H.t Limids of Functions.
let AS R. A point ¢ in R is

S G (‘u.s*tr poin* of A ¢ for

very § 20, thece is at least
one Poin‘l X €AJ Xs$C, Such

that lx-<i ¢ .

One can also Say ¢ is a cluster pt.
of A if every §-neighborhood

Viy(cd=s (c-§, ce §) of ¢ contains
ot least one point of A distinet

'From C.



Thm, A number € in fR is o

CluS'ler po‘aai O'f A if ond oaiy

i-f ihcre exisds &eqvence (0»)

in A Such thatl lim(a,) = ¢

and Q, # ¢ farall ne N,

¥ ¢ is & clusier poin{ ol A,
thenfor any n e N, the (Va)-
neighborheod Vy (¢} cantains

at least one point Qu ir A distdined
from <.



Then G, € A , Ga# ¢ ond

v\ .
| a,. - c] < = implies lim(a,)=C.

Veri{y converse on . 104

Exm\nplcs,
I. 1f Az (0,1), then cz0 and &2
Qre 6'50 0'05{81 Paia“ GS WQ"

as ol Points in fo.‘)-

2. A finile sel A has no cluster

points.



I.'
3. A: {-—'—: ncN} has only

n

‘t‘\e Poi;d O as o clvster P".

Y. 1{ A- Q‘ 4he sed of ralionel
P‘””{‘sc then every Po.‘a% in R

5 o clusqes poind of A.

Tl'\t main i1cdeg aboui clvé{::r posnb

is thal one det

ines limets of

‘Funciions ol such Points



Definition of the Limit

Definition. Let A € R and

led « be a cluster point of A.
For o funclion -P:A — R,

¢ number L is s0id {0 bea
'imi% o{ { at ¢ 2"', 3ive» any

€ >0, there exists 0 § 70

Such that ;§ X€EA and

O<lx-cl < §, then H'm LI<E-
M —#‘M
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We say ‘f Cenverqes jo L otc

and we write L= lim oo
X<

Thm, 14 f:A— R and ¥ ¢ is
o cluster Poin" of A, then

can only )’\ave oOne limﬂ at C.



P{. 5Uppo.u that

lim § =L, and lim ‘f < Lz.
X C X=¥ C

AJJUMinﬁ L. #‘ LQ‘ se*sg ‘L;'Lz'

)
2

and chaose 5. anol 8: > O

50 that i 0¢lIx-¢<l €4, and
f 0 < Ix-¢c] < 52 , then
‘;li)-lg‘l < E and

"ff;d-‘-').t < &, respectively.



Jett'ms J: m.‘n’ 8.' 6‘&}1 and
if 0<Ix-cV ¢ §, then
“—."LZ’ @ ,(L‘-fu))"“.;"fbﬂ)’

¢ L~ feo)+|L-f0

< £ 4 &
2 2

- h-l"l"'l’ + lL.-Lz’

/ ﬂ

2 2
2 “-l" Lzl



Th;s contradiction implies

that Ll = la.

Show that if hr=: Xt, thes

lim X" - 2. Note thal
X (£

lxz.. r,t’: }X-bc“x-c} .

We estimate Ixul:

| x4 ¢ = |(x-¢) 4 a2cl

¢ V421l |, if Jx-c] <l
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Now , for a gqiven £>0, set

§(¢) - Mn{l , __f______.}

|+ 21cl

Hence if o < lx-cl ¢ §(€) lhes

!)(-I-L“X-Cl < (ZICI-PI)‘ _E-——
14 21¢)

= €.

y X
Hthe, i m )(z = O
X



i

zn
Ex Show that lim X 3¥ . -2

X*2 Xa3 5

2
led Wiy = X273 T,
X473

I"i’fx\ 3 3:..1 . | sx*-15x *2(”"37
S5 i Iy
5(x+3)

< | sxt-13x ¢ 6[,

I 1%+ 3

= ) 5x-3}

— | x-2]

§lx+3)
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Note thal if Jx-21 ¢ ), thes
1€ X £ 3. Hehcc " if jx.z'g“'

|sx-3) ¢ I15x— 3 & 12

and s]x+3) 2 §-4 = 20, which

implies thal °_ __ ¢ Z_ |x-2

FOf ] given e ,a’ 5..}

o(e)= ms'n{), f_f_}
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The ‘fo“owinj makes it poﬁi”?

‘LO Conver'l #vnc{ion fimets
indo COrresponJinJ ‘WC-*“‘ON

ahout Squence limids .



Yy
The bLet f: AR and lel

¢ he g cluster poin{ g A

Thﬁh ‘t‘le 'fO"OWGna are

equivalent

(i) lim £ =L

Sl 4
(ii) For every sequence (X,}

n A "’:'\w! (Onvergg.; -l-o C Juch

*Lai Xn +C for all n € N‘ the
Sequence ('fopl) converyes to L.
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P""’f‘ ()= (ii) . Assume thai
'F has limi2 L al ¢, and suppose
(X,.) S Q sequence in A with
la’m (%)= ¢ and Xn + C for alln,

We must prave thal the Sequence
(\tfxn)} converges to L.

Let £ 0 be given . Thea

by definition of function

limids
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there existc § 0 such thed

f xe A Solisfies 0 ¢ Iyx-c} < Ja

then '-f(x)-l.!< £.

Since (%) converges to £,
‘be & given 3 20, theve exisis

G number k('(’) such that §

ny K(5), then |x.-c] ¢ 8.

But for each such xn, we

have ]'f(x,,)-L‘ < ¢
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Now we prove (ii)= (i).

We ar30¢ by Conirndiclibn.

If (i) is not trve., then

"I'\cre exists an fo-hﬁji\bovhud

V (L) Such {hl‘l nNo maf{g,
\'I'Ncli

S" "Cigﬁwhood ot ¢ we pi ck,

'“u:rc will he al least one

) ¢
§ FL sueh thei 10("3) ¢ vE (L},
&



)%

Hencc, for ¢ve¢ry n & N,
‘Ll\c ('/,‘)- neishbbrhood of ¢

Contains G number X, Suchthal

0¢(x=¢| ¢ § and x,eA)
but such that
l-‘(xn)- L‘ 2 &, for all n eN

Werve Sﬁoun ‘and Lhe .Sefiucnrt

(X.J_ ‘N A\"i} convefjcs +o C
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I'Ju'l' (*(X‘)) does net

convcrgc te L. Thos,

we've Shown (i) is WNOT teue

This LOnfradicllo» imr)ie.l

that (ii).inpl.' es (i)

.DiVEVaen.u Cl’c"ler:on. The

{uncfiba f Jou nel ﬁcve (S |imil- a{ (4

it and only it there is sequence

(Xn’ Y A wid h X F ¢ 'FO'
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all n e N svch 4hat the

‘S“l”ﬂ\u Ix..l converges +s ¢,

hut the Sequemee (‘f(xa))

dOQS NOT CGDVGV’Q H &

Ex. |im $Sin ('/,,] does not exist.
2 - 0




2/
)

S et X“ - T+ 7
2

.Sin(-;};) = Sin ( rm'-o_:.'.}
I§ n is even , then
Sin (nn-ﬂ})‘ I
1§ n is oad, then
$in(nﬂ¢£) = =l

Xn 20, and X 20, hv
5""[./:(,.5 does nel converge
— S'mf‘/x] lnas no la‘m:-l- at X =0



