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1t's easy Lo show thet there

ton On'y bg one 30?1‘0&0”:

'S”Prosc there are 2 Svprembé

U, and V,, éuppose v, € L,

The facl that v, is a

Supremym and V, is an vpplr

bouvnd- implies ¥ hat v, Zpu.

Jim%l'arly‘ one Shows that



3.1
Given o set S with an upper

bound v, Llhere are Y ways

Le express the Statement

“'m{ U s & Jupremum

() 3§ v ;g Gny vpper bound ar5.

Lhen vV2u

L.

(2) T 2 <V, therz ;s NoOT

on vpper bound.(Por, if

2 Were an vpper bouﬂd,



this would contvadicd (rs,
16, il would imply 2> U.)

(3 If 22U then Lhere i

an element 5z G.S Such that
3, >z,
For i on S GS 50134;9;

S ¢ 2' that would imply

Z S on upper baung

noatrad::l.‘ns (2,



(4) I‘P t ? O‘ Lhen there s

on element 6‘ such 1hat

S¢ €3 and . S Y VU-£
(3) hotas tor
[
Finally, we must show (4} =» (1),

Let v ¢ V and jet V2 u=-§
Ther by (uj , theve exisis

Sf € 5 Sa ‘tl\ot Y- £ < ‘E

= Ves s V iS NOT ga
£ vpper houvang



T"w.s‘ if v is an VYpPppPEr
bou::d, lhep i4 must he that

V2u

R salisties :

(omplcit nesd Pru perfv.

Every nonempty set of real
numbers thal has an

Upper bounad has o dvpremeun

in ‘R.



Archimedean PPOPGViY-

\. If X >0, {hen there exists
n, €N so thal x < n .

P -Suppo.sc th:s is NOT true

Thew for every n € N, we

5 for

would have n < x

all nin N. By the
Compleienéés Prop"*‘l ’

N has a Supremuw .



Then U-1 is not on

vpper hound of N o
there is an integer m e N
with u-1 < m. Adding 1,
‘we gel U< mtl. Thig

tontrodicts the fact that

h < X for all n. Hencc,

tkere S an 'm'leger Ny with

N, > X,



2. FOV any i > 0, t'\gr.
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PE. Sel x- -'g . We showed
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Ny > X. If we set K= N,

then if ny K, then

\
h?.\'\,(>x'-"f“‘.
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3. If Y20, thea there

exists Ny € N <cuech that

Ny-1 £y ¢ By (%)

Pf. The Avchimedean

Pruputy im0 lies thot Lhe

|

Subsel E, = ]meN: Y < m}

'S nonemply, The Well-

Ordering Pruperty implies
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that EY has ¢ least elemuf,

we denote LY ny, Then

n does neot belan’ ko E,

y ~1}
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n, -1 f \l ‘ hy
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Density Theorem, 12,

14 x and y are 80V reol
Nnumbers with X €Y, t hen

thevre i$ @ cational number

ne (3 such that X&n<y

Pf. We ton assume that

xv0. [ Let m€N satisty

Mmix >0, Then replace X

witlh X4 M and VY with \I-l'm)



Since Y-x >0, i follows

-"rom 2. that there exists

heN svchthat - < y-x.

which 9ives nx 11 ¢ nv.
I we opply (%) 1o nx

we obtain mée N with
Mm-1 € hx & m .

Therefore,
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which leads to

Rx ¢ m <& Ny,

Thus the rationcl number

NN= m/. setisfies
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