We o'ef:ncd ihe Jarboux inf:ﬂuble.

For o diven far‘tiiipn P' we set
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ng"’"P{f‘x': X € Ih}

m = inf {fm: X € Ik}
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We alse defined

U‘#J‘.’ iwf{U{f'P}; 'for all
par‘lihons P

of [a,b]
and

for all: Padi’hon‘
L(f): .Wr{[f}'PJ-' P of lﬁﬂd. f



Finolly we define § Lo he

( Darboux) in%esrable an {4, b]

id L(F)= J(f), and we

define jl} or!«f < L(f) .
a

We want o Simr':fy the }ask

of deferm:ng when fi.s

initﬂrahle. For 1his, we have



Iniegrobil:tv Criterion

Llet I=[a,b] ane let

£f: TR be bovunded Then

": ) ihitﬁra“c if{ anad only if
for each €20, there is

G par'h'liem E of I such that

(1) U"pgps)"l-{'papﬁ) < &



Pf. We first ossume fois

Miegrakle, We musi find
Pi 50 that (1) holtds

;Sinc.e 'Pt.f iﬂkeﬁr-g%ge’
Lit)=U(t). IfF €0, then

thece is « parf:fio» P' Jo

that L(£,P) > L(£)- % (25

Similar’y, there is o partition



Pz so that

UL, R) < Utk) + £ (3

If we let P - P. “Pz' {hean

Pi is arefinement of P

and P. Hence,

. . ,
Lee)- £ < Lt#:py ¢ LIF:P)

SUF:RISUP:B) cUrpI+E
2



The fn‘u{ inequa“{,, becomes
“L{f:P) <-Lts) 4 £

& 2
and the Secqnd hecomes

UH‘:I}) < U(f) 4 ‘fi'

If we adod these and vse

Ulf)= LIf), we obtain (11,

Now we GsSume fhere 1S G

PE so thal (1) holds. we



Mmusd Show that ‘Fi.t :niegrablﬁ

FO' ﬁ.t\y pa,{;{;“n P , WwWe hove

L('r P’ < L‘f’, awnd
Uid: PI > yY(e). We cen
write these as

L) ¢ - L(F:P) and

U{f’ - U(-r P) . Addo’nﬁ
1hese :

Ulf)-LIE) « U(L:P)- LILP),

§
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¢ set Pz P bney 1y
Bécam:s

Utf)-LIF) < £

Since this s trve for all £,
we tonclvde that

Y(§)-L(£) so0.

Since we always have
Uf) 2 L{t), ae Vit)-L(¢) 20

Lhis shows Ulf1-LIEIz0
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e. UlF) = LIF), which

implies that Ul#) = LIF),

which means f is integrable,
which proves the Integrability

Ceider,uan. We show how

to vsp the Lriterion:

T hm. 14 ‘f ' S con‘tihuou.s on
I, 1hen fis in'leﬁrc.ble,



P"‘- 5;1'(8 'f K Con‘!il\vou.s on 6
Closed bhounded interval, f is

bni-’orm'y ¢anlinuvova. For any

£ 20, there is a number $dro0

&

So thal if X! and %" arein

T ane x2-x") ¢ J then
&
e "} 4 .
LUl B e

Choose an in'leagr n»>0o,

J]



So thatl b:f ¢ §. Dedine
n

o portition P by

G: Xy € X1 8- Xgg&ooe X = b.

bh-a

where Xy~ Xpn = ¢ é,

Note that if x € [Xyu , Xul,

w h ‘¢h meéans

2
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Fex, )-_6 g
: < frx)
2(b-a) v f‘x", +2r: o)
34 fallows thal
M) ¢ Frxys * ——
2”3""‘“ Gawd
2/b-w)
which vields
Mk- Mk - .......-E--»
h-a
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: L Mk rxk"xk-.) - mk (xk-xk'l}
bz K2
v
= ) (M= ™) (X X
Kz
n
f _.é———" (xk-xk"'
- (h-a)
k‘:l

The Critervion implies thead

‘f i in‘legrahle.
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We can olss allow ¥ te have

a finite number of

cdiscontinvities.

Theorem . let f: 1R bhea

hounded function . Let E

- { cﬁ I""ce Cn l he & distinet

sed of points in B with

C,c'( ;.. < Cn p and assvme

"I,Iai ‘F is continvous ot sl



r)cin'l.i ® in [G,b}, excepi for

x € E. Then .f i s in{l,ra ble

on lﬁ,bj.

Pf. We tan aSSume thet

o and h arve in E, Thus

Wzl ownd h=z ¢y . Let @
be a pusifivc number

Such 1lhat

C = € k-1 k
JERB—— ) J

2

O & min
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and calse tha
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where

4 dthe

]. Note tho

h]. |

x€fa, .
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: Lun
;irJ‘

intervals
the in
that

0,1, N
-l-d’] )"“" k= 0,1
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Note {l\ai ‘F ' continvovd

on each interval [ck‘.+a,ck..,,-]

for oll k= ), 2,..., N.

Clnoo.n & parl.‘lion Pk en
each interval
Ikg [Ck"{d" (k-j} ,

Juch theaet



(£, P, )- LIF, R ¢ — . (Y)
2N

Now w ¢ {arm G Par*i*ion

P- g Pk ufa,h}.

n
On each interval
[c,,’r.our],.. [ck-o, (k-url,,., [¢,-0. Cu)
'thc dupremum of toch interval

s € M s and the infimem ¢

2 -M.
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N
The upper JSum Z Mk {"k“"k-c)
kz o

-fmr ‘UAuJ’t terms o4
less than (N+1)M (26

= (v M2 £ = £
M (Ner) T

\Sim.“ar‘y' the lowev Sum

v
Z " (.xk-xk-,) for those
K:o



Y ¥
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- (N+1) M (25

=-(N11J) M- 2 e B --{
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thq , the difference
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Iht 0£h.¢r f::rnzf
Correspan.d.‘uj o the

partitivas P, kau... N

all Ja‘tiJ{y (q) ) The Sum

of all tErms 79 at most

Nv o E - £
2N 2

Putting all terms together

we shlain UtE PI-L(f.P) E
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