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Abstract

Considered herein are certain Boussinesq systems with the presence of large
surface tension. The existence and stability of solitary waves are established by
using techniques introduced earlier by Buffoni [7] and Lions [9, 10].

1 Introduction
The four-parameter family of Boussinesq systems

D + Uy, + (nu)r + QUgze — bn:m’t = 07
U + Nz + U, + CNzzx — durxt = 07

(1.1)

is introduced in [4] (generalized to include the surface tension in [8]) to describe the
motion of small-amplitude long waves on the surface of an ideal fluid under the force of
gravity. All the variables are scaled with length scale hy and time scale \/ho/g, where g
is the gravitational constant and hg (scaled to 1) the undisturbed average water depth.
The quantity n(x,t) is the deviation of free surface with respect to the undisturbed
state, and 7(z,t) 4+ 1 corresponds to the total depth of the liquid at (z,t), while u(z,t)
is the dimensionless horizontal velocity field at height 6, where 0 < # < 1. From the
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derivation of (1.1), the parameters a, b, ¢, d are not independently specified but satisfy
the consistency condition

1
a—l—b—i—c—f—d:g—T, (1.2)

where 7 is the surface tension coefficient. If ag connotes a typical wave amplitude and
A a typical wavelength, the condition of “small amplitude and long wavelength” just
mentioned amounts to
5 a agh’
a=—<<1, fB==<<1, 3= 1 ~ 1. (1.3)
Systems (1.1) are first-order approximations in a and [ to Euler’s equations, justified
rigorously by Bona, Colin and Lannes in [6]. We refer the readers to the papers [4] and
5] for further discussion about the derivation and well-posedness of these systems.
These systems are free of the presumption of unidirectionality that is the hallmark
of KdV-type equations. One therefore expects that these Boussinesq systems will have
more intrinsic interest than the one-way models on account of their considerably wider
range of potential applicability. Because dissipation is ignored in the derivation of
(1.1) and the overlying Euler equations are Hamiltonian, it is expected that some of
the systems in (1.1) will likewise possess a Hamiltonian form. One finds indeed that
whenever b = d, the functional

1 o0
H(n,u) = 5/ ( —cen?—au+n*+ (1+ n)uz)dx (1.4)

serves as a Hamiltonian and the systems have the following conserved quantities

/ u(x, t)dz, / n(x,t)dx, Z(n,u)= / (nu + bnxux)d:v (1.5)
along with H(n, u) (see Remark 4.1 in [5]).
In this manuscript, the existence and stability of solitary waves of the system (1.1)
with
b=d>0, a,c<0, ac>0b (1.6)

are studied. It is noted that condition (1.6) implies @ + b+ ¢ + d < 0 and therefore
T > %, which corresponds to systems with large surface tension. The special properties
of this class of systems include established global well-posedness and previously stated
conserved quantities which enable the use of the technique of constrained global min-
imization. For general system (1.1) with a,b, ¢, d satisfying b = d > 0 and a,c < 0,
the existence of solitary-wave solutions can be proved, which includes the case with
zero surface tension. However, the stability of the solitary-wave solutions cannot be
obtained for this general case.



Consideration is given to the initial-value problem. In the context of (1.1) and
(1.6), one imagines being provided with an initial wave profile, say at t = 0,

(n(,0), u(z,0)) = (¢(x), ¥(x)), (1.7)

for x € R which is very close to a traveling solitary wave solution (n(x,t),u(x,t)) =
(n(x — wt), u(x —wt)) of system (1.1) with w being a fixed positive constant. One then
inquires into the subsequent evolution under (1.1). This presumes that the initial-value
problem (1.1) is a well-posed problem so that a unique solution (n(z,t), u(z,t)) departs
from (¢(x),1(z)). A summary of what is needed regarding the well-posedness issue
will be provided in the next section.

The stability established in this manuscript is often regarded as “set stability”, that
is, the set of certain constrained minimizers is stable. For r > 0, denote

B, = {n(z) € H'(R) | [nllm@ <r} and B, ={n(z) € H*R) | [nllm=q < r}.

