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Thm. A canverjeh‘gfﬁeqfuente

Of feﬁl m.mnher.s 8 Bouaded.

Ps. Suppose fthat limx, = x

and let £:=)1 Then therve s

G K € N Such thai 'Xn'xl“’

for all n 2 K. The T"'tanﬂle



¥4
1f we set

M- mox![x.l s 8 x4 1e lxl}

then L follows thed

%n] ¢ M

for ol ne N

$

We wont te learn how
{‘.akimj lim;{s intergcl s

Wilh the operations of

odelition, subfraction,

myuiplicatinn and divisiam,



G:ven ‘f.wa Sequences X . ("n)

and Y = (Y..). we d8fine

X+Y= (x,.+y,.)
X"‘Y - (xn"Yn)

XY - (xn )'n)
X F (cxn)
and

- Xn
x’/y B ";;) (provial:sj)

Yn#o

¥



.Sv”wu Xz (xad ond Y: (yn)

converge 1o X and y

respectively. Let £ 20,

Aadd;tion.

Choose K, ansd K, S0 that

lx,,—-xl‘% 4 n: K, pnd

in

Ilyn-Y] € 2 it n2 K“

Now set K= Mfal{ K. 5 Kz}
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If n2 K then ny K, and
"2 K,. Hence,
| (%, + Y,) - (:H-Y)i
z , (Xp-2) + (Yu-7)]
(%, -2} ¥ ly,-vl)

¢ & ¢
2*"5:"5.

Hence lim (xp49.) = X2 v.
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For ,sybirac{nm‘ we vse Lhe

Seme orgument. Jyust replace
Kn+ ¥, by x -v, ane
X ¢ Y by X-y .
Multiplicolion. This is o bil
Move complicoted Note that

| Xav. =%y ]2 | (XnYa - 2.y}

+ (Xpy - X¥)
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< I"n(Yn -Y}/-l' !(x,-x)yl
S Ixadlva-yl 4 fxe=xtlY]
By Lthe boundedness theorem

there is M' Y0 Svch that

Ixnl 4 M, |
Now set M = ﬂox{ M, , )y'}.

We conclude that

all n.

lxnv.-xy‘ ¢ Miva-v] + M)x.-x]
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Now let € > 0 be giver,

Then theve exists K,

Such that

1%, -x} ¢ £ 4 on2K.

2M

5imilarly, there exists Kz

Sveh Lthat

2 f n
,yn"'Y‘ < ;;

v

Ka.

Now sei K= M""{ K', Kg}



If n> K, then

‘ ’(n‘ln"")’ '

<M =+ M

2M

T his proves

lim {X.Yb}gxy .
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3.2 Limit Thwms.
Given 2 sequences

X= (x,.) and Y.-.: .(y,) such thet
‘"" (X.J S X and lilﬁ r‘/n) =7,

we proved thai

I, lim (Xp4Ya)2 X 4y

2. lim (Xn Yn) = Xy.

4 Ta prove lim (Cxa) = €X

led Y= (yad=c¢c, for all ¢



Y, Now Svppose rE (2.) and

that lim (2,.) = Z ¥ 0.

Choose K € N so that f n2 K
= [

then f[z2.-21 < 12

o ®

2



It follows $had

l2,1= ‘(2,,-2) + 2}

= 124 (20" 2)]
2 \zl-12,- 2]

2 1z2)- 12 - 191
. 2

We vse this to estimatle
the limit ﬁ's' -;‘E :

l..‘-—.:-’._. Z‘Zh
2 7 2.1



é !2’2“.~ 2

12}?
Since "L £ '}"' When
'731' '2}

nx K,.

Now choose £yo0

and choose Kz s6 that

{ ¢ . 1212
2;@'2‘ . 5 £ when n2 Kzo
2

Now sel K= Max’K.,K;}.

f n 2 K, 1 hen



Ex. Use lhe Lim:l Laws 4o

2
Lnnpute i *_._.2“
In* +
n*s 2n 1 (14 2
I '*7:)
Y s A
- (34 )



and Iim (3‘1’ ‘i.;o.) i

Hence the Guotiend Rule

2
= e M5

i

!
31' i‘x 3



Ex Computt lim Vn

SRR

2n+3

Facior ovt h.’ah“{ pow¢r

< Vn ‘ ! g

Vn
lim ——— = +
T el .
¥i

Produet Rule Imp‘-‘es

B
‘ﬂ: o
2n+3 2.



Thm. 5Uppo.fe liw Xpo = X

bnd i‘\&t X,., & Q. Thea

X £ 0.

Ps. Svppalc Stalement is

not true, ie., Suppase X 70.

"

o X

Pick £: X
e

Ther there ¢ K, 56 if

N2 K, then |x,-xl<¢ X



He"‘c _£‘x“_x “.
P NN

hxéxﬂ’x "‘"0()‘"

Th;s contredicts hyro{keﬁ:

“\ai Xn 0

S S A S SRR R L AR AN R S

s TR A T
ey

COro“ary, Surpo.fe (x,,) and

(Yn) are both convergent
ond that ¥n ¢ VY. , alln

Ther 2 ¢ vy




(O
Pf, Sed Zn = Xpn=Yn .

Then Z_ 4 0 for all n

o

"ﬂs(.c ‘“\c theorem smplies
limZa = 2,46, Zso0.

:0 x* Y f o.

i lim(x,) ¢ lim (y.) .

Svppose G ¢ x. & b and

that (Xp ) s Convergent,

Ther Q¢ lim(x,) ¢ b



Pf. To prove lim(x,.) 2« b

4

Set (Y= (h ) for allnm.

The kypo’lheti.s that »,. ¢ |

(Viinﬁ Previovs reSul{)
impliu thal “M(xh} . ""‘(Y“),
o lim (xn) < h.

bim:larlv, f we sel n = G

'4

‘UV‘ a ll N, {hen the

hypolhesis = v . X

¥

]
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which impligt a < |im (x,) .

i )
W o A A Ry == Y A
TR Ry A S A R g £ TR AR TR

31uee‘le T hem.
Svppo.lc ’th“" X - (Xp)'

Y= (yn)

Sequences with

, ond 2 < (aa) are

Xn € ¥Yn & Zn.

Suppose olso that lim(¥a)* Ii""(zn\

Then lim(x0: Lim(ya) = lim(2,)



Proof: Let w= lim (%)
= l;mr?“).

For any £ 70, chaose K 3¢

thot if n 2K, 1hen

‘Xn -Wl < f a"d 'z“‘w l‘ go

/ \

L =L
3 l m Y, = wW
WW‘W MR R
7 . S B et AR oAl

3



4
E . Compute 'in- 0"

AT P
n
h - Mﬂw‘xg - n .

"

Alsp, we know thal

l. ~ D ond Y, ":":"
" WA n o ' n

n
i3 51ug31¢ T‘ﬂﬁ - "M t:.l =0
n
G OB Rt s34 5 S B NN e s s 0 55

Rotio Test for .Sequent-“-‘

Let (x.) be & Se&Guewn(e of

PoSitive wyum bers Such thet



}]

Vim (xlua/x“) Cxjs4€ .

14 L‘ I, thea lim (x0) = 0.

Let R bea number .n»*i.sfy;nj
L<n <1 4nd Let § = n-L.

There i3 ¢ number K S0 that

if n> K’ then
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2

5;" . [ 4]
ce blim A7 = 0, 14 follaws

th '
ﬂ-". |-w~ XK""\



