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Thm L. Given o sevies z G, 2",

nz0

we define R with ¢ R¢ oo

Sveh that

R = sup {r,z' svch thei the S¢quence
(1) — n} .
N=d{a, 2"} is uabovndag

Tlnere Qrve 3 G"Berna‘tives .

(i} SFR=0, then ke Sequence



only (oAverges when 2= 0.

(ic} I Rz oo, Lhen tha series

Converges ohsolvtely on

Cach disk DA(ol for évery

nvwber R> 0

(iii} If O ¢ RCoW, then
the Series is unbovnaed

for all 2 wil), 121> R.



Movreover, for eveey n

wilh 0¢ N & R, the series

tonver, (& uniforw-‘y on ol

obsolviely on the disk .D,‘").
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o
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If (i) holas aullﬂ =, then
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implies that z_oa. 2"
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Lonverqes only whems 2: 0.

If (i) holds and R = o9,
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of R, there muvsi be o
nvmher 2, with }2,1- IR
Such {het n—s jg, 2.

*lenlind

i3 hoveded . Hence
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lanln ¢ M, pron2..

Thus, F 1zl ¢ i, then
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In Coase fiiis, when
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MNowlet » be any nvumber

with g0 ¢c»n « R There musi

be o numbhé 21 wilh ’2‘,,331)&
So that {,ﬂal/‘t:} A

wnbovnded . Here W @ ge{

loanlng ¢ M, n:o,1,1,..
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Thus Z Gap 2" tenverges
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In porticular Z 02" converges
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on .Dﬂfo} ond dwe:,es
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We now show thati we can

differentiaie pewer feries

Thm. LQ{ R ‘)g the radius of

Convergence of the power

s
Series Z Go2”. Then
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(i} The obove Sev;es defines

i l\ofomorphn funt.{lon

feas for all 2 im Dalo:
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(ii3 The rodius of convergeace

of gy Lhe ﬁrﬂom‘v\, J esies
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'p,(z, - Z na, 2"-0
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Wreite ‘sz: z SNHJ + Eyl2),

where

»
3" (2§ = E Gal" aad

ned

[
ENI‘U = Z Gn2",

Ne NS

Suppsse 3, ¢ 'DR(o: an o

thoovse n se 26} ¢ene¢e R
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L et §(as (fo: 204 R}

be the valve of the
power Series an the right

"a-ul Sidde of (iiil,
We wanl £o Show that
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ond that 'p‘fzj T G025



We wssvme thet h Sgiicf;,,
}2,4hl 2 U
We write the diffecrence
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For term 3, e have the

1dent:dy

(a™- p*} = (a-b}(&“"+ a™h

4one b bn-l,
Hence
€ o (300 - Enll.il Z‘ l’(;,ﬂ\) = ’
N2 N+t

TR A Y fautnam,
ond b= 2, nz Ngjp



wheee we have wvsed the Fact

thel 12, <R cra l2o4h | ¢

The series on the vight s

the $ei) of Canvevgent, since
9 converges ahsolutely o,

it e n Hence, we canm choose

N, Ju‘"iuuvl \&r’c fe thed

E.“!’i’h' - Eu"‘ld
h
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terem 2, Since lim 4 (2,1 = Gz
N-*ea

wWe ¢ton I:‘nd N; So that

NN,

imphg;
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Now fix N 9 M“,N', Nz}.

Then zhoose § Suff smaty
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o if 0:.“,]45' then

6~ (2¢-)’!} e 5"(;9’ ,
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Since the error of &

difference quotient converge;

e O at h—o.

Thes, if 02he g,

Bragamy = Fezg)
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This proves

(i) anmd (i},
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