2-1 A’gebra.‘c ﬁnd ofdel"‘

Proper'h“ of IR.

on m , “’lere Ore tWG

ti . addition 4
Qparo 1ond 3 O d

multiplications They sotisfy:
————————_

(Al) oth = b+ 5 (“mmutahve)
add:tion
(A,) (a+sb) + ¢+ at(bre)

(a“oc.‘ative )

addition
(AE) Theve is on element O

‘n R o G+ 0O = G
(O*e‘emen‘l exi:i’



(AH) For tach @ in TR. there i3

on element -0 in R 5o

L haod

Gsf-a)s 0 werd (-a)+a = O

(hegaiive elemeni)

(mi) g-b = b-a (commufativr))

muﬂ:iplicafiu

(M2} (a~b}'c ° lo.o(b.c)

associative
(mUl*iplica{'ion)



3

(M3} There is oan element JinR

sv thel a-1 = 2.0 =@

(vml elem ent )
Rxists

R

»

(MY). For each a# 0"

bherve exists an element

‘/a sveh that

& - (':1) = | ond

{‘/a}c a e l
existence
0f recipro“l)



(9} a-(bec§ =(a-b) +(a-c}

ond

(bt ¢} az (ha)¥ (¢ a)

(d:; $ributive prope ,{,)

In o word, IR s a‘fuld
————

By applying some of the

obove properties, one

con Show 1that the



(1) 2erc element O, ihe

(2) unit element 2, ond

(3) Lhe reciproce! -'a ore

For Q;(ample‘ Suppose aF 0

ﬁﬂa Oob: 1 & T‘l‘ﬁ

b= I-b L

(” (M‘-H(( ) a) ’
()(ah)..,,(,,,_,

M2 (Hv(r a (M3)

T‘\:.S Pfovej (3,



A/sa, if a€ R dhen @-0: 0

In fo.c{‘

G+ Q-0 Q) 4+ 4-0 :Q@-(1¢0)
b’f“‘";i by (p)

= Q-4 S/ |

Addinj (-a) to hoth sides, we 9get

vy
Abso, Oz (-1}(-141) = (ei)-1) +C1 )

Adding § to both sides, we get

(~0)f=1) =



We define Subtraction by
U~b = G4 ¢-b)

end also we write

Q R are both fields.



Thm. Theve does not exisd
¢ roltiongl number R such

thot nt:= 2 ﬁj,

'
.Suppuse 'ny tontradiction
that n: P/q . Then

2
nt = {P/‘)} z 29 P": Zqz,
We tan assume that

P oand 9 have ne common



‘P&C"Of. Thena.& myst one
e —————

of P and 9 5 even
m—a———— N ——

Since p: 29 e see

that P" 15 even, This implieg
that p is also even (hecause
i1 p: 2ne is ode, Lhea
Ptz Hnta un ¥ is alsoe odd.)

Hence we can wrike pzam,

e T Sy e



|8

leldi"-’ Lv 20
zmq' . q‘l.

“ence 91

must he eve}‘,

w". ° s °
ich lmp|su G s even

This shows that boih

P and 6 are even, which



s o (ontradiction.

M

T+ follows that
TR mu.‘{ iﬂ(‘l)t-'le ﬂllmb'o‘f‘i
-Lha"l ore  irrational

(i.e-o' hpt rﬂtinnﬁ' ).

ror 't"‘-‘ PU'POJG we need *0

-'l'(u"y Ovder Pr-perh es.

i.e.. < ord ) .
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Ocder Properties of R

There is a nonempty Subset

P of m, colled the set aof

po&ilive real humbers Such “mi

(iyIf a,b €¢P, then a4b &P
el

iy If a,b e P, then ab ¢ [P

.‘--——-—“‘

(iii) I a6 (P, 1hen exacily one
of the 'fo“cwing holds :

aefP, a=0, (-a) efp

~

T"‘thot@mv Proper*y
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If -0 ¢ ﬂ’, we Soy Q s neﬁahve}

and we wrile <0 or O0>a.

re———l [ et S S

It @ € P, we write 020
ap—

s PRGN

or O <0G

P

If a ¢ “)u{o}a we writt 42 0
m/

I} -a € WU"D}, then we
A
write Q& 0.

I iy~ Ciii) ’wld, then we 36Y

!R. 1S OGN Ovr"dered:r:e!d,

p——— e o TV L
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App‘vihg ‘qu Tricl\@g@wy praperiy

tﬁ ﬁ-b' w e 9.,‘

I a-bhelP. e a>b.
e —————————————————

If -(a-b) 6'?‘ { hen (h-alefp

= hya

M
1f a-bh=0, then a=b

—

B

SR

Here are the Rulgs for

Inequalities :



Them. Led a, b’ ¢ € ‘R
2.1.7

(a) If asb anad bdC, then

/3 N 4

g Rl TR

(hy Xfoarh, thenasyc » bac
Somunany O —————————

tcs If a>b ond €20, then

RSP

ca > ¢b

e T TR PR A B

If a2 h and ¢c¢0, then
a¢ < ab

S

Proyf of (al: 6-b )0’ h-¢ Y0
L hen (a-h)t (ha-t) 0

ov G-C 20 = o> €

16
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by If a-h Y0, then

(ayc)-(bre) = a-b >0

- Gasec ) hag

R

fer 18 ar b . and €0, then

ca-¢ch = cla-hl Y 0.

-2 ¢a Y ¢tb

ST e

S R ey 095

If cc0  then -cy0. Herce

cl(b-a) = ~=¢fa-p}) Y0

~ ¢h-¢6 0 = ¢b > Ca.



|8
The Ovder Pro per'h‘e.t

in 2.1.5 and 2.1.6 lead to
2,010 and 2.0.10, which arve

USE.{U' ;Or .Solva'wa inequal:{:su:

l. Suppoée that ab > 0. i}

0720 ,1her bya.

2 T aby0 and 2¢O, then bSO

1 If abc O and 070, thepb<¢?

4y 14 ob <0 ond a<0, then b0
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We need to preve

several facts:

Thw 2.0. &

tay if a ¢ ’R and a#'o' t hea
0typ

(by {f NneEN_ 1hen n>o0

Since 12> (a3 |>0

() If neN, then ndo.
APP"! (b) ana i) fum\ Order
Propcr'lia. Use Mu'lln. Ind,
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Proof of tay. If ¥ 0, then

Ritheyr ¢ 0 o¢v a<O

1f @ay0, then 6 v0 (e 6"")
If <0, {bhen ~a 29,

Hemnee at: (-a)(-a) 20,

Since (=13(-1) 2 0.

Proof of (b}). Simce 1212

& follows from (a) that

1t 5 0.
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Pf. of 0. it ne¢ IV then

n>20 . Cleavly ' > o

AJ&Vminj By induction

that N 20, then nst > 0.

It is alse tnpaf&a~a4

fhet if a0, thenr a' %0

To See -H'i.s , .suppo.se that 0.-‘4 O.

Then 1266 ¢ @40 =0,
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Ex €.
.~ Find all veal numbers ¥

Such thel Ix 44 < i

+ 1‘7

By rb) of 2.0.7
’ By ey of 2.1.7

Ex. Solve x"-qx..f <0
1
X' e yg-5 =2 (%-5Wx+1) €0

@ I‘F xX-5 2 0 a*hcn R4 140

By Properfy

(3) obove Ne selutjion
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X-5 <0, ther x41 >0 .

Selvtion s -1 £ X 45,

Phm 208
(ar if 6 €R ona a# 0

(b} 120 . Since 1=t

F
o

this foll ow/y-v"’f?om (af



