2.5 Iateevals
We need o prove a{keorem

L g0
ohoul nested intervals

before we stvady 3 4.

We say o Sequence of closed

inte_rvaU
bovnded are nested ;f
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we have the picture
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wWe prove the

Ne-’ted 1"*"?0' Prgper*,:

Given @ sequence of
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Proaf . dince I,. c 1,
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we 5e‘l

Gn £ by £ b, forallnen.

Hence the sequence (an)}

15 in(reosi‘n5 and Bounded,
By *"‘ mo”bt‘)ﬂ‘ COhVCC’sgn‘e
'T'hm.‘ *ken i$ an m

.sa‘h‘.S‘fy.‘ns m = limn (a,)



Clearly a, ¢ m; . alineN.

We wani to show theat

m < bn for all n.

We do this by .Show:na that
{Or Gny parilculor n,

bn ) Qk ’ k:‘l,’).,.,,
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There are 2 Cases.

(i If NnEk, thea Since

I, 2 Ik, we hove

Lf
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ak 5 bk é bh'

tii) 1§ k ¢en, then since

Ik 2 ln , we have

We conclude that &, € bn'
for all k_
Ju 'Hnot bn '3

an vpper bound for

{a,; keN



Po.s.finﬂ 10 the limit as

kapproackes o, we obtain

'v f b'l , ‘for all n € N. f2)

in
Comhintg (11 oad (2),

we have

0” é 0" -‘- bﬂv 5 G.“
ne N

Hence m e In for all »
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3.4 "Sequences

Let X = (X.) he a sequence

and |ei

-
h, < hy << N

be [ Sfricf'y Increadsin 9

Sequuue of inte?er: n N

Then the sequence
X': (Xn,) gfven by

(Xn, 5 Xng - )



13 called a sSubsequence
e —————

of X.

Correﬁponda‘nj to l'lk 2k.
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;.s nof G .sub.sequn-ce O‘f X



2.2
The 'F‘“owi'n,' {hegr‘.m

S ‘fuadamcn‘l’a.l 1o the

‘I:heorv of calcuvlus.

Bﬁ‘?ﬁl’\ o - Wei ef‘_{'kf“_f_‘ Thm

A hounded Sequence of

real numbers has o

tonvergenl svhsequence.



P‘f Since )xn: Y\GN}

s bounded , lhis sed

'S <on‘lained n an

interval I,: [a,, b,]

We seli n,= t.,

We now bhisect I, inte

two intervals I,' and I.”



More preci.:ely ,

In' = [al, a‘:b'] and

We divide N inte two sets.

A‘.:{neN: n>n, xneI:J
B, : ;neN: n>n.)xn€I::}
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It A, is infinite , thea

we sel J,= I'  and
we |et N, he the smallest

natural number in A,.

It A, ' S a.‘fan'.{e sel , then

B' must be -in‘fini{e and

s

we |et N, he the Smallest

no{ural hl.nn')cr in N, ang

we .Se‘t 11 - I:I
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We now bisect I, into

Subintervals I; ond I:

and we divide the set

{hﬁN: n» nzi into 2 ports:

Az‘:{ﬂ(N: h)ﬂz’ XnGI;}
B, - !MEN: A x,,é.I,”

If Az ' 8 in‘Fn‘n:‘l:e, we
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take I3= I; ; and we let

N3 be the Smallest natural

NUM’)Gr n Az. 14 Ag ‘s
G 'Fin.‘-[e set, then Bz
must be .'.;{;,.,;,’ and we

take I3= I: , and we let

h, he the swmallest naturel

Pumher in Bz :
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We continve in Bhig way
te obtain o sequence of

hested intervals

I' D Iz D--o plk:".

oand we obtain a Subsequence

{x"k } of X such that

xn € Ik "'or k € N

K
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B\[ U-c Nesfed Interval

P"opcr‘ty, {haré 1§ 6 paini

’? Such that

&2

me I I,.

k=

The length of Iy is

(b'a.,,]. . Since both

2 k-

x“;k and M hoth lie in I‘,,
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it follows that

‘xnk —;:l-:-l

which imph‘t( that the

.Suhsequenct {X,‘k} of

x Ch»vcrge_f te 4}



