Applina‘liou ol Complfteaess
Archimedean Properf)'.

. If x>0, thea there exists

n, €N s0 thal X 2 N .

Ps. .Suppo.u this is NOT truve

Thew for every n € N, we

for

would have n < x

all n in N. 31 *‘ll

P ]

Comple*e n;ss Prnpt';*v >

N has a Supremum V.



Then U=t is not on

vpper bound of N, se
there is an ;nhgu meN
with uU-1 <€ m. Adiin’ 1,

wWe 3:4 U< mtl, Thig

tonkrodicts the stotement that

ney for all n. Hence,

theve is an ‘mlager n, with

N, » X,



2. For any i)o, f‘wra
'$ Gn inieﬂer K i N s

theat < § , for oll n ) K.

G
n

PE. Sel x- -!é . We Jhowed

P oL 2 )

cbove thoat Llhecre is on

inleger n,, Such that

Ny > X If we set K= N,

ond if nY K, then

- e )



3. 1f Y20 thea there

exisis ny € N s<ueh that

y""" < Y & Pty (% )

Pf The Avchimedean

pu—

Peoperty implies thot Lhe
subsel Ey ® gmeN: Y ¢ m}
S honemptly, The Well=

Orderinﬁ Pruperty implies

any nonempty suhset E ¢ N



has o lecst element. Thus §

Ey has ¢ least élemeut,

which
we dencte by Ny . Then

n does not helong to Ey

y -
Bence we have

ny-nf‘l‘hy



Density Theorem

14 x and y are 80V real

numbers with X <7, t hen

theve i$ @ cational number

ne (3 suvch fhat X<R<Y

P-F We ton asSSume that

xvo0 (Let meN satisfy

Mix >0 Then replace ®

wilh xam and y with y-m)



Since Y- >0, il follows
-rrom 2. that theve exists
nNeEN Jsvch that -"; < Y-X.

which giyes nNx 1 ¢ "Y. il

If we opply (%) 1o nx

we obtain me N with
Mm=-1 € nx &« mMm .

Therefore,

m &£ NX4Y & Ny .

K By (1)



which leads to

Rx ¢ m < Ny,

Thus the rationsl number
Nz m/ setisfies

X N &y



2.‘*. Applica'l-‘anx of Least

Upper Dound Propcrfy,

lu & $C9 VeEnLe.
0

Lef ﬂxn]»
he
. We Say fx.] i4 inCreasing

i f Xntr 2 Xn +b' all net 2 ..

2. We say lim X, = X if
N &

fov ol €20, {dheve 2 6



- 0
integer N.>6 <o bt if

hz NE . ‘l‘lfl\

| 0~ %1 ¢ £, 4or ol n2 N,

’{‘onofone Convergenct Thm
Suppose {2} is an

In¢
veasing Stqvence Sveh thet

xn ﬁ M i {vb' “u n“l“‘Q“ o

Thesr there is a number

Fe
¥ ¢ M, Suech thal



NP

i X = X. | " |

nAd® o M

Pt Led N {X..; n:.,g',_,}
and let ¥ = Jub J .

Choose § 20. Thew

Lhere i3 an inteye’ Ng >0

so thal Xn‘ > % - §.

Jin;g {xn} 1S intressing

1



.“ " )" Nf s ‘i‘ltn

z-s‘x~5x”$§.
£

The last inequality follows

"'om the facl thal

”~”
Henee ;(‘-f & Xn & X & XTE
i & -% < Xn-X ¢ §
2.,
-‘or nZNg
lnm Xn = ;{'
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Esomrle. .Suppo.se that

19 6 hounded function On an

mmterval I. Then there is

o number A>0 so that
H‘txli < A forall xel, ie,
~A < ftxs ¢ A,

If we let 5={-P(xj‘; xell

Then S has an infimem



1y

moz infS  ana S has a
Svpremumw m, = .;up,s,
We conclude that

m, < 'F{xs for all x € XL, ono

for every €20, theve ;s

an Xz So theot

moefixl) ¢ mag

Alss , since m, = .SUP-S



for every £320, there is

: So that

an X
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Problem 2.4.2 .

L
Let 5={£,-—-;;;. m; el}

inf 9.
Caltcuviate .SupS ond |\

Noie ‘fir.(‘t .



)7

Note dthal 1= on upper bound
st S , &nd -l a lower bovnd
M
-\

Set m= ) and, for every
€20 dherp is on ng , ¢

thol L ¢ ¢
Ng

Then ~ -2 ¢ E-1.
ng

Thus infs z =1.



53".;’“"7. Se‘l ne=1 arnd

C‘\OO.SP mi eN so dhet

)
-"15 < ¢, Then

L.l o5 y-¢
n m£ 5

11 follows that Supd = !'-
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