6.2 The Meon Valve Theorem

We Soy {hat @ function £

defined on on infervel I
has o relotive masimum
ol c €1 if there is @

neighbprkood of ¢ sveh

thed §ix) ¢ 'f(c) for all

Xin TaVo . Simitarly { has

/\/ ¢ relative minimum
J———c of fix > 'Flr.l 'n



that nl!ig‘mlnorlnood.

1§ § has either a velative

MOGXimum OFf Minimew, theen

we Say f has a relative

eX'h'emvm in Svch a ﬂeigh’:orhood.

Intevior Exlremum. Let ¢ 59

(¢ relaisve extremum ¢f a

fvncii‘on P in the intevior

of ar interveal iI? t!ae,



devivotive of {f at ¢ ea:.s{.s'

then p'(c} = 0. l /

Proof. .Svppa.sc 'pa'r.sf thet

f hos o relative moximwm.
at c.

18 £ter 20, then set

€z F?cl
2

I‘f s '3 30';;8;5(”{}7

L]

$Small Say € < X, «cc+d,

we have



£t ) (x'—d

comm——— 8
2

Hence fix,0 2 fear s

This Shows that -p(x.) » fte

for all smoll positive X

which 14 @ (onfrado‘d'n‘ow-

5snalmly, i$ £ley ¢ 0,

then for all X, with

C <x «<C+d, weaget



Ff() - 'f‘Xa) < {-’{:’
C"x; 2

¢
fo) ( ¢C=%,)
'ch)' {(x.’ £ ". 8

2

£ (%~ c)
__....s———i"""""- ®

-3 p(x;’ ? 'F((’ = 3

Thus for all X, with Gl 8
C-§¢ X <€, weget

fexyy v fro




T"w-s ‘F tonnof kovc [

re'a‘livc MGX) mmyum at ¢

4
i $%c) » 0 or ‘F!c! < O.

We 3£§ 6 SimiJar resuvit

a"f‘ 'F lma.s 6 re'a'lu’vt Wripiwumwm,

Corollary. Let £:1— IR be

COh{"\UQUJ on I . Tkeﬁ R e

e:thw f 'na: a velative sz‘lvenm

or 'Une der.‘vatc‘vc does nol exist
at c¢.



Rolle’s Thw. Mm L

\Suppole Hne’l ‘F ' S cov\‘hnuou:

on o clased iniarval 1= [ﬁ,b]’

t1hat the derivative ¢ exiats

at every point of (a,b),
onad that 'F(a)'.:: -Ffln\ = 0.
Then theee is at leasi ONF

Point € in (a,b) where

flcy = o.



Proof: 1§ fex1= 0, all x,

o

then Sel ¢ = any X - f‘(d:

n w
e - g -

s e T A gt T

I L

Fiest, we QSSUME £ has

pu&i‘hvc valves. By the

Manimum—Mihlmu» Theorem,

Lhere is al leasl ome paint
c - [a‘ b] | with an Gb.’("v*f

MG Xy at €.

Clearly ¢ cannct egval

O or h. Since f.‘.s doffer-



entichle af every jntevior
Point, we roncluvde that

-F'(c):; O

Noie that if ¥ has no pesitive
S - volues, then we

can  meltiply f by (-0,

so6 that i1 dees phave pasitive

value:, Then there ic a ¢



10
in (a,h) where £%es = 0.

Mean Volue Thm. Svppase
Lo, bl

that ‘F i€ continvous O®

ond differentiohle ov (o.b).

Then Lherg ia 6 poini ¢
in (0,b) s6 that

f(bi-‘Ff’aJ = e (bh-al,

?‘ Consider the function



(b)-F(m
P(}d"‘ fﬁ%@) o f(al-' -L—';-:‘;"" (X-a).

11's easy to verify that

?(0”0 ond 10(1.)“0,

ond alse ‘Hai '{54 diHeren{:okla

an (0,53 and toantinvovs in iﬁ,ﬁl

Mence Rolles Thwm imp‘iu

bheve is & point where

P'ter= O, ie. that



sotisfics

. fiiy-fear
O: 9%y = ma
h-@

N
¢

The fraction on the Tight

is the slape of the

line {rom (a‘f(m) to (B‘Hh)l

(§ 3



Some imporient theovems:

-.Supfo.lt 'l'ha'l ‘f 'S caniihocu.s
on I: [G}h} and that

“F'(x)z 0 for all % € (e, h)

Then theve is ¢ constaed €

Such that -Fm: s all 2 in I

Pt. We Shaw foxs = fro)

“'ov all 2 in {a, bl. Choose

ony X hbetweer QA and b.

'}



The Mean Valve Tha. innpla'a
{hat there is a ¢ in [a,b)

Sveh thal

foxs- {fa) = £es (x-0).

'
Since -f(c) =0, oll ¢,

4 follows that F(,,-ffotf-o,
For all %.

“Thm. .Su,;pc.lc ‘f‘ andﬁ arve
[&,bj cnd that

continugus OO

L]



, S
tix) = 3'(;:) for oll X in (a,b)

/
Then (f{xl-ﬁla)) = 0, aollx,

. ‘F(X}—sfx) s C .

.Def‘ll. We say o function aw I

ig imCreasing if whenever

£, ¢ Xy, theas flx) & £ tx2).

Svr pose that tltarz o



for all x eI, Then 16

'F{xz, - f(Xt, = fllt’(xg-Xo)

>y 0

-F i incre&sing

On the olher hand , suppose

th when x & Xg, Wv¢ heave

‘F!x.\l. Kady ond that

i§ decveasing, “TAKer



7

For the converse we Suppoae
thod § i diHerewhaHr GAnd
Encveqsing on 1 . T‘\us‘

for any x¥¥c in I we have

20
T, -
K-C

('f(;n-‘f(u’ | ( hecousre

‘F 18 imueuinj

Hewce

Fl(c,: ';“ ‘Ff’f)" ‘Fffj
X

’
5 ‘ru’ncrea:iag on ] = 'P 20 on 3.



The Firsd .Denvg,&;,,e Tesd Afor
Extrema

(a) .Su”n.ﬂ "l(xl 20 for
C-§2x e and ‘fltxl <o for
X with C<¢xx ¢ C+8  Then

'F hﬁ.f 4 rvelat

Ve MaAYimym af

c.

\?-\d ec¢
:

-§ € Cag

18



19
(b Suppo“ Fies o for

C-§ ¢ 2 € ¢ ond thet

‘f'(:u >0 for cexecad

Then € has a relative

Minimum al C.




