_Sef.s con be arbitrarily

|arge: For ony sei 5' let

P(S) be the set of al
Subsets a‘f 5

Can‘tOr‘s Thwm:

Theve does NOT exist e

map f: § — P(s) thot

is onto.

&V
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ases
e x° e D*
©
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5 has 3 elements

@(s) has § elements.

G SUf‘jec{iovs from

S ento @(S).



2.1 A’jebfﬁf( and Qrder

Proper'lie,s sf IR.

On IR ? Ufsere Ore twg

orara{ims , addition 4

multiplication * They sai:.sfy:
O —————————————

= b conmvfﬂfive)
(A1) at+hz bra (G‘M;“‘m

(Az) (aarb) + ¢ = at+r(bec)
(as:oc.‘ative )

addition
(Aa) Theve is an element O

in so QA+ 0O = @ .
" R (O-elemen‘t ex::i’



(A} For each @ in R there i3

on element -Qin R 5o

thod
G+ (.a]= 0 and (‘G‘*Q"’ o

(negaiive elemen’{)

(i) @G- b = b-a (tommvfaiiv!))

mu”iplica‘tiOh

(M2 (Q-b}'c z .D.‘(b-C}

associative
(muH:i Flicahon)
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“"’3} There 15 an element IinR

So thel G-1 = 1-a = Q

(Vﬂﬂ element )
2xists

R

»

(MYy). For each Q@ 4 0 ir

“’tere ex;sis an Hemeni

l/a such that

Q- (‘a_) = | ond
( %)

- QA
(exisfencc
of recipri“))



(9 a-(hac =(G°b) +(a-c}

ond

(bt c)-az= (b.a)+ (¢al

(d:;t ri butive prope r{v)

Inco word, R is o fiald
————

By spplying some of the

above praperl 1¢S5, one

can show ihat the



(1) 2ero clement 0O, 1he

(2) unit element 3, and

(3) +he recipricel -'-& ere

&‘! Unfﬁue.

For cxavnp'e, Suppose aF0

Q'\d aob: 1 . Thcp

b= 1.b 3
(” : (rm}(( - a) b
(ma) (s) '(M33 '

This proves (3)



AISUI if Qe R‘{hen G-0: 0
In fan‘.'

G+ Q.07 Q1 + 4-0 = Q-(1+0)

b‘f“";‘ by (D)

tat = a
by (A3Y 4, (M,}

Adding (-a) to hoth sides, weget

0«0 = 0.
Aiso, 0z (<1}{-134) = (ai)(-13 +C1 ).

Adding 1 to both sides, we get

(-0 )[=21) = |}



We elef:ne -SUbfrao'ho»
U-b = a4 ¢ab)

and also we wr le

Clb: a'bl



Thm There does not exisd
G rotiongl number N such

thot n*:= 2 \Q:l’

|
5-:,:?».5: 'ny contradiction

'Lhﬂ.t n: P/q . Tlﬁﬂh
2

nt - {?/9} = 22 pt. Zqz,

We can assume that

(5 ond 9 "\ave ne Cormmon



#ac{or. Thenat most one
——”"——_—”

of P end 9 5 even
—

Since Ptz 29% , we see
that p? is even. This implies

that P s also even {becawe

‘—-—'w’/

i1 P = 2n+1 s odd, {hen
P1'= '-\h‘-t uwn ¥ is alsoe odd.)

Hehf-e we (an write p=2m,

S R



|0

2

Hence 9" must he evep,

which implies G s even

This shows thot boih

P and 4 are even, which



'S & LD ntr adictifsn .

R e S e R Y

It follows that
R must include numbers
‘L\\G.“ ore "'girra‘tional

(i-Bv, not rationel )

For this 'mrpo.u we need "0

é{uJ7 Ovdey Pr.pcr{i es.

ioe.. < a'.‘ ) .



i2
Ovder Properties of IR

Therve s o nonempty Subset

P of R colted the set of

po&iiive real humbers Svuch '“lo‘t

(iyIfa,b €, then atb [P
S el

iryIf a,b e P, then ab ¢ P

#

(iii) If a & P, 1hen exactly one
of the 'fo"awing hotds :

La-e(P, a0 (-a) € [P
Tf‘thotony Pfo Per*y
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If -6 ¢ "’ we Soy Q s neljaiive,

Gnd we wrile <0 or O>a.

Ry e S R SR R A

(1t a e P, we write Q20

ap——

or O < G

P

(JIf a € [Pu{o}. we weitt e_?___(.)
e —
i) If -a € IPu{O}, then we

write Q& 0.

QTR

I (;)-Ciii) hold, then we S0y

fR 1s an Ovdered. {'ae!d,

M




1]
App“ling “‘g Tric'\@a@m\/ Praper*y

*0 a“b‘ we 5‘,‘

If a-b € P, {hen a>b.
SRS it il b S

If ~(a-b) ¢ iken (b-alefP

= ha
Mﬂ_’/

I1f a-bh=0, then a=b

_’_—ﬂ

A P T
R

S ——

Here are the Rules for

Inec,ual:{-;eé .



Thm. Leti b
2.1.7 ¢ ab > ¢ & ‘R ‘

(6} If asbh anad B3¢  {hen

premn e ) ——— 4

[/ S W 4
(hy Ifarb, thenasc > hic
Sweniaing: I ———————

(¢cs If a>b ond ¢20 ¢then

ERRTRRRS —— &

If a* h and €¢0O

AR e B, e £ $

then

Proof of (as: a-b »0 , b-¢cHo
then (a-b)t (h-<) ¥0

ov G- 20 - G (

16
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by If a-h Y0 them

(asec)-(brel = a-b 20

- G#c ) haeo

fer 1§ a> b . and €20, then

ca-¢ch = cla-b) Y 0.

-2 ¢a Y ¢h

1f
€0, Lhen -¢c>0 . Merce

C(b-a) = =¢(a-p) Y0

- ¢h-¢a p = ¢b » Ca.
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The Ovder Pro periiea

in 2.1.5 and 2.1.6 lead to
2,010 and 2.0.1, which ave

USE.{U' 'fbr .So’Vi'hj inequal:{:ies:

. Suppo.se that ab > 0. 1f

0290,1her byao.

2 T4 aby0 and a¢0, then b0

1 If ab<c O and 070, thepnbh<¢ 0

y 14 ob <0 and a<O, ther bro
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Ex. Find all real numbers %

Such 1hal Ix+4 < 2

JU&‘!E&, each 3£¢P_

i 126> XS G xE 8
1+ Y

By red o 2.0.7 By te) of 2.1.7

Ex. Seolve x"—qx..f < 0.
x*oyp-5 = (%x-5)x+1) <O

é’? 1§ %-§ >0 ythen %X+14¢0

By Ptoperfy /

No selution -

(3) abave



o By Pruperty r4) N
Or, i x-5<0, then X+1 ) @O

‘S°'U‘£3°n is =1 € x <§

Fhmll, , we have
Thm 2.0
(is if 0 € R and & 0, then
at 2 0

(i;5 if neN, then n> 0 .