(1.8)
For p > 0, define a real number H, , to be
Hyy = inf {H(n,u) | () € By > H'(R) and Z(n,u) = 2}
The set of minimizers for ‘H, , is defined to be
D(r.p) = {(n.w) € B, x H'(R) | Hln,u) = Hopo and Zn,) =2}, (19)

while a minimizing sequence for H,., is any sequence {(n,, u,)} € B, x H'(R) satisfying

I(Mnyty) =2, for all mand  lim H(n,, un) = Hy

n—oo

For (f,g) € HY(R) x H'(R), denote

dist((f,9), D(r.p)) = ik Al(F,9) = 00 w) [}

(nu)eD(r,n
The precise statement of the result is as follows:

Theorem 1.1. (Existence) There exist an ro > 0 and a po > 0 (which depends on 1),
such that forr € (0,19) and u € (0, o), the set of minimizers D(r, ) is non-empty and
dist((1n, un), D(r, 1)) — 0 for every minimizing sequence {(n,, u,)} € B, x H'(R).

Theorem 1.1 shows the set of minimizers is in the space H?(R) x H!(R). By a boot-
strapping argument, it can be shown that the minimizers are in H™™(R) x H™(R) for
any m > 1, which implies that the minimizers decay to zero at infinity.
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For the large surface tension case, the Euler equations have solitary-wave solutions
whose first-order approximations are the solitary-wave solutions of the KdV equation.
However, the relationship between the minimizers obtained in this paper and the KdV
solitary-wave solutions or the solitary-wave solutions of Euler equations is not well
understood. Although it is most likely that the minimizers here are approximations
to the solitary-wave solutions of Euler equations, and KdV solitary-wave solutions are
approximations to the solutions in the set of minimizers, there are no rigorous proofs
for that.

The stability result for the set of minimizers is the consequence of the above theorem
(see Theorem 5.2) which reads

Theorem 1.2. (Stability) There exist an ro > 0 and a pg > 0 (which depends on o)
such that if r € (0,79) and p € (0, o), the set D(r, p) is stable. That is, for any € > 0,
there exists a 0 > 0 such that if

(6,9) € B, x H*(R),  dist((¢,), D(r,p)) <39,

and if (n(z,t),u(z,t)) is a solution of (1.1)-(1.2)-(1.6) with initial data (¢,) and if
n(x,t) € B, for t>0 then

dist((n(-,t),u(-,t)), D(r,p)) < e forall te0,00).

Remark 1.3. Here, we note that the initial data are in H*(R)x H*(R) and the stability
result is in HY(R) x HY(R). A stronger result would be the stability of the solitary wave
(f(x —ct),g(x —ct)), i.e, for a fivzed € > 0, there is a corresponding 6 > 0 such that

inf |[(n(- +y,0),u(- +9,8) = (fi9)llm <e, (1.10)

for all t > 0. However, being unable to obtain the uniform bounds of solutions in
H?(R) with respect to t as well as to determine whether the set D(r,u) consists only
of a singleton prevents us from obtaining the more desirable form of stability (1.10).
Nevertheless, such stability result is fairly common and sometimes the best possible for
complicated problems (see [11] and [7]). To the best of our knowledge, our stability
result is the first one for any Boussinesq systems.

Remark 1.4. Generally speaking, a Boussinesq system is much simpler to analyze
than the Euler equations and the solutions of the Boussinesq system for the parameters
i some regions exist globally. However, the Boussinesq system is derived from the
FEuler equations under the condition of small amplitude and long-wave length and some
features of the Boussinesq system are very different from those of the Fuler equations.
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For example, in the momentum functional T of (1.5), the order of the derivative is one,
while the order in the Euler equation is one half (see [7]). The higher order derivative
causes a big problem for our case, when the estimates of the minimizers are obtained
and the convergence of the minimizing sequences is proved.

