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The {:exi s

An Inteosduction to

Real Analysis, Yigp Edition

by Barile and Sherbﬂ‘f.

The ‘ecfure.s and homework

€Xercises will be posles

Orline ol math.purdue. edu|~catlin

the course home puge .



Ia this course we will give

G figorov.t and detoiled

Stvady of the ideas ond

'l'.etl\niq'vu of calevles Of
tolcvivs of one variable
) 4

ir\clwdins

l. Set Thesry

2. Real Numbers



3. .Sel‘uen(es Gnd 5eri¢.‘b

i, Limi'ls

5. Coaiinuous Fu:nc’*»i ons

6. Di{“er"hiiqtion
7- Riemanh Inttﬁfo‘

& éeqvenm and Ser;es of

anc*ions

o Tuylor 5&”&1



.4 Sets and Functions

If % isin o sed A we write

X €A

We alse Say X is ¢ mén hee c‘f

A or thaetl x leOng&

A . 1§ % is nol in A,
__._-—-"""

we write x & A.

I'r QVOrY e‘emen‘t 0"& JC{

he'bnss fo o set B, we say

A is e svhset ot B , and



AE.‘B or B 2 A.

5
~5°m¢ tommon Sets o{ number

are

N 2' 2 3 .& nﬁtVfﬁi

Nnumhers

Z : {0‘ t,-1,2 -2, ... 3 int eqers

Q: {"‘/n T mn el.. n=o}

ra*:‘bnal nem hers

R : set of veal numbery



\SOnctimtﬁ o Sel A is ohtained
by .Spe(ify;n, & P"DPQ?{\,

thodl determipes Lhe

elements of A

Ex. We soy n is on even inleger

i{ 'H\ere 1$ Gn integer k‘

Su that n=z2k.

"



E= {”‘(Zt n‘-’Zk‘ 'Forany

kez_}

Or
E=izk: ke?}
. 0ex
Ex. Let 1-: ?"€Q° onel
xt < 2
NS S T ga )



Sel Operolions

Det (av. The vnion o sefs
A and B Y

AvB ‘-‘-}X:xeA or x&B}

(x com be in both)




“5) The intersection of the

S5eds A aned B s the set

AnB:{x;XEA and xeB}

10



i

relat:
ative ta A is th
e Sci

A\B -
)X: x€A a
nd xfB}




Ly 3

T‘ie sed widh ne elements

i35 the empiy sel writlen

Gs ,¢

Two sets A ard B are soid

Lo he d:.sjoin‘t if there

1$ nNO element in holh

A and B

Acrs B are disjoint if AnB=¢
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Here's a way 1o show twe

Sets are equal;

.De Morsan law.s [m' 'l:hree

Sets

Thm, It A B and C are

-Se“b, ”lhch
fas AN(Buvce})z (ABYA (ANC)

(b) A\(Bna()= (A\NB)u(ANC])



r
Pf. of (b)Y Assume first

that X ¢ A\ (8nC). Then

X€A and x¢ (BnC ). Note that

Xf (BaC) = X¢ B o xd(

Hence, xc A\B .. xe A\C,

which implies Lhat

x € (A\B) v (A\C).

Thus,

A\(BnC) < (A\B)u (A\C)



N
ow assume thal

xe(A\B) v (A\C).

Then either

X
EA and X¢B
9 <

x€A ona x& (

Note thet

x¢
BorxédC =& x¢ (8
nC}

I5



{6
Hence x ¢ A\rBac)

Th:s in-pl:e.s 1hot
(ANB) v (A\c) c A\(BnC]

which Shows that (b) holds

Functions

Def'n. If A ana B ore

hﬂﬂelhpty' 1hern the

Carte.ﬁaa produci A"B S



A7

AxB - {{a,b): acA be B}

If A: {x: | & X% 3}

' s QY: 28y £ Y4 or }
e 3 { S¢Y 46
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A ‘FUhcfian 'F ‘From A 1o B

S o sSed 'P of ordered Fa.ir..t

™ A » B such that for each

a in A, there is unique

b in B such that (Q,h)‘f




9

I+ (a,b) 5“‘, we often

write pfc.): b

We .Wfi'te ng‘.‘n 3 _D{'F’ *A

Alse RI(f)= {‘P{a).‘ aeA}
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Com
poSiiio
[ D'f F
cns

1t A
, B

, ang c

and ‘p: A 3 B arve NGPJ‘
ang
":hen # 3: "
the
h com?o.si{iofl Of 'P
and 9 i3

(39#)(;&)‘ 3(#"“)

for all X in A

Ex
.S
vppose P(a)‘ "q
-)
for R in

(-0, )



2l

nd J y
x 6

04 X<CW

the
n we Coanngt 'F
QYW

(gof)fx)‘é x4
- 1 .

Th
e Prob'em ' 8 Xq
1 <D

becavse x"
- {
\’ only malces

I€nse

A x4 -
| Yo, i.e.
. if X[z,
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Then we mod;fy £ by

detino‘na le)': )("-‘ “0‘/"’?.'.

Definition, A function
f: A= B s injective,
if whenever x, # X,

then £ (x ) #fog). (fis H.-:)

Equivalenilvc i‘FWheneVer

frxy = Fixa),  then ¥ #x,.
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Alss f: A — B is Svrjective

f whenever ye€B then

there is o % in A 30 fixiey

(-P i3 onto)

£is 1-to-
bv{. rwi Oh{b
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We soy F is bi,jecl:ive

3y f is both injcchve

ST TRy Ry 0 e PR




Theorvem . ‘S"PP"‘“ F:A— B

'S bijeci;ve : (i.e., both

Then there is a Btjeclzsoa

g: B — A that satisfies

(o) 3 (f(al) = a for allA
Q "

(by fl9(e1) = b  forall
b in B

25
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First wo define 4 (b) for

any b in B

Since f is onto, there is one

element o in A so that

(1) F(a.‘: 'D. Moreover there
1$ only one Such a.
For if G¢A with frg)zbh,

and if G F G, the, this

wouvld mean f(a)-= ‘p(ﬁ'l,



27
wkich contrg dicts the faocd

{'..Lc-{ ‘p is l-to-), Hence

W e define sfb) T Q. (1}

Now we Show that (b) holds,

APP'V P 1o both sides of (2)

=3 -P(glml = fray = b

K by (1),
.Since h is arb.‘{:rmy‘

this proves (b)



28
Now let @ be in A.

Then b= -F(a) and of we

!

sSaw obove g(bj = a. (3}

14 we apply 3 4o be "l‘a!'

s o s e

we gel

3(5): 9{#(&.)).
So according to (3}

a: 9 (ftar) for all

ain A .
This proves (al.



2§
Fino“y' note thaet (al

proves that for any a in A,

9 maps flar to G. g s onto

Also, if glb,) = 9(b,]
then (a) shows thal
'Pfﬁfb.’) : F(Q{bz)),

which bhy (b) implies that

b. < bz. HEhce 9 s l-to~1

and so, 9 is bijective .
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E"- LG’“ Jf&): xz‘ Th

€

(0% x< «)

inveru
o'l .S 0 W
x*: 3




