I‘f F i$ con“:inuou.i on &

C'O.Std bounded intervael

1- lc‘o"’}, we showed thot

Hsere are 2 Pomf& X*, and X"'

such thai F(x*) & fexs S‘fo"'),

P

o X 3 x"‘ b



We will say that o function
£ is Strictly increasing an

an interval I f whenever
x' « x* then ‘P(x‘l < )clx")-
Let’s assume thot f s

.S‘lri ctly increassn5 and

tontinvous 6w [x* > X*},

éuppose that k satisfies

P(xa) L k < 'p{)(“)



Thgn -Lkg Inttrmcdiai‘c Volvc

Thm ( IVT) says thal
there is a number x.e(x*,x*)

Such that ‘fo‘,} = k.

In foc'l, "L’lis Ko muai be

unique, for if X5 is another

numhear wilk P(x°)= k- F(x;},

then Fwould not he 3$trictly

3

increasing . Hence Xo is URiquE.



We can define the inverce

hy SC'H,ina '3{‘,).:_)(‘

whenever -pfx) =Yy ”

Thus the function 3 (y) S

We"-define.d for all ¥

}hot satisdy

F(x_’l ¢ Y £ ‘F(x*}



Note thot if x € [x*, x*}‘
then fex) € [f1x,3, Pex*]
= T 1f we set y= fro,
bhen v € Range of £.

Thus 9yl=Xx, So

J = f(x)




We want to show thot

the inverse funclion §

is continvous B8° J

This implies

iyl ® C+r& and Gly. )= c- ¢



1§ c-§ ¢x< Cct€, then

y. ¢ f(,n ¢ Y.




It follows that it

yeVi(fra},  then
g(yl EVi(c) .

It *ollows ‘“\ot 9 ' (on{inuoos

al -P(c). Since € 3 arbitrory,

i1 follows that

F(n} — [o,b] is

3: [P(u,

Continuvous ot €.



g.!
Thus we've praoved 1hat if

“ K con{‘im)ou.f on Gn

interval 1, and f F

is Striclly increasing on I

{'-l'\?n 4:here 'S G con‘!invou.s

';Uhl.hon 9 on J: l-pfd-’, ;“”]
such thal

3”(:&1) = %, all xefab]



6.1 The devivative .

Defn. Let I €R be an

interval et £: I R

anad let ceXI. Wessy thal

L is the derivative of fatc
i§ Qiven any €20, there is
§(e1> 0 sothal if x eI ond

.Sa*.i.sfics



0< |x-¢l « 5(!)‘ then

._‘.—-.M__’_‘
X- <

-p(x)-'ch)_L , < &

We write -F'f(_) = L

Thuvs the devivative of §

al ¢ 3 given by

-Pfxl-'FfU

P'((j':-' lim e
X C X-L

10



]

A u.seful i’.heorem=

The If £:I=> R ha a

derivative at ¢ € I 1hen 'f

1S Coh‘linuous at ¢

Pf. For all %fl, X #F €, we have

Ff!!— 'Ffzj — (‘th)-ffu)
e J(x-¢) .

X=€
.Siru.'f 'ilr {‘F_‘.:.’.:—i:-“} and
o= ¢

liw (n-¢) exist the



‘ t
Producf' rvle imphes tha

Jim (flx)-{fc;)

Y
-P{x)-fld} ) ‘::2 (x-—c}
i ‘-.*?( X~ C 3
X

o lim fexy = 'F(cl.

P

that Fis
¢ Shows
Tli

1 C
COnl‘.inuovs o

12



(2.

These limit laws ore

very imporiant:
Thw Suppose that beth
£ and q are diffecentiable
at ceI. Then:

(o) (b"'.);c)': bf?c:

(b) (4‘*3)'(:!-- fror 4 3'(c),

(e) Prodvc‘l Rule.

(£q)tey = Frargler + frerg'ce)



(3
(d) Quotient Rule If qlcl#o,

/ 4
o () Troper e
] (?(41)1 .

We'll prove the Product
and Quotienl Rules :

(€2 (Prol. Rele) Letp = £9g.

pexi- pled _ fixsqrxs - feargee)
_/ -
X-&
X-=¢



L]

- ffx:gm-fmgm & -Frugtxl'-"tcvjm

- ———_—

X &
« {lxl-'ffcj tx) — §fcd
3[,, 3 feer- 9tx) =3 |
RK-¢ X- ¢

Since ﬁ(x) is diffecentiable

at ¢ it's also continuvous otcC.

"4

(x)~P (]
‘:_:__E-' s 'F'(l‘-lalu + ‘Ff(ls'lu

‘in
b £ X &

The Quotient Rule s :
(50"‘ Qbu'-' {2 )

)
3(81



. . I‘
Since g is differentiahle, id%

also continvous at ¢ Hewce

3(:() 70 in a ﬂeighhorhood of ¢

(since gecr # o)

q‘x'x":,“, . 'Fhulﬂl:u —‘f(c)/cju)
s _—.—M/

x= €

. fuoqra - frargto
M"

g xs 9rc) (x-¢)
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_ Foogres - Frasgrer + Freagra - Fre g

gexs gre) (x-¢)

1

- [ - (x)~- (¢}
. e £x) feer fich —‘Fffl-?"'""'!'
?lxlafu XK=< x-C J

Uuns the continvidy of 9, we gel

9rers lim 31X
X- ¢

- flagta - feesg'ces
g -_’_—_—..—-.—-—'/
(5!())2



1

¢ we use the notation

d{ | = 1. x)=-yr
ol ) s lia Y- yee
X e X

we 9ed

As x.—.‘c‘ A“:x"c-"o

3
>4
<
]

Slape ol the

‘Lanacni line
G.* rC,Vlu)



¥
The Chain Rule

Caratheo dary's Theorem.

Le-l ‘F Le de-P;»eJ on an intervall

cOn'lcu‘nina c. Thend is

Ji'r;eren‘ticblt 6t ¢ if and only if

{“\ere WJ G ‘Func‘lion & on 1

that s (ohtinucws al € and

satisties 'p(x)-'r(cl = ?(xl(x-r.lo (1)

y fov x eI
Ta this case Pre) = )
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= I'f \‘“(c’ exists we can

dehne f '57
' f_ff_):f::‘ I e,
Plx): X-C
xel

‘P’LIJ foe X=¢

The Con‘linvily o'f f follows

fron the 'fac-l that ,im Porx)e ‘P«El

X¢

If x:c thea hoth sides of (1)
Cﬁual 0‘ and if x*c‘ t4hen

l\\ulf-ip'icalioa o‘f ‘pfl) 57 X~ <
Yives (i1).
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& Assume that a Fumt:on

¢ ‘t'll'! K Cbn‘linuous at ¢

and S&"i.l{yiaa (1) exists .

It we define (1) Ly (x-uj:o,

then the continvity of ¥

implies that

Pec)= lim Pixs = lim {6301~ -F:u

W

H- ¢ b L N4 He ¢

.. Fis differentiohle ot c

ond -P'(r.) = Pre).



