Fvndq. mental Thearem of

Calcuh:l , Port 2

121f fe Rla,bl), we define

y Fras= jr . for 2€l0,b]

&

F is called the
inde?milc i’n'h’ra‘

Thm. The indefinite in-le,ral

defined by (1} i tontinvous



on ta) b] ”. I'F '*ffﬁ)' f H § 8%
on [GILJ, *-"eﬂ
IFezs- Fan | ¢ Mit-wi,

for all 2w in [6, bj.

M OIf 2w e{a,b] with

weée 1 then

[ - )1 K
2

Flw)-tj‘F )

w

Fozs

t

1]



which n'mplie.s

we gzi
2

-Mnfz-w) ¢ f": “ N(‘Z-Vﬂ,
W

which 3‘\!(3

lF(Z)-’Ff“”] f}J\f



Y

We now show F is d:fferentichle

ot ary poini where f i

continvous

C ¢th
Fecah) & flulv + Fres

FVndﬁlnthtﬁl Thm. o‘f C&l‘ulu:‘
Port 2. Led 'F € R[“,bj ond

lef f be continveovs 0". Cé.l&,l:}.



Then the indefinile inlearal

defined |n7 (1) 8 di”‘eronfmblc
al ¢ ema Fra= fre
Pp Sintc F 'S ccniinucus at c‘_

for ony €50 lhere is M 2 0

Such thal if €< x<cCtn..,

{hen {'(;]-—t < f{x) < fees + €

The Ado‘ihvi&y Thevrem



imylies 1hat

Fccan) - Feo

c+h 4
- i # - ] f - J‘F .
- o c
1f we estjenote the ohove

in‘let)ral for ¢ & x ¢ C+h,

then we 9ei
(Fru—t)J\ ¢ Feeah) - Fced

ct h

= (2 ¢ (froredn

C



If we divide by h ond

Jub{fﬁ(! 'rr(.l . w € 3e{

-% ¢ Flc-ﬂa}"’Fltl
-fm ¢ ¢

M—-
h

1f we let h=2 ot, we ohtain
-¢ < Fires -'"fff-’ £ &.
Since £ is arhitrery,

we 3:{ Flter = fes



Thm. If f is continvovs

. [G,b]’ then Flx): £ ex>

for ofl x in Lo, 0],

Note that Lhis implie:

{k&‘t "R BT - | F‘ﬂ'
(defined by (0 ) (s wn

anti devive tive , e,

r'fx) < 'Plxs, for all 2 ‘.’n[ﬁ,"l



te 14 h is Thomae's

f0n¢lion then

»

X
Hli) - ’h ) idep%ico“y 0
(4]

on [0, . Rowtver

lhe derivatlive of this
indefinite infeﬁrul
exists G.‘l Every Poin'& and

H'(xl

0. But H'n# hoxs



10

wh en
¢n X € O“[O 'J
N , S$o

H ;¢ notl @
» ﬁ”{;der;VOtive

0{ l\ on [a).].

D 3

m{eﬁral Ihed is easier {o

c
ompvie ((olled Lhe )

Dorbovs in‘legral



e

L
el f:1I - R
be
bovnded fun § a
Ltion OW

1-
[a,h] and let

D=
Xo, x"..o x
Y "}

PO"‘L. )

l{IOH o

| ’ I. W e ,e{
k !

‘“l s ur .F X X



12



3

anéd an vpper SVm hy

Uie P e 2 M (5= *ia]
ez

It is ohviows theot

L(f;P) ¢ U(f;PJ

(_s:nxz m < M, for k"-“"a”)

5 B RS
.;;w;w~;w:g,‘;:,1.,.,.,‘.;v’5ﬂ¢; 4. flﬁ =
L ﬁ-ﬁm#w
Wﬁﬂﬂ"waﬁ - T

Def'n. 1f P and 0O are bothk

partilions of T  1hes

R s o re;nﬂemen‘l o'f P

f Pe Q.



9

Le»ma ) .I" Q is o ref:nemcni

of P, 1hen

L(f; P) ¢ L(f, @)
and [ (F;0) ¢ U(FHP)

(25

pf ‘S"PP"“ Q has juJ‘

one G .ional point 2 that

is not in P. We can assum¢

that Q= {x,,... Xpoo , 2, Xpeo+ 'X..}



]
Let m; < inf,"hxb‘ X € [xk-l’:]]

ard M sup {F"‘"s £ [?,"u]}
Then

) | P
' mksmk ard mkémk’

Hence
Mk (xk- Xk_.)
- mk(I -Xk‘.\ ‘.ml; (xk_a)

- m‘: (1"xk,.) & M": (xk_-z}



16
If we add the terms

Mj (Xj - Xj,,) for j# k,

1o 1he ahove inequolity,

we ohtoin L(f; P} < UIE; Q)

If Q s any refinemcn{ pf P'

gt

Lhen we apply the above

resull one point at o time

we ohtain (2).



\?

T"Q G"vlﬂCn{ for vpper

sumS s the Same.

Shdw
wWe nmeery lower Sum

is & every vpper SYU™:
Lemmo. M F and P, are
two ’g%avia-ﬂtmﬂof I, then

L(f:P) ¢ UIFi R)

Pf. We lel Q° P.vP ., so lhat



QR is & rt‘inemgni of hoth

P eno Po then

L(‘f)P.) = U(‘F': Pz)

P,
L(f;p) ¢ LtF;0) < U(s: 0 <U(f:B)