The manuscript is organized as follows. Section 2 provides a brief summary of rele-
vant known results for the Boussinesq systems. In Section 3, some necessary estimates
for functionals are given. Section 4 gives the existence proof of minimizers of H(n, u)
with Z(n,u) = 2u. In Section 5, the stability of the set of minimizers is obtained.
Section 6 is an appendix which provides proofs that are left unproved in the previous
sections.

The standard notations are used. For 1 < p < oo, LP is the usual Banach space
of measurable functions on R with norm given by || fllz» = (/7 |f|P dx)'/?. The

space L consists of the measurable, essentially bounded functions f on R with norm
|flo = ess sup,cg|f(z)]. For s € R, the L%-based Sobolev space H* = H*(R) (see

~

[1]) is the set of all tempered distributions f on R whose Fourier transforms f are
measurable functions on R satisfying

Al /oo<1 R A R FR))? di < oo

o0

2 Review of the Boussinesq Systems

As expected, prior to a discussion of stability as formulated above in terms of pertur-
bations of the initial data, there should be a theory for the initial-value problem itself.
Local existence and continuous dependence on initial data have been studied in [5]
for numerous cases of (1.1). In order to extend the local result to a global one, some
kind of control on the norms is needed in the energy estimates. Whenever b = d, the
systems (1.1) admit the conservation laws (1.4) and (1.5) which allow one to obtain
the control needed. Moreover, in this case, the systems (1.1) with (1.6) can be written
as

O [Z] = J grad H(n,u),
where the operator J is defined as

S 0 (I - bd?)~19,
= (1 -002) 10, 0 ’

and grad H stands for the gradient or Euler derivative, computed with respect to the
L? x L2-inner product, of the functional H. Because the operator .J is skew-adjoint, H
can be seen as a Hamiltonian for the systems.



Because none of the conserved quantities is composed only of positive terms, they
do not on their own provide the a priori information one needs to conclude the global
existence of solutions to the initial-value problem. However, a time-dependent relation-
ship can be coupled with the invariance of the Hamiltonian to give suitable information
leading to a global existence theory. The global existence needed in this manuscript
has been established in [5] as follows.

Theorem 2.1. Let s > 1 and suppose (¢,v) € H*(R) x H*(R) is such that
inf{1+¢(x)} >0 and [H(¢, )| <[]

Then the solution (n,u) of (1.1)-(1.7)-(1.6) exists and is in C(R;; H*(R))xC(Ry; H*(R)).
Moreover, the H*—norm of both n and u is uniformly bounded in t and 1+ n(x,t) >

1— el — 5.

]

Remark 2.2. The constants ro and pg in Theorems 1.1-1.2 will be chosen such that
1, 1
ro <1 and po< §|c|2

which gives the conditions for the global existence of the solution
inf{1+¢(2)} >0 and [H(p,¥)] <|c['/?
TE

using the facts that
[p(@)l|oe < l@(@)][r <70 <1
and H(p,v) <2u < 2uy (see Lemma 3.8).

3 Estimates of Functionals

By a solitary wave solution we shall mean a solution (n,u) of (1.1) of the form
n(z,t) = n(r —wt) and u(x,t) = u(x — wt) (3.1)

where w > 0 denotes the speed of the wave. In what follows, we require that 7,
u € HYR), |n]|z <1 and restrict ourselves to the case (1.6).

Let £ = x — wt and substitute the form of the solution (3.1) into (1.1), integrate
once and evaluate the constants of the integrations using the fact that n,u € H'(R),
one sees that (1, u) must satisfy

1
+n — wu + bwuge + —u* =0,
C?]& n U& 2u (32)

auge + u — wn + bwnee + nu = 0.
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It is worth to mention that traveling wave solutions are critical points of minimization
problem on H(n,u) with constraint Z(n,u) = 2u and the Lagrange multiplier is the
phase speed of the waves.

To prove existence and stability of a traveling wave, we use the idea introduced by
Buffoni [7] which makes use of two conserved quantities associated with the system,
namely Z(n,u) and H(n,u). We first fix n and minimize H (7, u) with respect to u using
the constraint Z(n, u) = 2u for some p > 0. Substituting the minimizer w, into H(n, u),
the problem becomes finding the minimizer for H(n) = H(n,u,) without constraints.
The last step will be to show that the original minimization problem is equivalent to
this two-step approach. We will use z as the independent variable when there is no
confusion.

