This week we prove three

‘l’.heorens: We st¢art with a

fﬁnow resvit of Weierstrass.

T hwm. .Sv")o.u that f i

G con{ivwou.s comples “'Uv\c‘l'ion
on [“,b] . Then for any

£ 20, ‘Ehere 13 G polynomial

Plxl Such theat lplx)-‘frxl,<f

for all x & [Q,b}



2

We con assume that [a,bl= fo,1]
In fact, if fixs is any
continvous compley function

an L6,h]  then Frods fra+ (b-63)

s glso continvevs and tompley

fOr. 0<t ¢ 1. If theoren i known
fFor [0,1]‘ Ihen there is o polynomiel
pley se ] F(a)- P“"’l‘ ¢ 1 elo}]

Using 1he subslitvlion £ X-2@
-a



we gel F(’%ﬁ} :-P(x!

satisfies

Ivcfxl- P(’-‘-Sﬁ)] < £, xelab]

We can 2]so assume thal
$eoy = 41y = O For if the

Lheovem is proved for this case,

LonsSider
5':(): -fm -‘r(o) —x[‘P(U- f!o)]

[0ex&1).



Here G(o1= 1) 20, 30 if _Lhe
vesult is trvz we obtain

that there is @ polynoniaf

- P <o
w |9 - Pm! < £, xefo,]
Note that Prxsz fras-gixris a
pelynemial.: Hence (1) implies
| qess + (Fe-go0) = ( Pont +B o) <6

or | fexs- (P + B )| <€
X €lo ]
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This Shows { can be approximated

by polyy.o...;gu 2o within &

Hence if Lhe resvit is trve

when glo)z §nor =0, it also

hd'd& T, 't’bc &Qﬂgrp.l casd

Hencc wWe (Can GSSume gfo)'-' 3m=Q

We define fixr= 0 for é [o0,1}
Hence ‘F B$ uniformly continvous

DR -}_I\g w’DO‘G “ﬂ?.



We set
1 ¢
(2) Qu %= , (v-x*)
form=1213,...
where Cn 15> thosen SO that

(3) y Q,(xYdx =1, nr:zL23,.
e |

We need £0 estimoate dhe sSize

04 Cn. Since



0
W 4 |

22 s (1- nx-) 4 -3—-‘—.;‘ >q_;

— o

il follows ihat

(v) Ca < \n



The ineqval.’iy
(1- x)" > 1- nxt

which we vsed above can be

) proved by tonsidering 4he

{vntﬁon

(1- x*)" =1 + nx® = hoo

which is Zero ot x: 0 and

whose derivative is posilive

in (0,1).



]n. f'ad,

, -
h!tx) = —2hx(t-x"')n | + 2ny

= 2nx (l- (|.-x‘)“-‘)

\Siﬂce h‘ﬂ)?o fbf x$(°¢'3,

il follows that

(1-x2)" 2 1=nxt x€[0,1),

Reca“ Can WGS chosen 3o
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For any § 20, (2) and [4)

imply thet

(5) Qnixs ¢ ¥n (2- 31)"‘

when § &/%] ¢ 1,

30 that Qp — 0 vniformly

in o & lxl e,
Now Jei

I
Pn(,u: J Foxet! anﬂ d
- (St 1) .



e
By G sin\ple chanﬂe of van‘g.blu,

w ¢ 3:1
=X

P o j Plx+t) Qna(t)at
n

=X

&
= J Pres Q, (£-2) ot
o

Note that the last integral

is cleary o polynomial in x.

Thvs {?.} i$ 6 Seguence of

pﬁ'ynomi&"’ which are rveol



"
i§ £ is real

Given £>0 , we choose

§20 sveh lhat ly-xl ¢ §

rmplies l-Fl’y)-* ‘rfx:l ‘-—é-.

Let M = lv.b. “f‘x" . U-Sin,

(3 ,’ (s ) ane the fact 1hat

Qn () 20 , we see that

For O £ X <)

o
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' Pn (2} ~ ‘f'(m ‘ :l’ '[-f(xdl - fixs Q,,(Uq}

fju‘mu ~foo) @, t0) ai

-5 P |
< ZMj Q. (tdl + .g.j Qn (1) i
- ) ...‘S

<YMV (1- 82" +§. < §

-por all lorae enovgh n. which

proves 1he theorem.



Q, (-0

Area concenirated

Near ¥

x5 X
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