3 Thesrems . 3
Svppose that ‘;fx,y) is a

COn{inuovJ fmnc'l’ioa on the

closed ret{aaj fe

T {"‘v" Ix-xo | & h 1
Jy-yol &b

Let M: -Wr})flx,y)[: fx,y)&T}

By Shrinking h if necessory

we ¢can assume that Mh €h



Geonefr.‘cnlly, this meens

thet the lines Y=y, 1 Mlx-xo}

pass '“\roush the vertical

'inu X2 x,-h or X°= Xot h

xO‘ z xg xo < )



We will Show that the
curves Y=zYrx), y(x,)= Yo

will stay in the triangutlor
reﬁion:.

Our J'lraitgv s to find

G Seqyence o‘f curves "Y

Yo(XxX)= Yo whep [x=-Xo{ £ h

o
'P(x Y(x})dv
(o) = »

Y.x yo*-fxo e






Lemma 1. If Ix-x,1¢ h, then

Yalx)= Yo ’ < M !X'Xol SMhsb

We will do 1his by Induvction

In the case when n=

we have

’Y.(X}"Yo' z I jxfrf, Yo) o l

Xo

X
" [;fu.,ml di
Xo






This proves the inducltive

Step. We conclude £hel

lYn“) 'Y@' -‘u MiX’xol g hs
far afl eV, 2,...

Geometrics ”y‘ Lhis shows

Jhat each cveve lies in

Jhe 1vi ansvhr regians.

Wwe will also need



Lemmoa 2° If |x-xel ¢ \

Gnl ns '1’:"-, “-"Ea

”.(". Yalx1) - f(x‘ Yoot (x)) i

& k ]Yn (2 = Ym-i r"i

1t lx")‘o‘ € h,

Lemmo 3 -

then

,Yn (*,"Yn.a (x) ’

Z nel L n
- MK 'x xol £ MK“-! hﬂ
n:



For n=1, feom Lemmwa !

|y (xi- Yof € M (x-xol-

Now the ITndeclive Step s

n-2 h-$

1) |Yno (03 Yna (x| 8 MK 1x-l

4 to 6hnw ‘lk&“

We wan
)

MK 1x- 2!

‘ Vi (%7 Y n-1 ("’l €
ﬂl

Well de this when X,ﬁXéX,eh,

(lke (ase when X,-h &€x¢Xo
s Similar }
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From Lemma 2, we have

, Ypul2)° ¥ nas f:u} ,

Xoth 1
= , [ [fu,y"_,(u)-f(t,v..-.)},?
Xo
X
4 J | (£, Ynoi(89) = (£, Yn-2 (22)]at
X,

X
< k; "j”,. () - Yn-2 (i’,d{
xé

Using Lhe Induclive Assvmptio w,



i

M

Jyp (1= Yo (23] € MK""J”
= (=203t
T2t 0l ot

orv

N-d
MK { X Ry 3 .

n.

'Yn [%)° yﬂ-l Ixs ' 5

This completes $he rro-c“ of

Lehma 3. From Lemmé 3,

we :
have two infinile series

gid

Z l,Yn(l“" Yo (’“} ond

nat
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(o -2
y MKk
n=i n:

ond 1he Second series

dominates the fivst [derm- by

'lerv). The V¢3¢r.${ra,u

M Tesd implies that the

o9
Series Z [Y.,w-‘l....rxs] (2}
ksl



'3
Converges ahsolutely ard

Ilmforndy to o function

é(a: or the interval ]x-x.lsh

1f we examine dhe k-ih

som of Lhe sS€ries (23,

ke
w e ggi Z [yn,‘“ = Yna fxl}

nast

Par'lu.l

= [ )AL 2 Y,,m] $.o0 1 {kam- Yk..(auf

g Yl'( (x) = Yo
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Thues, the stotemeat thot

dhe servies {2.‘ tanveryes

absclvicly and V¥ iformly

'Lo ¢00 or lx-x,l & h

' equulewl 1o the Jiaiemhd

thal the Serits Yy, 22 = Yo

canver§es abuluhly ond

Um"formly $o q}(x) or the

intarval |x- %ol € h,



