5 ome Notation

7/
Dn{-"ﬂ] = {2} 0(12-201"‘3

34 £ s holomorphic in [l

we write feA(N).

Svppsse that e A(D rq,1)

ana thei ,‘im H"fll, = oo

17,

By sheinking 2 if necessary



We can assume thai “P!n, 21,

'4
for all Z¢ _Dn(a,), I we set

(1) = , dhen |arz M, zely
d fray © thes 19f00) D)

HE'\CC 3 ‘\54 & rémpvable

.(inﬂvloﬁfy ot Zs. 5ince ‘im 3(31'-'0
'!"')z.

it follows that 4(z) = 0.

2. There $ an a'n%.eger m2t so

{het 4 vonishes o ovder m at 2erg,

and



{:kﬂ.‘l 3[2,‘: (!-ZQ)MH{.J)'

where Htz) is holomarphic

and nonzero gp anz.). If we
{

Set H(z) = e then

Fray: (2-25" hray, 2 ¢ D (x.y.

Sing hrg: G, + 4,z +tG,2%s...

tonvergyes in -Dn‘h). We Conclude

that



Prase G lz-20" 4 0, (2-2,5"""

i ¥ ag%d“‘ 7-!

oo
: Z- Gnem (7"20}”-
Rz o

The sum of the fivst m terms

on the lefd are called the

?':'\Cipa‘ Pﬂ'* p'. (), Thug' we

see thal § s the Sum sf m

dirngular termse in Pe plus



06 functron El3s thal ¢

holomorp bi¢ iIn Dn “&,’,

wWe See 4‘ has ¢ pole at 2o.

There gre 3 kinds of
iSolated J'o‘r-aulurihr-rfar &

function in .Dn('h"o

(is "" has o removabhle Jingularidy

("’4 M in »,:fial )
OR

tiis £ has o pole at 2,

(lim |Ft22] =t}
292,



and hence ftau he wridien

‘F!zt-‘ Portgs + Eras.

OR
(if:') P has neither a4 remsvable
J‘“’ularify nor & pole at o

we Say f has an esrential Singularity

Casorati « Weierstvass Thm.

-

15 f has an essential Sinqularity,

at 2,
*.hnu “61‘ ony 120,

the image of D;fiﬂ vader §

is danse in d:



Pf. .Svppo.se the theovem i N~NOT

frve  Then there is w € (
and 0 5 %0 Jo that

H'lu-wl 2 5, for 2l 2 61‘;?3‘;:(2,)

)
P | ¢
The !Fm-w ) ~ 3 3612,'1&.

and v,

.p(%‘_w has Q

rewovahle Singularcdy gt 2,

1]

D
HQ"OCQ -L-u' hf?}.‘-‘-zc“(z.2°)ﬂ
Fexgi-w ve N



I# N=op, £ has §

where €, #0. aremovalle Jing

which is & contra-
dictian

;H'N>o‘
fiir has a pele

of ovaen N ot 7, ,

Which i3 0 tontradiction.
Thus f hes the density
properiy wr €ach dise

w7
D, 12 .



9

.b!'r'n- A megromorphic function

Consists of the following:

(i1 o Sequente (pogsibly
ewply, dincte, or infinite §
S: {7.;3" with no limit point £
(il & Sequence of positive

Nuwm bers {R”} swek

that



{0

Cach paie of diges

D ad =g,

n“c n"‘l
and )hn e N for every n

ond

€iis3 @ dunction FeAla-5)

and {iV) G 6010970({ o‘r

-Pvndwn: 'Ph (25 .



I

OF 'Eht ;Or o
"Min

-k
Poras= Z Cf (2-2n)

ke

Sueh that in Dn:'(ln)

Figi- P.(2) extends

to & function iw A‘Dn,!?"



2

*5”?Po.se tnatd Las a

Pele ai 3,. Thy,
V4
Ks0s

‘FIZHZ Gy (2-20", 7 D'tz
T4

Kz~W

We tan wri te
oo

E(7)2 z Gy f!"?a)k’
k:0

which ¢ holanor?kn in fbn(z,g

Xf C i o ticele absvt 2,

of radivs R,



i3

then Ccvdm,'.s Thm implies

f E(dz = 0.
Cr

1‘ k ¢ -\, tthen

M

Y 4
( 3-':— {2- 1."*") - ak» {?"zo)k
4k |

S0 le;.zé‘)k has & pn’vﬁ‘ive

. f a (2-2) =0

Ce



Ow the other hand, when

z-1, we have

%
vsing Z1t) = Zo? Re

o4t 4 2n

Y



..l.'tu,} if 'P h“.’ [/ PO'C at
2o then ihe ctoefficient G,
of (2-2,) is called the

residve of ¢ ,

res "F = A, .
26

Two important Ffacts

(1) 24 § has a pole of order

1 {’\tn

[ 4



I8
nes £ = [im (2-2.3 Frag
Zo 72,
(2 1§ £ has a psle of order

N, Lhen

e A fa ™
ﬂQSzo‘p - s’" (ﬂ-i): (d?} (7" 2p}h'r(2},
292,

In fact

n
(1'2“ ‘r‘i' ~ a..n'} eeed ﬁ,. ‘2'26}“-‘4

Glalz-z,)"



‘S""t G., is the coefficient

of l!‘!o)ﬁ", it follows that

khc chove formvia holds.

Thm, (Tht Resideue {ornvia }
Svppose 1hat £ is holomovphiq
R Gn open sed cun*aih’ 4
ciccle C and its in"ltrzo:-‘

Qi(@p‘ for - pole s ad

17



the points 2'““) 20

NS e
Ci ‘l’\tp
N
[f!zida 3 211;2-11@5 f
Zx
C =21

Consider firesd the tase when

WVERY

I -ftg)d; - J 'Pf‘.‘)tdz T 0.
c ctfiﬂ



4
a
th
lode

&

n

Lo

We

p
Resz‘
jdg =
f fra
Ce

i



1
n the Qencrd Cose

20



