3.' Seq«:encer

A Je?uenc,e x '3 O 'PUnc{'ion

{fbm N to IR. Sometimes X s
dt;ined l)y G {ormula ‘fnr the

n-th term X, such as

- - ~S°Neiime.s we jux‘l
define the first few terms,

X |

Xn °

| 1 Jor
's? T

w |-

|
2n+



We can oalse give 0 recurdive

4ormviq {Or Xn

xl\-l

___..{-—-——-—, x.=3.
Xeoor + 1

Xp *

TJi is very EMPoric\n“‘ to

compute the ‘imi* a“&.set’uence_
De;inifioa. Ve Say a StqQuence

X (onvcrsg.; to x if for ol € 2 0‘
there is a number K in V., se thal

i ny K, then lx"-x‘ < £



The pumber X is the lim:it of

X , ond wesey X convergea{.
M

1§ X s not convergent, we Say

)( vs divergent |
o —————————

A sequence can only have al mest

One ‘imi*-- .Suppo&e limx = xf

ond lim X = x"  Set g2 le'-x"

2 .
Ck(\d’ﬂ k|l S0 ‘xn"x“ < ¢

E‘Fﬂz Kl



end choose K, ss that
| Xo-x} if n» K,.
Now sel K:maximum of fK,, K,}.
Then if n2 K
bxf-x"1= J(x- x5 - (x”- x,.)’
¢ {x"-xp ) + | x"- Xl

¢ & +§ = 2¢

o ‘xl—Xr” l .

Dividing by {x'-%"| we get | 2.



The contraction implies thet
xl= xu

Some example.s /

Campuie Lim “:'; 5

We provedr"u‘“{ for any f)O'
there is o0 K so that '.fh?.K.

-,; ¢ & . Weobtoin thai

,.ﬁ.-ol:r\‘-s. T4 follows



Ex. Prove thsi ‘am(h*f)'-'-'o,

Note that 3 <

[ s

3
n+§ n

For a given € 20, cthoose K)O

$o6 thal ifny K 4hen L ¢ £
n 3

If n 2 K' then



Ex Show that lim (-1)" does
not exist.
Assuming lim (-0 = x,
se} €= 1. Then thece

s o« KeEN so that if hy K



If n is odd and ) K thenr
EEIREE lx-{-n)"l < 1.

Hencte, x41 4 1, which

&

implies {hat x ¢ O.

T‘\i.i contra diction. :::-,;’ic&

{hai ‘im (_.)H does nol exist.



We now prove

Let (x,.) he ¢ sequence of
numhbhers ond let ¥ e |R.

1f (a,) is o sequence of
posilive numhers with lim(a,) = 0
and if for some constent (20

and some m € N, we have

Ix,,-x‘ f can for all n2 m

then it ‘;a"ows that ‘im Xn = X



0

Peoof . It £ 20 s Given then

Since lim(an]:-'O’ we know
there exishs K Such that

ny K imp‘ies Q“:lon-o'{@fc‘
Tt follows $hoi i1 bolh n> K

and hiwm, thenr

[xn- 2} ¢ Coa ¢ CLE/) =€,

Jince £ is arbitrary, we conclude

'“\a{ R = 'im()('.) .



We w:l|l

vse this 4o show Lthat

f 60<bel, then lim (B™) = O

BU{- Fif.}{‘ we P'OVQ:

Ex. If & 20, shoy l;...(' ):o

55&:: :

l+ na

@20, then
O<€ na < 14 Nn Q' and
'“"l‘reforc 0o « ! E s

l+na noa .



12 -

Thus we have

= e

l4+n0

§
i FOr all
n

n&N.

£

o

b
G

Sin(e lim (-:';} =0,
the ohove theorem with C:

s
a

Und m=1 iwmplies lhat
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Recoll that Bernoulli's

Inequality stotes that
if x>-1, then

(14 x)" 2 I+ nx , oll n€N

-~ M
B i pa s S o 4 o ﬂﬂﬂwzmM

We now show thet if

0<b 21, then ;n(b") = O.

5:M.e 0¢hetl , We can write

R
e e

\+a



4.

where o —
0 (511, 5o that
Q> 0. By Bernoullis Lnequality,

we hgove

" |
(1+a) 2 14na, where
a?-1.

Hence,

Feam the ahove theorem | we

conclude that |{;m (b"’ = 0.
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3.2 Liwid Theorens.

Us:a3 the resvilts of thiy
.Sec’tion, wWe carn ona'ys! the
tbnversenae of Many SCQUENces,

Deﬁinihon‘ A Sequence X - (x,)

1S bounded if Lthere exists
i -

G numbey M>0 Such that

{x .| £ M, l:Ora.“néN.
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Thm. A convergent sequence

of recl numbers is bounded.

Pf. Suppose that limx, = x
and let £:) Then there /s
¢« Ke&N such thal |x,-x]| e}
for all n 2 K. The Tr‘.ongle

In equalitywith ny K implies
thet

'xnl: 'xn -X 4’)“5 ‘Yn")f‘-l-bﬂ

< 1 3 1x).



¥
1f we set

M- mw{lx.l > 16 x s m}

then L follows thed

1%al € M, dor all neN.

We wont to learn how
tﬁkiﬂﬁ [imids intergels

wWith the operal:;gn; of

odeition, Subfra ction,

Muuip‘ication ard divisian,



Given two sequences X (%)

and Y 2 (v.), wedefine

X+Y = (xpty.)
X"Y » (xn“Yn)

XY = (xn)'n)
X * (Cxn)

and

- Xn
X/Y B Yo ) (provial:oj)

Yn# 0



.Svppo.se Xz (xa) ond Y: (ya)

converge 1o X and y

respectively. Let €20,

Aaddition.

C hoose k, and K, S0 that

‘Xp.")“ < i" n 2 K. ond

£
2
£
2

IYn-Y] ¢ i onx K

Now set K: ng{ K., Kz}

19



1f nz2 K) tl‘“‘ no K, ond

n2K,. Hence,
| (v ¥R) - (x4vs ]
2’()‘"-!’4-{‘1.."7"

(X, =2} ¥ lYy,-vl]

« L ¢ .
z*"i-i.

l'lﬁﬂ(e hm (‘“p"',n)

= X+ Y.

20



2

For svbtraclion, we vse the

Scme ar{,umenl. Just replace
Xn+ ¥, by X, -v. ane
X+ Y by X-y.
Multiplicotion. This is o bil
More complicoted, Note that

‘ x‘“‘/n"‘Y ,"" (%nYa - "n‘l)

+ (Xpy - xv)
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S ’xh(Yn"YJ/"' I(X,,-X)Yl
< ,X,.“Yn"y’ 3 ’xnnX'lY'

By the boundedness theorem,

there is M‘ Y0 Svch that

Ixnl 4 M, |
Now sef M = ﬂox{ M,, ]”}.

all n.

We conclude that

lxav..—xy‘ ¢ Miva-v] + M)x.-x]
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Now let € > 0 be giver,

Then theve exists K,

Such that

1%, -x} ¢ £ 4 on2K.

2M

.similarly, there exists K,

Sveh that
¢ : >
lyn-v] < 31 it =k K.

Now set K= M“"i Kt, K‘}



If n2 K, then

‘ ’(nYﬂ"'xy ’

£« Miy.-yl < Mix,~xl

<M= v M

2M

“This praves

lim {X.Y»}gxy .

2%