We now carry out the steps in details. First, fix an n € B, (later, we use B, C B,)
where r < 1 according to Remark 2.2 and minimize H(n, u) with respect to u under
the condition Z(n,u) = 2u for some 0 < p < |c[*/?/2. Denote the minimum by u, ()
and let A\, be the corresponding Lagrange multiplier; u,(x) and )\, satisfy

a(“n)m + Uy + Ny = )‘n(n — bya). (3.3)

The function u, and A, can be expressed explicitly in terms of ¢ and 7. From (3.3), it
follows that

Uy = AGTH ) (1 = D1z ) (3.4)

where

G(n) = a0y + (1 +1). (3.5)
Substituting (3.4) into Z(n, ) and using the constraint (7, u,) = 2u, one obtains

2= A, / G ) (7 — i) + b1 G () (0 — b)) dn

and u
M= L1(n) (36)
with | oo
i =5 [ (=) ) (0~ ), (3.7

after integration by parts once. Substituting (3.4) and (3.6) into H, we have by using
(3.3) and (3.6) that

1 [~ 1 [~
H(n,u,) = 5/ (— o2 +n')dx + 5/ (1 — bue) Ayunda . (3.8)



The second step is to find the minimizers of H(n) for fixed 0 < p < |¢|'/?/2 and n € B,
where r < 1, with no constraints, where

M) = MO 00) = Lol0) + 2 s (3.9)

with £;(n) defined in (3.7), [ (1 — bijga)u,y dz = 2 and

L) =5 [ (ot + ) (3.10)

The concentration compactness theory developed in [10, 9, 2, 3] will be the center
piece of the arguments. We start by studying £1(n) which requires the investigation
of the operator G(n).

Lemma 3.1. Let G(n) = adp, + (1+1n) witha < 0, n € B, wherer < 1. Then G™'(n)
maps L*(R) to H*(R) and

(i) (boundedness) HG_l(O)fHLz < [ fllz2, HG_l(n)fHHl < C||fllL2, where C depends
onr and a, for any f € L*(R);

(i) (symmetry) /OO fG(n)gdx = /OOgG(n)fd:c for any f and g in H'(R), and
/ fG Y n)g dr = /OOgG_l(n)f dx, for any f and g in L*(R);

(iii) (posmmty)/ fG(n)f dx >0, for any f in H'(R), and/ fG () f dx >0,
for any f in L*(R);
N G = P : .
(iv) / fG7(0)f dx :/ 1——a|k,‘|2dk <|Ifll7z, for any f in L*(R),
where the derivatives of f may be considered in a generalized sense.

Proof. In the following, we let h = G~1(n)f, which gives f = ah,, + (1+n)h. The first
part of (i) can be obtained by transforming it into the Fourier space. For the second
part, from

||h||?{1 :/ (h§+h2)dx§ ;/ (_Ghi+(1+7i)h2)dx

min(o, —a) J_

1 o 1
< | (@ (e € el

min (o, — o min(a, —a)



with « defined in Theorem 2.1, one obtains (i).
The first part in (ii) is obtained by integration in parts and the second part is
obtained by noticing

o0

y/ Ites gdx—l/ <m%x+<1+nwwG-%nde=1/ G)h(G()g)dz

—0o0

:/th(ﬁ)(G_l(n)g)d:E:/Oohgdx:/igg—l(n)fdm

—00

The statement in (iii) follows from the fact that

/ G fdx_/oo<—ah§+(1+n)h2>dxzo.

[e.e]

The statement in (iv) comes from G(0) = a0, + 1 and f = ah,, + h, then

/ fGl(O)fdx:/ fhda::/ (—ahZ + h*)dx
= /w(—a|k:|2+1)|ﬁ|2dk: /mﬂdk
—o0 —ool_a’k|2 .

