Toda, we proeve:
Fondamental Thm aof Algebf&

Given any Posz%ivg 'm-l:ejcr

N2, andony complex numbers
Gy, O ,.., a4, such that 0q%0
the Polypgmial equalion

An2" +...+ 0,2 + G4 =0

has ot least one solution 26€ (.



We vie the Extreme Value

Theorem for real- valuved

punc{ions af' lwo real
voriahles .

'Thm. (Ex‘lteme Valoe Tlneorcn)

Let £:D R he & continvous

funclion or the clasest disk

y
D - i(x.,x.se(R . xtext ¢ RE
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Then f is hounded and allains
its Mminimum and maximvw
valves en D. In other words,
there exist Pcluis

X , X € D such that

Fixe) ¢ Fixr ¢ $exp)

FI" 0“ X in D



If we define & polynomial
f: €= by setbing
r(?]: ﬁ,.l" oo ﬁ.z + Qe .

then nbtf *}I‘l we Ctae V‘Eﬂard
(x0Y’ ‘,I'foa-iy)‘ @ G fumelion

from mt to R.

We moy also denole this fuection

by ] e 141



It is & Composilion of

Lon{inuovl fuaci:us (Folynonuls

and the square root ) .4

Lhevefore itis alse comntinvous,
Lemma . Let f’t"’" he

Gny Polynomal . Then theve is

6 painl Z, in €  where ¢},

function [FI attcins its minimvmw

Valve in [R.



Proof of Lewmwmsg. 1f pi(

& tonstant polyuo»%al Polvnohial

funl.fibn‘ then :H\c J*c.*emcn*

ot “n-t lemmd ] fvv( Since

[£] attains it minimuwm ot

gvery point in . Jo, choost

2.2 0.

1§ § i¢ not constont | then



the degvce of the po,ynohu‘

8 gt least 4. Tw this case,

we Sed

fre)s O™ 4es + 0,2 + 00,

with Ge 0. Now, a3suwme

-;io‘ and set
M: m&t{"io's"'o Ia,.g | }
We taw odtain a lower bouvnd fo

“:‘Z" s follows :



12

- |0n"?‘h 1+ Gner o
Loaa by

P

Gn ¢ -
ann

Since lim =
=0, it fellows

2

that f
or hwge (31, we lwvé
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lfl!)l, jan) 12"

w ,

(X

4 1212 R.

By ckoosina IZ12 R, for

lavge R, it follows that

ifen] 2 |a,.;g"' y [feer .
Let D < IR‘ be the diak of vadivs
R abovi 0, ond define o fonciion

g: D 2R by guxys = [fixaiysl.

Thea 9 is continvaovs , 30



we can apply the Exteme Valve 10

Thlonm ith ovder do obhtain
o point (%0,¥,) €D Sveh
that 9 atioins

its minimvm at (xo,‘lo)

By the choice of R, we

have Lhal for 2 ¢ €\ D,

|feasl 2 Gro,0) 2 § (%, v,)



Sveh thet 9 cttain ids I

minimum ot (%, ¥s). Dy

the chaice of R we have

‘lhﬁ{ "0' 2 € ¢\vo
”‘(-u' > J9to 0] 2 lﬁ(x.,,v.)]

There fore |l altoing its
minimum in 7 = X & Yo o

This proves bhe lemma.



proof of ‘“'beovcm !

[ef
20 [ C LQ & P“l"l
\wl("
‘“lt Minimum 8 attai
ned,

T
heee are 2 cases:

Case 1. fe2s) F0
. 'YX,
C.Jtn. {lzu) = 0
In (o
se T, we have 1hat

{fi2,) | élﬁ'_zsf, 2¢(
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We dg‘f:.g 6 New ‘fvu&"un

ﬁ:t - R by 4(2) = fez, 2,)

£tz,)

Note Zhad 3 oS O polynomial

of 'desreo N ong the minimem
of |l is oltained o 2:0.

1n fact,

| gez0) = lw"'!ﬂo’lz Iﬁw—:_ﬂ,: o)

ifap] ) feaal



Note alss {het 910) = | "

o

1t follows that

& ” " k
9[2, = b" ; L * bkz “- '.
wilth n21 and

bl‘ +0 gy for Some k,

with 1 ¢ k £nh.

¢ and

Let b" < “,ltl e‘e

consider 2 of the form

5 nlbk l-T‘.EM ir- 83/k

with /120,



Nole thal if we take

k-4 Powers,

k -1
2 =nklb | - g ifr- ©)

OR :
b2 = - [0k
OR:

k = -—ﬂk.
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For Z of Lhis form, we have
9= ) - gk 4 AkH hen
Where h is & polynomial .

Tben ;vf nel,

‘“‘t Triapjlf Pfﬂp¢"7 ihplict

lg(z:l < 1-n¥ 4 A% Jhl.



Small N, we conclvde thal

g2y < 1-n* 4 2 nk
- '_ I-L,f {mr Sweall R
z 4

T hus 9¢3) ¢ V', which

tontvadicts the assumption

that 9!!] 2 Glos= L.
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Thus Lase I is net possihle

The Yemeing Pvaper"y ]

Cose M. This implies that

f[goj S # W'lich

¥ 4

meand 'f h“ ] ".D‘ ?o.



