We've I:rmfgd :

B ounded ness Thm

1§ p ' COn{l'nuou.s or [“;L}

(a'.e.. fis continvous ai each
C € l“a"’J, Lhen there is
M>0 sveh that

|fes | £ M, all x € [a,b)

Also , we proved the



Maximem = Minimum Tlnm,

If §f is continuouvs at

each ptﬁn* € in [o,bJ,

are

thew 'll\ere‘v'iwo points
X* and x* n l"/l’],
Svch that

F(x*) ¢ fouy & FOx¥),
for all x‘[“,bl.



Now we prove {he

Location of Roots Theorem.

Let I:=[a. b) and let

fl' I —— IR Le COU\{a‘nuov:

on 1. If fra1 < 0 ¢ feu),
T‘\.u ‘“\evt s & POH\{ Ctrﬁ,b)

Such that ¢ o

The proo'f 03
G similar if

N TP pieyyo oy fO



Pf. We use the Bisection

M!ikdd . SQ{ G, =G and b. 4 b'

a,+ b
/ °
2

arnd Sed P2

Theve ave 3 cased.
Case 1. IF -Fr,,.l-: 0. Then

sed C = P.  Then we are dont.

Cose 2. If fpoy 2 0.

Then sel al =G, ond bz : -



Cose 3, If f(r,) < 0. Then set

022 Pr and bZ: b..

Ia both Case 2 and Case 3,

we hove -plaz) <0 < ‘r“’;) :

Assume by induction that we

‘\GVQ (0061'06* ed al ) al 2°°° 0 a"
an‘ b. . bzl'“ " bk

Such thal ‘P‘“U‘ 0 « 'pfb,‘}.

Then sed ‘Ik = [ak, bl‘j .



ak'l b"
T .
2.

Then set P" ®

AS above, '“qerg Qre 3 cases.

Case ). I§ f(p) =0, then

Sed c: Pk - Since -flu: o, we

Ore done.

Case 2. Suppose ‘F(pk) ? 0.

Then sel Gy * G, and

.SE‘l bk‘" = Pk

Cose 3. 1f ‘F(pk) <0, Set Oxm® Py
and bkﬁ' - bk.



“
In both Case 2 anad Case 3

we have ‘F(Gk*') < O« f( bk*');

which comp'e{ea the

indvetion Step.

1f the process never tevminates,
fhen for every n € N, we have
fran) ¢ 0 floa).

Alse, set 1,° [an, ba ],



Clecrly | the length of

I” * (b~ “»)/2""_ for ol

neN.
Sinee 1,2 J,>..1I,2..

&

the Nested Intervel

Properly impli(: therve is

@ point € thet bcloag;

to each interval s 9

d

for ne N .



55!\‘{ G,, € C & bu

!

we have
Of C- G'n . bn'an - (5-0)/2»:
and

0¢b,-¢c €b,-0n = (b-c)/yns

g

The .Scleeze Thm, implies that

lie Gz ¢ = lim ba
Sinae -P RS tantinvouvs ot ¢

we have



10

lim (Fram ) = Prcrz lim (£04)).

\Since -F(a.,) < 0 for all neN

we hgve

frer = lim(flam) 40

Jimiloarly, Since F(b,\ * 0
for all » , we have
feey = lim (f(ny) Yo

Hence 'P(c) = 0.



A
In the case when

fray » 0 » f(»),

we set hixtz = fix), then

h(a) = - ‘Flal < 0 and

hiby = - (b} 20.

Then the ahave theovem

implies that there is a

posal c € (a,b) so 1hat

hie) 20 = ffu: o
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We con 3¢ncrc.|:1¢ the
{Leoren.

Bolzone's Intermedicte
Value The.

Let f be an infervel

and ‘g-l, ‘F: ] & IR be COh’tinvous

on L. If a,b €l and f
‘F(GJ ¢ k < $“'), then there s

& point ¢ bhelween o and b Suck

thet feor= k.



P‘- Cﬂse ). ‘SUPFO“ G

and let G (x0= fix)- k

Then gfa) < 0 < glh.
The Location of Raots Thm
implies 1here is ¢ wilh
2<C<b sveh 1hal

0= g(c) = feer- k

Case 2. 5uppo.$e b < G,

b

and

3



1y B
let h(x) = k-*frx) So that

hin) < 0 < htas . Hence
'“\Ere S 6 Poiwl ¢ SO that

0: hter = k-Ffecr,

which imphes 'P(c)i'k ;

B e e i e S

Thw. Lel I be a closed

interval and led F:I - R

bé continvous on I.
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Then 'F(I, :;'Plx); xgl}

s o closed bqundga

ihiBng[.

Pf. I$ we lel I [o,b]

{'\tn there Exi.S"- X ond

o such 1hal there is x with

f(x*l ¢ foxs ¢ Fex*)



(6

The Int. Velue Thw. Shows that
Lor Cvery Yy between -le_,l

Gnd ‘ffx*), oy a8 inf(3).

there is x between X, ond x*

40 'lel= Y.



5.9 Uniform C‘*h*“‘v“’v
Def'n. Let f:A — K.

We say thot f i
Uniformly continvevs on A
{ for any € 20 , there iy
6 §(¢) 20 so thal if

X,u ¢ A salisfy | x-v] < 5

ihen Hr,u-—?ws} < k-

12



The main point is that

§:= de&r Oh'y dependJ on &

| [
Ex.  fmxiz 7 O<¢x &

Even

thovgh X and v are close,

'le} and 'Plu) are not close.



|9
U"Hm'm COn{il‘U; £ Yy Thm.

Lel I be g closed bounded

inlerval ana lei f:A= R

bef COn‘linuous awn 1 Then

'P is uniformly continvovs onr 1.

in‘f. \Suppa.u f '3 l:_t_)_'!

SRR

un. ;arnh tontinvaus onr I

Then “‘br some £ 70, there

Gve Sequences (x.) and (Us)
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in A sveh that

|
‘xn“un‘ il ond

,'F(xn,"'r(un" 2 S.

Since I s bounded , the
Sequence (X,.) is bovnded,
The Bolzana- Weierstrass

Thm. implies theve is

o suhsequence (x, )
k
e



(¥

of (x,) 'U\o'l tonverje.r

W
W R Yy qraomgmrr o g

to an ehw\eni 2. (1)

Since (xu) €1 far ot m,
we see thal (th) lies in

I:[o,b] For oll k. Hence

22 lim (x"k) also Jies inm

k200

A Note dheal the Se§uence

(U“k) salistfies
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l”nk-zlf 'unk‘xn“'}'xhk_zl

term
The firstVon the right = 0

: )
cSlU‘CQ IU”- x”|¢-;‘-.

The second term =0 by (1),

11 follows thai lim Unk - 2.

koo

Since ‘f is continvevs ot 2,
'P""‘nj =+ frg,
'F(U,.h) - ffz.:
Hence |im "P(xnkl = 'P(unk)' /.

we ohtain {
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Butl 1his is not po:.ﬁbit
Since l‘f(x,.) “‘{(un" AN

hat
This contradiction ShowJs the

'F $ uniformly continvous ovtI.



