9
Ex. Let S be a subset of R

that 2 bounded helow.

Led T- {-x: xeS}

W}j OTW-'
T s

Thew inf$ = 509{—1‘3%(5}

Pf: Lel w= inf §. Then

by Critevion 4 on p.%ﬁ,
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G number W s arn infimuem of S
¥ (i) wis o lower hound ,
ond i (i) fov every £ 20,
theve is ¢ Vs € S such thai
Ye & wa« k.

Since W' is ¢ lower hound

of 5, it sotisfies we x
for all » € S.



ry

Multiplying by (=10, we get
cw 2 =%, for all 26§,
Jince every element of T
1S §iven by ~x, fov x( S,

we Conclude thal -w

1S an Upper bound 0{ T.

Let € » 0, then

“Y¢ 2?2 ~w-¢§. Aﬁain
(Note that Y5 € T’
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Criterion 4 o» p. 3§
implies thot -w - Sup T

- .wp{-x: X € 5}

We conclude that ~w=
infS=w 3-(“ *W) ='-WPT
z - supf-¥; xeS}

Th:s$ 5;vu the dc.ﬁftJOQua'iiy.
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2.5 Iatervals

We need to prove o theoremw
oboul nested intcrvals"

hefore we stvay 3. 4.

We say o Sequence of closed
inﬁefvmflﬂf‘_
w—ﬂnn

bovnaded are neaﬁqd Yy

L 2 1,2... 2In2Ing>..
If In - [G”)b,‘], ihen

fﬁnj 0 incrca.ﬁn,‘ 0o @,



We prove the

Ne.sted Interval Prgp".;,:

Givea. G seiuencg of
nested closed intervaly

ss obove theve is « point

M in Tn for all n ¢ N

M
”M



Proof. Since I,, ¢ 1,

8

we ge'l

G € b, ¢ b for all n € N.

&

Hencc U\e seqvencc (an’

1$ increosing and bhounded,
By ‘t‘l‘ M”ﬂ@ioﬂ‘ Couvocsgn‘e
Thm., theye is an z

satisfying a = lim (0,),

28
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Clearly Gk, & M |, altn ¢ N.

We wani to show that

M ¢ bn for all n.

we do this by éhow:wa thot
for any par%lculor n,

h% 2 ﬁiﬁf i KLy

There are 2 Cases.
(5 1§ n&k, thea Since

In 2 ‘Ik, we hove



tii) J1§ k ¢ n, dhen since

I 21 we have
B N e

&

We conclude that O ¢ b,
fov ol k

so thoat b, is
an vppee bovnd ‘For

{oy; keNJ

27



ag
11 follows that

b, 2 M , 'ForallhéN:

which inP‘ZQS that
on é ﬂt - bn' ';t?l' a” neE N,
which intvrn imoplies that

me 1, for all neg N.
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We ¢can vse nested

indervals to show thal
‘fh( set m. O‘t real numhers
id NOT countohle .

5uppo$e that there is a
Setquence lr{ X, Xa .. }
S6ch 4hat {or any X in [o,a]‘

there is an n'wlze@er I

that X, = x.
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Choose a closed Subinterval

I. C [0'01 Sveh that x.¢I"

closed
Now chaose a ".Subi.te,twal

I, ¢I, such that X, ¢ 1,

In ‘t'ﬁi.} woay we obtain

O .{equen ee of'..fubin{:ervol:
closed

Sveh that
1‘21320“ ?.I.



svch that for all nzt, 2,..

Xn €1, [ -1 1]

The Ne.séed Interval Thesrem

impliu that there is

poinf 4] '3 I,, . for all

'l-‘-'ldz,-"
\S;nce X” ¢ Iﬂ {"’ "“ "o

it follows that



for all mz2u,2 ...
Xn ¥ m .

14 follows that 1= (o,1]

i$ not countable

CETERGRE
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