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.In ‘this section we will

?

prove several identid;es
that have to do with the
G‘No’u‘ll‘ volve ‘fan‘!iun.

But 'Fir.s-l'. we note that

in the third line of the

dtfini%i‘on , 1t follows that

If b < o, “aen “)l: - b.

and if blo"“hCﬁ lh] = b.



Absoluvte Valve 2.2.

We can define [a] os follows:

a if ayo
lol = o if as0
o if aso ()

we’ll need these identitios:

(a} |-al=la)
(b5 Job|=|af]bl
(c) |a|1= at

(d) =-1a) & a £ lal

(e} if beo then Iblz=h.



Proof,

(a) Suppose 020. Then -Q € 0

? |-al=-(-a)z2q = jai

Ifﬂfuo' '“Wn-d'lo So

I-al = -6 : |al

Loy def. of o
when 040

(b) 1# either ¢ or b 20, Lthen

holh Sides equal 0.



Now Suppose a, b »o.

labl= ab = {a)§y)

Jince ob Y0
Now sSuppose aye, b<co.

labli=-ab = a(-b) = tarjb)
wWhen ¢80 and b >0, and

a,b <0, lhe crgonew& is

Similar.

Now Svppos€ that

G& O and b(@. Then



labl = |-ast-t61l,
Since ~a and =-b ave
beih > 0,

|-ar-b> ] = (-al(-t)

:l-—a“-'b] :,a‘“b‘

& by (el

Th;:s proves (b).



Proof of (c) .
50‘:P04¢ 'FirJ{ {that @ 2 0.

Then 0 = {al, so at = lalz.
Now Svppose that a < 0.

Then -G = lal , SO

at = (~al(-o) = lal) &

= lal?.
Thiy pProves fc)



PfOOf of (o). We want
to prove Lhat

-la] ¢ a £ bl

50';':06( first - &2,

Hence G= ‘0|

o =la) ¢ 05 & z=lal
g e R S TR TR TS

Simibarly, when a¢ 0,

jal 2 -a . Then -fal=0 2 0¢]al

which jmpligs -121 % G £ |a}

This proves [d).



5.2

The fa“owius iueqyg'i ty

is very useful .

Triangle Ineguality

I# a,b €R  ihen

larb] ¢ lale |b]

PE. Suppose firsl that asb2p

= la+hl=04b ¢ lal+ |b]
tu.simj (a)



b
Now Suppose that atb < 0

-> |d+h':'—(ﬁ+b}

z -0 - b £ la] + b}
%

Using (d).

which imp“cb the Triamﬁlc

Inequotity.,. We can Prove
la-bl <€ lal+p) (1)

by fEP'a-cing b by -}



We will also need:

lal - “ﬂ, S la-b} . (4

P
0: (a-b) + b

lal€ |a-b) + 1bl

> (tal-1b1) S la-bl (2}

Similarly b: b-a
@ - 4 a

bl € |b-al # |a}



Ibl=-1al < |b-¢}
-(lal-lbl) <la-b] 3
By combinina (2) end (3],

we ob'laih

< Io-blt

’lal-lbl

which proves (+} .



Another version is the
Ba‘kWQ"} Trion,le Proptriy

la-bl 2 1at-ibi.

Pt.
jal: '(0-5) l'b‘

< ja-bi + [ b

= |a~-bl 2 lal- |bl
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One more inequali'ﬁy g

Estimole . 5uppose thet C 2 0.

(1Y lalé ¢ f and only if

-Cé o ¢ (.
Lel P and O he siatemenf{

Then P isteve if and anly ;¥

Q s {rue, mears that



10.1
Pis trve if  Q is trve

‘e Q= 1%

and

p is trve Ohly ¢ Q is troe.

W e provcﬁ) Ti 2 separale cases

Case | 5vppoae @2 0.



101

On 'kkc, O“ﬂer l’lamd, if

~C ¢t a st Lthen o]l e ¢
M
Cq_@,e 2. 5\)‘9‘504? Q< 0.

1§ tal ¢ ¢, then -a4c

- 03 -cC.
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On the other hawna if
-C £ 0 £ €, then

-0 £ C - el g €.
This proves (1) is trve if
a< 0.

Thads Provu the Q&’Limu{e,
AT————"

in both cases.



We obtain [a] ¢ ¢

Thus, we've proved both

di‘rec{'ions.

Ex. Fing the set A of all x
such thot  {3x ¢y | <2

S 2
.. Left half i Wy & g

lalcc a_.ccacc

0 2<% XYy < 2

and 02 IX+Y,

12



I3
“6"33((-2

- -2 ¢<x ¢ -%
3.
g g oo gt R IR
|
Ex. JSet foer: 2X -4X +3
/
FR= 2.

when 1| ¢ &2  Estimate

1foo]

For the numerator,

llx" - W +3’ 4 “xl"i'qu'
+3

< §+&+3 = |9
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For the denowminator :

| 5x- 21 > | §x } - {2i

X §-2 = 3
Hence,

9
ol ¢ 12
”‘(: 3

Def'n. Let aém ond £ )0

Then the E-neighborhood of

G s the sel

AL {xefk : |x-al< f,lj .



If we replace G in (1) by
X-& ond ¢ by £ it
follows that x € Vfa) ¥

only if

a-§ €

M



Thm Let 6 € R, If

X b .
elo"f)‘ to VE(al for

Every €50, then x= @

Pf. 5uppose X # G. 1§ we

Set = | x-al
£ 2~ in the

2

definikion of  Vgla)d, then

e

‘x__q ¢ \x-6)
i 2

Dividing by |x-6!, we hove

16

| < L :
2. This contradiction » X2 §



