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Definition. Let J be o nonempty
60")59{ of 'R

(a) S is bounded above if there

is @ number U € R svch that

S<v for ot 5 ¢35,

Uis an
W Upper bouvnd
-—-.f"
of S



S
(b) 5 is hounded below if there

1S a nvmher w € R sueh that

Sgw ‘Fora!l SES.

e —— W i3 @
W e lower bovne

5 of .

(¢} .S is bounded if 4 is bounded

obove and helow

W\_,f’ =
S

1£ S s not bounded, t1hen

S s unbounded.



vapose that 5 e nonempfy.

(a) Anumber V s o leasl

e e =)

vpper bound of S if
Vpper bound of

(1Y v is an vpper bovnd of S

ong (2) If vis any vpper hound of §

then v >y
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| S vpper bounds
lower bounds of &

of S



(b) A number w s O 3rea£t.sl

lower bound of § ¥

() w is o lower hound of S

and (2 f £ s any lower bound of 5‘

then t ¢ w.

—

If o leost vpper hound of I exists,

we writle ‘.U.b- S = Supremum 3
| = Sup S
1f @ grea'lesl fower bound ofs ex:.sl:,

we wrile 9.1.b. §5 = infimvm S
= inf .S



The main fact about

[R s that if 5 is o subset

of R that s hovnded ohove,

Lhen there is a number V in R
such :tka{ U= supd
.Sim‘.larly‘ if 3 is bounded

helow, then there is &« we R

such that w= {nf S
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Note that inf S and Supd

do pot alwoys helons te 3.

E. Let 57 [a,b), where a<b-
- Find inPS

) —

a b and 3SvYP 5

xe[a,b)—' Gex <h (%

b is an vpper bound of [0, B)



Let v be Gny Uppéf bound

of 5.

5vppo.se thol v ¢ 0. Then
S5z ath g0 5, but ves,

R ARERRD

2

which would Show Vv S no‘f

GnEE

an uPPer boune af 5,

5uppase that @ £ v < h.
Then 5= V+b isin 5. but
v £ 3 whicf\ Shows “‘-hb{

el —— OO
o v $ b

/10



Vo oS l\o't an uPPer bound

of J.

It follows that Vv 2 b

which shows thad b is

Now note thot the first

ingquelity i () Shows Lhat

o :s & lower hound of gy .

(v} holds



Since S=@ is in I, it
Po“ow: that any lowe r

hound % of S must satisfy
t sao. Hence,

Q: 3|L °{ 5

12



(3

Diffecent Definpitions.

5uppose U 1S an upper bound
of o sedl 5 .

(15 If vis any upper bound
then vev
(2} 14 22U, then 2 is not an
vpper hound.
(30 I{ 2 ¢V, Lhea there exists
53 €G suchthet 2 < 52

(4 I £70, then there exisis 5£ & 5

Sveh thal v-¢ ¢ S¢ .
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#‘1, P’}‘)
Let S+ f1-C0" MN}

n

I‘F n 1§ even, then the sequente

o -% ? nz2,4,6,--

15 nis odd, the sequente 18

{ ¢ -:-n- Nz, 3,5,

M

- 3 "'5..
2 51 ° %
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The Sequence is contained iw

[-;—- 2} where 3 oand 2

are included.

s eS

U salisfies V2L S,

w satisfies W£ S | whick mesnrs
- + is o lower bound it £ &S

— e, &té_'z.
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Since Uz 2 and V22,

4 follows thel vev

o Supremum = 2




