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U I [a,h]) is & closea

hounded interval , then «

?arh{:ion of I is o sed

P - {xo,x,,...’x.} Sveh thed

O: Xy €« X, €... ¢ X, = b

We define 1: [x',',(‘],

oz [xe, el 142 [onn 2]
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We define the norm of P "’7

P I = max § %0m %o, Xams,

a o X,." xﬂ" g

If t; hoas been selected

{”’” 1; - [xi-lJ X;}

é

the poin{.s ove callea {'ass

of the inteevals I;.
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’p - { [’(i-\,xi]J t; }i-.-.-

1S called a {“3.‘3“‘ par{:haa
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of 1.
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a: x“ x‘ "1. o xn-l xh = b

G;V(h (2} tﬁﬁjﬂd P&r*i+(p" w @
de‘int the R;emann J ym c‘f

f:la,b] = R by
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We define the Ricmans

i"{ea'ﬁl of G.func{'iou ‘P
on [0' b]
Defn. A function ‘FI [&,bj - R

s Riemann integrable on [, b]

if ".l'\ere £ a I\UM')CU' L € m

Sveh thad for every £ 20,
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'“nere exists 55 20 such thet

if P 1S Ghy {nged imr-lition

of [a,b] with | p I < § ) then
|S(Fs pY-L| <&

The set of all integrakh

’Fuwc‘lians S denoted hy R[r": l‘]

(Oht tan Say L3 'a'mi{ of the
ﬂiemana Sum S{P;P, 43 “p" =30



We write L: 5“ o

I_: S }(x)dx
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Thw. 1f 'Fe R[’&,b] , then

1he valve of the in{reﬁml

1S Uniquely dedevmined.

‘P‘. .Suppo.sc Ll and L“ sa*l'i.tfy

H'\e dE;in:

l‘ionn



Let € 0. Then there exisis

85/2 such that of P o

“P “‘ 6;,1 , then
ORI

A‘So, theve exists 6:,2 such thet
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P, ¥ Qny ":Gjljed partition

" P et with
< & then
‘S(f; PY-L”] <&

wilh uP " < 55 , then
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IS(P;?)-\"<§ -y
IS8 p)- L") < g

Hehcg ‘“u Tfiangle Ineﬁualily

implies :

[U- )= | U-S@sB) 4508 9)- L

A

|U- St $a] + 15085 B - 17
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Since € >0 isachitrary,

Y /4
il follows thal L= L.
We now give Some exampl“_

Ex . Every constand functiaw

on [“-,U id im R(G,h].
Let fexszk, for x efa bl

a'\d lei P ={x03u"x,q ; t; }N

d
"2



S (4; P) =i k(x, -x;..)

= k ( Xp=Xo) ke (b-a).

For any £30 set 6=\

so thal if "P "‘ §, ther

1S (£, P) - k(b-ci] =0 <&

2, fosexé!

Ex 2. Let Glx) =
5, of 1¢x4¢3
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Let P be any {aejﬁed

partition of [0,31, where

NPl <6,

Let j he the 'arged

integer Such that X, &1

Note that thig implit: {had

c-“
X 72 1. ek
e e |



We (‘""PV‘C | 5(5’ P)

F
S(g;P) - ‘),Z(x,--x;..)
Ry
+ nl2,3) (X, - X%)

¥ 3 ( Xn J+l (when n(z3

= 2 or 3

¢ 2% 4n023)(x, -%)

= 3(3")(.,-“) .

1y
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We now estimate 5(33 P).

using the fact 1hot

Ix.-x._.) ¢ ) for all iz ..., N

S(9;:P) ¢ 2+ 34 +9-3

(u.lins )S.“ y ;)

]

= &+ 36.
e ——— i

Stg;P) 2 2(i-§) + 24
+3(1) = &

-
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This implies I.S(g;f” - ¥ <34

1f we sel 5‘-%,
> if NPl e d, the

[SigiP)- g| < &

|
Ex. ). Compvte jx"dx.
o

Let Q he the poartitice

{xa, Xo,.- ,)("} with the
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X; + Kiet
/ LY
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‘l:ag defined by {;= q, <

Then hoo = x* satishies

l’l‘q.) (X-, - %) 3 -!z'f X;’fwx;-‘-)(x; 'x:-s)

- % (Xit‘ xi}l )‘
This Sum i:ele.st.ape.f:
W
. |
5“'36”" Z j,‘(x.."-x;'f,)
15

. L _
= 3 [ x0-x) .5'_..
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NOW {e{ P lne an arbitrary

partition of [o0,1] with

NPhes.
We vse 4, : midpo.’nl’ of X: .

Note that |¢,-¢q;] ¢ <
2 3;

i

Xio % X

U«fin.j the Trianﬂ,g Inefiua”iv
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|S(h; 8- 5(ws0))

= , i ‘ti()(;-)‘.'..) -f Q;fx‘,x‘,“)l

L J
8o

: Z“ |4 -4 d (%;-x;.)

n
£ _6{ 2 (X;-'".‘-u) :%(I-O’e‘%.

Since S(h,Q) -"-’-;-, we cunclude

thad if IR < 6, thenr
» 5 -L ‘
[Sth; p) ,‘%_.



ée‘liina 5 2 28 we dhlaia

that if NPUW < § = 26, dhen

sty pr-31] ¢ ¢

26,



