Fvndc. mental Thearem of

Calevlvs |, Poyt 2

1f fe Rla,bl, we define

y Fras= j £, Aer 2¢la,b]

28

F s called ihe
indefaniic in%(,ra‘

Thm. The indefinite in%e,ral

defined by (1} is tontinveus



on [ G, b} .. I1f l-f{;ul €M
on [G,LJ’ then

IFizi- Fom ] £ Miz-wl,

'for all ,w en [G, B}.

pf 14 z.w €la, bl with

we 2, then

2 v :

L{' < Iaf I‘f
2

Flw) + j'r ’

w

Foz3

1]



which implies

we gel
2

-n‘z’w’ < f 'F & n(?’w,’
W



I

WQ now .S’\cw F is differentichle
ot ary point where F s

c cth
Fecah) ® fiaxh 1 Fros

¢ontinvous

Fv»dcmcntal Thm. o‘f Calculu:‘
Part 2. Led f €R [a,.b] ond

lei F he continvovs ol ce[a,l.].



Then the inde*ini{;c inle’rd

defined by (1) 8 di’f'(ﬂnhukle
at ¢ and F'(d = 'P(d.
Pp \Sinte P 'S (On{inucvs atl c'

for ony £ >0 lhere is &P >0

Such that if €< x<cCtm.,

Lhen f(cj-é < -F{x) < -r(cl-lvE

The Addiﬁiviiy Thevorem



cah ' C‘l"\
< I P - I f = j f
- o c
1f we esijemote the ohove

inlesra\ for € & x ¢ c-;b‘

then we 9ed
(fees-t)-h ¢ Feeah) - Fear

ct+ h

= (3 ¢ (o ae)h

C



If we divide by h ond

suhtract fres , we gel

- ¢ ch-}h)"Ftu
~frar ¢ €

/
h

15 we let b2 o, we ohtain
-¢ ¢ Fies - fjfrr.) £ &
Since £ s arhitrery ,

we 3:& Flter = Fees



Thm. If f is tontinvevs

on [6,b] d1hen F'(x}= £ e

Far oll x in [0, b]

Note that Lhis imp\iu

that Fon
(defined by (12 ] s awn

anti derivative Nt

F'(x) = fm, for all x infa,b]



Ex. 1§ h s Thomaoe's

fuh\chon , thew

X
Hl:ﬂ ¢ ’h :s identicolly D

1he derivo{.i/ve of this
indefinite integral

exists at every ppsut and

H'(xl

0. But H'(n# hiu

"



{0

when x € Qafo ] o

H 14 not Gan t«niiderivotive

0{ lf\ on [0}.]‘

wWe now consider G Jih‘grcn.*"

in{eﬁral Jhed is easier to

COWPV’B ( colled 1he )

Doarbova in‘lesrol



[[]

Let f:I = IR
bovnded f 1 o
uniLition

I: [a,b] and |
et

p -
xo ’ x‘,. ® @ x
{ ) Y ]

bf (/3
POV‘LR 1
'lth ﬂf I
| W e 'el
"' - "‘ {"“", x ‘ lx x

N‘
K °
erfus: xil'
X
k-.,xk]



12



3

and an vpper SVm hy

UrHP) = z M, ("h“"‘k-,)
ez

It is ohviows thot

L(f;P) ¢ U(f; PJ

(Jinxz mk & M\t "ov k:s,...,nv

Def'n. 1f P and O are both

fﬁr*ilions of I. 1hen

R s & refinement of P

f Pe Q.



Iy

Le»ma . If Q is e refinement

of P‘ 'l‘\eu

L(f; P) ¢ L(f, Q)
and U (f; 05 ¢ UIF P).

(1

Pf. Suppese (@ has just

one adidilional point 2 thet

1$ not in P We can assvm?

lJhat Q = {X@,..- it , z, My > ‘){h}



[/ 4
Let m/ = ;'.-r,l-Pfxb' xe[xk...ljj

ke
srd My s ""P{F"‘": X € I3."k]}

Then

) . V7
| mks mk ard mké mk

Hence
mk (xk" Xk‘_.)
WK} 4 (%)

¢ My (2-% )+ m) (2 -2)



16
lf we add H-e lerms

'nj (xj - x'i_,) for j# k,

1o 1he ahove inequola'#,‘

we ohdein L(f5 P} €UIF; Q) 2

If Q s any refinement ,f ]7'

iy,

Lhen we apply the above

resull one point at o tims

We Db‘toin l?.).



