2.3 The Camr‘e‘tfness .PraPer‘ty

In this section we show that o

bowuded Svubsed 5 R] lR ha.s

G “Maximuw”u angd &“Mlﬁimvm”w.
W
W
We say tka‘l 3 i ‘Nwhdtd &bove

i f theve ;s « number u



Such thel S< v forall s¢ S

Ecch Such  number o is called

Gh vpper bound of 3

P Y o~ = S ———

At

v
Similarly , we say S is bounded
helow if there iy 0 number w
Sucth thet wé S {'oranses.

- Hr—t—ttit-
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Each such number w ;s colled

G 'Ovler bound ot 5.

Example , S5 : ’xg[R‘, X & 23

1$ houndeda aboave but not

bounded below:
3e{‘ini-|:ion. The number v g
7% Suprem VN ai‘S(am written

as Sup S or least upper bou...l)
of S



iof

(vv) v is an urper bound a‘fS and

(2') v s any Upper bound o‘F 5

then Y 2 v
v Vv

\5imi|6r'y s W 8 Gn infimum of.s

§



(v) W is a lower btwnd of £
and

(2'3 if s B any '0W¢V bound of ‘}.

lhen 1 ¢ w

“Thws U = Sup S i and

w:in‘f'j-



One car Show there con b"l)’
be one Supremum of § and

one infimum of J .

are

,Supposc ‘H\gre\/{ numbers v, andUz

that are both
e Ehat
Suprema of 5 - The fact the

U,z Supd and U, is an wpper
hound 24 § implies that

Vi 2 Y,

. The S5ame ypaspon: n,

implies Ythat Vo >

e & [



14 follgwss that y - v, .

i

Given t‘a{' &/ 3 an vpper

bouna of 5. we Lan express
'H\e ‘f&t‘l’ s 5°PS in gnother

W ay , 'H\a'l 5 eqyiv@lﬁ'ht .
Thm. Let v bean vpper

| bovme of 5. Then the

‘0"0"’5"3 3£4t‘émen44 ore
equivalent:



() If v is an vpper bovna

of 5, Lthewn V2.

(2) 1f 2 <v, then Ltheve is

on S$:=35, € 5, Such that

S; 7 2.
M—_—_————-——’

We First show that (1) (2)

Jvppose that (2) does not hold

Thus it must he that



5 ¢ 2 for all 5¢3.

This implies that Z is an
vpper hound of 3, which
accardmj o (1), implies
thai 2 > v, which
Condvadicks the assumption

bhat 72 < u. This proves (2)

Ad this poin%, we need:
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-Lemma. 59,:?0.“ X'is 6 number

'&"a{ satisfies

O¢x <¢§E for oll £ 0. (i)
Then x:0.
P'P o We ;.s'tow thel

X200 leads to o contradiction.

Thus, we set ¢ - _’z!. Thia

we gef from (i) thel X< X ,
R

which is clearly impassible.
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Now we prove theft (20 = ()

Let €20 . Since v-¢ < v,

(23 impliu that there is
Gn ..5£ €S svih that

.S£ > u-E¢. Now let

"4 "JQ Gny wvpperv bound of-s.

Then V2 S¢ - If we comhine

these inequalitics, we



obtain

U-f<5£$v

»

or Yy-v <& ¢ for all &

The Lemwma implies {hat

U-V €0 , or V2V,

This proves (1),

which Proves the thearsm
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(2.1

One tan show frow the

consiruction of R, thet

-Lhe fo“owiuj e S {ruc:

Comple{ehm Propcriy of R.

() I 5 s any subset of (R

that .5 hounded above

'U'eu 'Lhtlt i§ & nv»her v

such that vu- JurS.



(2.2
$im.‘\arly

(n) 4 S5 i any Suhset of
R thal ic boundeyg helow

then Lthere S @ number W

Svch Lhat ws= 07 §

e —

- v This set

\S S bounded .



Example. Lot §: [a. b)
i.t, Gg s < b . {'I

We first show that Sup 3= b.

Jdince 5« b, it follows that

b = an vpper bound aof S5

- v+b
Let v e[a,b). del ¢ —

This implies v < 5. Therefore

v# an vpper bound of J.
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Now let veca . Ifwe set

$: 6. Thenve §. Then
V 1S not an urrcr bovnd a'f 5

Thus, 4 ve b, Lhen v ig
NOT aw vpper hound of &

HGV‘CG’ 4 v <& Gn uPPQr bounl‘

then V2 h. 11 fallows that

avp.s = b.
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Now we show thal inf S S 4.

Note Lthatl (1) imriics thed

G is o . lower bound of S

Now suppose that t is

ary [owey hound of S . Then

$ ¢ S for all s¢ 8.

In particvlar T we Set Sz a,

we get 4 <6 Hapg, inf §'= @
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Ex. let ¢ he ¢« function on

An in'L!vval I such thet

there is a constast A

Such Lhat ‘-F(:ul - A‘ for all

X eX.

Note thal 4 is bovndcd above

by A ond bounded helow

by ~A. et 5:{ fuoixel}

Set M=3svpS and m: inf §



B s s A,
Y dc‘fun'lno.., M od QN UPP(?

bovnd , so frxr o M, for xe I
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Also m is @ lower bound‘ $o

fixy > m, fae all e TI.

For any £ 20, there is o

Poin‘l ;S e I, 4o thet
f(ii) < Mt

Sinﬂar)y‘ there s 6 po‘\n‘t
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