3, Seﬁuen;e;

A JQ?uenc,e x S O pUnc{'ian

{fom N to [R. Sometimes X s

dt!ined 117 G ‘;ormula ‘fur the

n-th term X * Such as

=t Somelimes we just

d("{fne the First few terms,

Xe& (%ﬁgé;%gﬁuj or
|

A ?;ﬁ«ﬁ»a



We can also ive G recurdve

"ormu‘q {01' )

Xpoy + 1

TiL is very EMPor'Lan“ to

c0mpufe lhe ‘imi{ a‘f&sec,uence.

Definih‘m\. We Say & Sequende

x cmwcr%c.; to x if forall ¢ 0,

*,lntre 1S & numker K N N. So Umf

i f ny K, then wawxi < &,



The number ¥ is the lim:dt of

X , ond wesey X ;g convergeml.

e e e ]
A A
e

1f X is not canvergent, we say

x v S divergcn't .

o

T

A sequence can only have al most

one limil. Sup_pose limx = x°

ond l‘mx o xu' 59“ f.‘! lxc_xnl
2.
Choose kn S0 "‘h —X“ ~ §

."Fn?. ¥,



and cthoose K, so that
| - %} < €05 K.
Now sel Kz maximum of {K, K,1
Then if n2 K
b’ "= Q(x’m Xnd = (x”- mg
2 Ax'axnl + § %" Xul

¢ & +§ = 9¢

o ixgwxr”' e a

Dividing by [¥'-%"| we qet | ..



X' v XQG

Some examples :

Campuic Lime ":;' .

We provedﬁ{hal for any €20
there is o K so that Z'thK

— ¢ §  We¢ obtain that

l%wﬁgz%&i, IL follows

{hat gi’m{%}g = Q



Ex. Prove thei "m(h-rf).:o‘

Note that mé...,,, < ;
Nt § n

For a given € 20, choose K20

$o that if ny i 4hew L ¢ E
n e

If n 2 K' then

i‘}mog i<2<3.£

o

nsd

€6



Ex. Show that lim (-1)" does
net exist.
Assuming lim (-1} = X,
sef €= 1. Then there

is « KEN so that ithK

thenr Hwa}"m 3@2 < 1.
1f nis even and 2 K, thes

-1} ¢t = -0 3-12X20



14 nis odd and 2 K then
l)f-i:l": gx«(«njng < |,

Hencte x41 4 1| which

é

imr'ies ihat X < 0.

This contre diction implies

thal lim {=1)" does not exist.



3.2 Limi-l Tkeoran.r«

U.Sin& the regults of thiyg

seclion, we cap onalyse the

Convergence of many sequences

.be#im’fim\ A Sequence Y- (x,)
1§ boundi:' it there exists

6 numbey M)O Such that

{ x| < M’ f@walﬁnéNa



Thm. A tonvergent sequence

of real numbers is bounded.

Pf. Svppase fhat limx, = x

ond let €21 Then there s

o KeN such thati |y, -x| el
for all n 2 K. The Tr;ansle

In equanlitywith ny K impligs

thet
Exb‘b a e 93{@"@ % A § & gxw“"&gg + (%!

< 04 1.

o



I1f we set

M = efmmza‘*gg%aﬂ s 1X,8,... Bﬁ’%mggg I 4 3&?’1}1

then L follows thod

5%%3 & Ms for all neN.

We wont to learn how
taking ‘im:l.s intergcls
With the operations of

oddition, subfraction,

Mviiiplica ‘l‘.ivv\. arnd divisiam,



Given two sequences X= (%)

and Y 2 (Yo) we J'e‘fine

8

X*Y‘.ﬁ.’ (Xn*y’}
X-Y = (%n-Yn)
XY - (xn 7")
e X 2 {@;@%E

and

YA (%} (provided
Ya ¥ 0

)

VA



13
.5uppon Xe(xed ond Y: (yn)

converge 1o x and y
respectively . Let €20,
Aadition.

Choose K, and K, S0 that

oy~ % | € %» of n?;K,, ond

lya-vl< & if el

Now set K= MmtiK. N Kz}



It 2 K then ny K, ane

n 2 Kz . Remel
E(?% ¥ Y ) = hwwa
? (%p-2%) + (Ya-7)]

ggfﬁaw,;eﬁ ¥ Y-yl

Hence Jim (Xptya) = X2y,



For svbtraclion, we vse the
Seom e Gﬂ‘ﬂumgnl. Ju.si' "f”““
Xn + Y, by Xy = Vi and
Xe Y by  X-y .
Multiplicotion. This is o bid

more complicoted Note that

B K%ym b ggy ﬁ&? i@ew\fﬂ‘w 33@,?} [

+ (%py - Xy)

15



< !K»(Yn“‘YJ/-pI(,,nm“yl
< |xublva-vl 4 [ 3621171

By the bovndedness theorem,

theve is M‘ Y0 Svch that

b ot g5 - Mg , ALY

Now set M = 'ﬂox{ M, , ’Yl}.

We conclude that

| %0 .. «»M & Mivp-y] + M)x,-xl



1+
Now let € > 0 be giver,

Then theve exists K,

Such that

& o f ﬂszo
I, -x} ¢ e

Similarly, Lthere exists Kz

Sveh that

& méw f n2 Kg,,
g‘ha“"y 5 M

Now sei K * M“"i Ki, Kg}



If n2 K, thee
"(ayﬂwxys

& Miya-vt + Mixp-nt

¢
& M: =
<M on 2M

“This proved

lim ()‘.7..):::" Y -

9
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In order te stvdy limits of

éeﬁoences 0“ "lvof‘.en'h, we need

-llne 'fo“owang rq;ulf .

Proposi-l:ion . 5v":ose that hm Ya = €,

where ¢ £ 0. Then theve is o

KeN such that lcai2 o0,
2

for oll n2 K
Set €= st Thea theve
2

« KEN Such thetl ! n?_K}

then lyarmel ¢ ¢!
2



37 the Backwards Tr:anj\fzo

Pfopcr"y

32'\21’6.“, "

Sequen c¢d have limi

Div:&ian
_‘_——-———"'—



| 1

EN

2|



2
hy the Properiv , Since ’

Y+#0 and lim Yo =Y to,

thevre is a 'Kz eN , such that

2
lym -yl ¢ ¢ if n2 K,
: ’

1§ we set K '-‘-‘M“;K\,Kz.}

wnd if n2 K then

| - g ..‘..‘ :,4", f 2"15,"‘11. 'Y't
P

yi? T2

¢
) )
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Tkus' ] limn yn =Y and

: P |
Y#O, then |im -Y'.. = ..;.

For {lsg 9gh¢ral qua‘lieu{

rule, the Pradvet Rvle

imp lics thet
J

Lim '%’ s lim Xun liw Y
W
\ p
- X‘ - e woie®
Y y ?

Providad that y # 0.