2

The ar,vncnl for vpper

sumS is the same.

Shdw
wWe "Ow-\/E:ery lower Sum

is £ every vppevr SUm
Lclmno. 11 P. and Pz are
'LWO ’?’3“?&4**5@5}50{ Io then

L{f: 7)) ¢ UF: R)

Pf. We let Q= PvP . soihal



QA is « refinement of hoth

P‘ and Pz' then

L(£;P) ¢ U P)

P{.
L(§:P) ¢ L(F;0) ¢ U(#: 0)¢ U(F:R)
(2)



D“'bﬂux Ihit,ra' .

Givtn G boundcd 'Fune'lion
'PI > R, we define the
lower inl'esn..\ of £ on I hy

L(f) = buP{Lf'P:P)f Pe @(I)I

where P(I) is the set of

poviitions of T Similarly

W ¢ define the upper inlegral



2
by

Ul$) - ,-,,,n{ UL P) © Pe (Pm}.
Thw. The lower integral

L“:) and the uppey in{eiral

U‘f) on I both exist .
Moveover LI} < Ulf). (4

1 Pn ond Pz are¢ any pair

of partitions ot I then



then it follows 1hat
L(f: P) ¢ UFiR).
s the number U(f: Py) is

an upper boyuded for

the set {L”’:P); P e G’fﬂ}

Hence  L(F) , heing the

#

upremum of the set setisfies

L(¢} ¢ U(f: R



Since Pz is an arbjtrory
Pariibion of 1 p then

L($£)is o Jower hound

for the sel ’U(?:’P}:PG @(IJ},
HC"N the infimum of this sel
sel sotisfies L(F) ¢ U(F).

Def'n Let fi31 2R be @

bhoundeeo functian J. We seavy



f is Darboux integra bie

b
on I it L(fS = UI#): jr
Qv

Ex, Remembtr haw havyd

3
il was to colewlate J§ for
o

2 ifosxs'}

'll\t function 3‘:(",3 ifr1axd3

For € 10, we df{ilﬂt

Pi-- (o1, 14¢, 3§ We ged



the vpper sum
U(g:R)=2-01-00 4 3(145-1)
+3(2-¢)
: 2438 +6-3¢= &,

Therefore | Urgl ¢ &.

(Re‘a:’ U‘&’ S {‘\c iﬂfn'h\um 0‘{.

all  partilions of [0*3]*)



Similarly the lower sum is

L(9: F) =2 +2¢ +3(2-¢)+8-¢

So thaet L(g}2 & . Then
§ ¢« Ltgy « Urgs = 8.
Which means Lfﬁ)f Ufg)‘:if

o The Barboux iu'lejrat of

9 iy f;g = §.



In*ﬂjra lﬁ!if‘y Critevion .

Let I: (a6 b] aua led

F."I-"* R be a bounded fen.

en I. Thes § is Darboux

integrahle if and only if

For each §20, there is @

Po'tih“” ]:; ot I I Svch that



9

U(F:P)- L(£R) < €. (5

P‘P. If ‘F i3 ih‘ltﬁfﬂ“Q, lhen
we have L(#)=U(f} Ifero0
ther Since the lower integral

is a 4uprcmum, dheve is @

Partition P‘ of I sveh $that

LiFs -£ < L(F; R).



lo

Jimilarly {heve is & Parii*ioa

Pz of I such 1lhat

Utf; P, ) < U + £

2

It we led Pi= PvP . thes

P{ s G ref.’ng..g.,-l of

Pn Gnad Pz. Hewnece

L(£)-£ < L(#; R) 2 LIS R
SUR) S U(f=P,)<um+_§



0

9 UER) ¢ UHI+E and

L) ¢ -L(#)* £
2

Ada‘iwa *03&‘“'\‘? and USinj UH')
> L[f)o

Ute:p) - LIF R < &

For 1he converse | note that

L (f: P) ¢ LOFS and
ulfi ¢ U(f: Pe) .

“Chcp



12

Uif) - L) ¢ UL; P)-LE:P)

Now for eacth & 20, svppose

-“urc 1S @ Parli‘liou Pf

such 1had (55 helds | Then

S;ngg £ ¢ arhif‘rary‘ we
conclude U(FIE L(+s . Bud

we have LIfJ < U(f) s always

‘le:, $6 we have



o
L(f) ¢
(£) -

U

and

o .
L{4) 2
() -

U

n
o

oV
Darh

3d

T

So

(4}
La rec hle
te

3



