jo is Z * 104»‘0-': 2’-2,...}

So is P: fz,‘;,s, 7, u,...}

('Une .’se{ of Prime rwm'oev.t)_

pc2, Pac 3 p3: S’e etc.



Qhow Z denumerable

r
flnl-"

[ fmy =2t if moisodd

-'-"i F nis evee

is the farmula far the

bijcdiun of N onte Z.
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Follow 'Fif.sl: diagonal’

en
Lhen 4 he S?(orn" th

Lhe 1hird, etc. .
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Us;nﬁ this mé’“‘\"d’ le

P(m,nl = wvalve a&&igned

fou ) =10,

of Lirst 2 diagon
Pra, = 3

- { terms
Nvmbet s te
- 142 =3

N»mberdf k diﬁﬁono’,tc'nms S



9
Observe that as we move

along the path, f(m,n)

increases by A with eoch

Step. Therefove

CFINSN TN s 4de-2
and ontp

It follows thet £ hos aw

ipverse 3 *N— Nx N 4{hot

;J 6\-‘.‘6 -t -] anJ onto.



g = (1,1)
9 (2} ° (1,2)
%(31: (2 t)

I
n general

9(k) = (m(k), n“"}

4Pof k=t,%,..
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Now de;ing & '

-punc'fi'on M(m,n) =M
n
and olso Je'rinc
h(k) = (9} = .
n(k)

This is the k-th positive

radtional nvumber ot

the k-i) peint on
the path.
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Th
vy wWe obtaln
a

punc{ion h:
N — Q+

th :
_ at is onto bot

not \-to-

w/
. wont to modify h

to m
alke i
o W Fiet andoeie

h(i): (’%) s |

he 2
5) = () =
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ldea : We have a path

h: N— Q7 dhat ress
'“uou,h all volional numbers
We sShouvlid delete afl

rational numhbers thet

already occur = on the

li sd.
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=¥
s Do JPNTS

%
e T
8 o
-jtn =}

WwWe delete

num bev

'a'f 'Ll'\e vrational

already occurs on ihe lisd

m
g D
n



T"a "‘, we obtﬁin G runtfinn

H:N — Q' thal is I1-te-

and onto

Moo 5 Heri- %
Hin ® 3 HfS)"%
Hm\'—'% Heay: 2
Hmn-'-, Htio) = g
\4‘5”"% Hoan = 2
H(e)= 2 Hlizy: + eke
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T"W&, the 'Fuvsciioh“
H: N — QY provides & list

of oll PoSilive rolional

numbers such that each
Oclcurs
rolional number exactly

once on Lthe lisi . Thes,

H is |-t6-1 ond onto.

Henr.e Q* 'S denumerahle.
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we
write H (k
) =
< | A
.

for
k= \ 2
y-+, <1he
n

Q’ j
- 1
')ntlﬂg %
S

Neo -
w W@ Wl"i‘l’.
€
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This is o lisd Q: of all

ordeved pairs of positive

rationel numbers . We

conclvde Q: :s olso
deumevable. Leiliry R be
the k-1ih E‘emgan‘l. of 1his

lisd, consider

I7.1
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Q"‘ v dehumerobie.
3



5el:.| Con be arbitrar;ly

|arge: For ony sel 5‘ led

6)(53 be the set of b
subsets of S.

Cantor's Thm:

Theve does NOT exist o

map . 5§ — P(s) thot

is onto.
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Since P is @ surjection,

'L'\Qfe exi.f'l.‘i Xo € ‘S

(uch that #rxo)= Do

e ave 2 cased -

€ D.

Ther

21
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2. Suppose X, ¢ D

),
Theh xo ¢ ?{xo

' af D,
By definition

diction
Contra
X, ¢ D

Ex. Svppose 5’50"""}

@(s) - §¢,{a3,f53.1‘},
fond Jac} i)

and {a,b.‘-}

oy
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Ex. Use I,.a.,,,g;,.. to show 1he

R ——

13, 2;4-... -+ h3 - n{”*")z
2

Led Prmy be Lhe obove

Statement. When net,

th;s Mmeans

2
- f1¢ 2

Thes P(l) is trve,
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Now GsSyme thgt Prur is trve

Then

L 2-3* S (ner)®

P—

\ 2
R(rn4 ) N (n.n);
2

s B

b? the indvelive assmnpti«m

- n ¢ 4 ‘-Hmv\”n-n}l
= = (na ) ol

b Y
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]

26



Thus Pln) is trve for

all nefN.
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