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Uniporm Contin wity (cont’d)

A function p-' A—> R s

Uni fbfm ‘y tontinvovs if
wmﬂ

for all £ 20, there is a

§$:808) such dhod ;¢
X ond v arve in A and

sa.t:.s'fy 'x. vl < tS, then

.———-——!—""

,"‘(K)- “'\(u\, < €.
M



Thm., Let I: [a,b)
ond Svuppose that T ig
cortinueus on I. The, 4
19 Unidormly ¢ontinvouvs on |
Proof (b contradiction)

Svppouse f is NOT unifonn'y
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cContinvous., Then ":lmere
—————————"

S G 'Pixcd 5@"0 and also



two thVenr.es fX,.’ ond
(Un) in I Such that
I|X.-unl < ".'.'{ ond

lffx,.)-v“(u..)’ 2 & . (1)

dince I s bo-.:nd’ed, the

Séguence (X,\) is houndea.

H ence the 3dzano~Weie's£mu

T,\QOren implc‘Q.s iherg 'S
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6 svbsequence (X,..k)of (%)

theat tonverges to an

element r
Jdince o, €I, we hgve

xnk 2 Q. Hence 'Ehle hm:{ Z
is also 2 @, Sfmilarly Z ¢bh.

Thes 2 ¢ X,



The sequence Vn, olse

converqes to 3 since

IUnk'Zl < ’u"k"‘n,,‘*lx“k'z' ‘

.
In"acl lU,," n!‘_l:\—’o
Gnd x"k cohvcrgu, o 2 a3 koo,

53:\:0 ‘P ' S (ontinuoué a'l 1,

we have F("‘nk) - #f‘ll

Feops = fra,



Hence ,F(xnk)_ -F{unk),
Converges to 0 which

contradicts (1),

It fo"ow.s that § is
V”‘fo"mly tbn‘linuous "
Def'n Led £F:A> IR, Then

f S Lip.sh;fz if For ant X, t
in A p H‘\(xl-‘F‘Wl £ le-v!



The funclion £ex)= V_;’

forX?."

i NOT Lipshite (for any k)
Sdetv=o . Jf § s Lipshita,

’V;-OI < K"'O'
2 Ve ¢ Ky < 12 KVx



A L:ﬁ:hiiz funclion is

vn. rornply coniinueus,

&

becouvse if |x-u) ¢ &
K

then

,-p{x}-'r(ul’f Klx-ul < %: £.

5‘lep Functions. -Suppose

thet ;df-' Xo €Riyeey Xy ¢ XN]
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X, X X

A S{QP -punlc‘“b n

The width of each siep

Can Vory



A step fumction is comstant
on each ih‘tepval

(Xh_' , Xk ) ) for k= L2,..N,

Approximotion Theovem,

We con alwaygy approyimate

& COﬂ‘tinuoyJ funchon ewn

[&'kl 'by G 5{3? 'Fupefion.

(riven £ >0, 'pind J 20 so

thot if 1x-ut £ §, thes
‘f(x)*f““’!“'
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Assum
Sume the pariit
iteOW
{xo, X
‘ 2o, x~} satisfies

|x
o X
k-'l' < 5 401‘ G“

. k- 1,2,..., N

])e'fi_hc th): 'ppt }
k

if xk,‘ < X< xk‘
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y:= Frx

xl’ X, xz "3 xq

We show ‘F(si—'fl#)‘ < §
4 x¢fa,b)

wheﬂ xk_‘ £ X f xk’

'F(x) - f'lx: ] s l‘F‘Xk3 _ 4‘“’ l

< &, Since lxk-—x]<,§.
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We stifl need to cons;der
the Case when x= x|

we have
'F(x,,) - ‘F{"o )'3 pr!x,) - 'ffx,;l< w

which .?ho-'ws that for all
xeloh)

’F(x)*ffxs) < .