O
We now study in detail the structure of £;(n) for n small. Letting n € B, and
w =G () (1 = bia), (3.11)
one sees that | oo
L =3 [ wGruds, (3.12)

which is positive from Lemma 3.1 (iii). We split £;(n) into three parts consisting of
quadratic, cubic and higher-order terms in 7 respectively by starting from splitting w
into three parts. From (3.11),

(a0zx + (1 +n))w = (7 — b)),

G(0)w =n — by — nw,

and therefore
w=G0)(n — bnea) — GH(0) (nw). (3.13)



With G~1(0) being a linear bounded operator, (3.13) can be used to give an expansion
of w in terms of 1. Specifically, letting wy(n) = G71(0)(n—bn.,) and using the equation
(3.13) twice, one has

w =67 0) (s 6 0)0m) )

—wy — G (O)(pwn) + G0) (nG—1<0><nw>>
=wy(n) + we(n) + ws(n)

where wy := —G71(0)(nw;) and w3 := G71(0) <nG_1(0)(nw)). The following Lemma
gives a relation between the terms wy, ws and wj.

Lemma 3.2. If
w=G ) (N — b)) = w1 + wy + ws, (3.14)

one has
G0)wy =1 — e, GO0 )wy = —nwy, G(0)ws = —n(wy + ws). (3.15)
Proof. The first two equalities in (3.15) are the definitions. For the third equality,
applying G(0) on (3.13), G(0)w+nw = G(0)wy, it is deduced after using the definition
of wy that
G(0)ws = —nwy — nwy — nws — G(0)wy = —n(wy + w3).
O

Substituting (3.14) into (3.12), noticing that G(n) = G(0) + 1, and grouping them
in terms of the order in 7, one finds

L) :_/Oo (w1 + ws + w3) (G(0) + 1) (wy + wy + wy)da (3.16)

=L10(n) + L11(n) + L12(n),

where
1 [ 1 [ (bk*+1)% .,
== = =L >
L10(n) Q/Oole(O)wldx 2/00 1= ak?) |n|*dk > 0,
1 o0
Lya(n) = 5/ — nuwidz,
] o (3.17)
£1,2(7]> = 5/ (U)gG(O)U}Q + ’LUQG(O)U)g)dI
1 o0
= 5/ (waG(0)wy — nwyws)dz,



with the use of self-adjointness of G(0) and last two equalities of (3.15) to simplify the
terms in L 5.

Lemma 3.3. For anyn € H'(R), there exist positive constants Cy, Co, Cy and Cy such
that,

. (14 bk*)?
(i) flwllZa S/ él_—akg))zlnIQdk‘ < Cilnllze,  Nwillm < Callnllan;

(i) flwallze < Inllallwillzz,  llwallm < CsllnliF:;
(iii) if n € By, |lws|rz < 2nllm[lwallr2;
(iv) if n € B, withr <rg and ro < 3min{l, —a}, |lws||m < Culln|l3;

(v) if n € By, with ry chosen in (iv), then |[wi(n)| ar, [|we(n) ||z, and |[ws(n)| g are
bounded by a constant.

Proof. From the expression w;(n) = G71(0)(n — b 1,.), one obtains the first part of (i)
with the use of Fourier transform. Notice now that

min{1, —a}fjur |2 < / (—a(wn)? + w?)dz = / wn(n)(n — byey)da

—00 —0o0

o0

< lwim)llz2lnl[z2 + bll(wi)all 27| 22 < max{1, b} {|ws [z [[n]l -

max{1,b}
min{l, —a}
Similarly, as ws(n) = —G~1(0)(nw;), Lemma 3.1 (i) implies

From this, the second part of (i) is implied with Cy =

|wal[ze < [lnwil[ze < (|0l ar|[wsll 2

and with a use of (i), one derives that

o0

win{1, ~a fus|f < [

—00

(~a(ws)? + wd)di = \ [ (s

< llwa ()| z2llmwr () [[z2 < wa(m)llzz il lwi (D)l 2 < Collwa |z ]l

L N C.
which gives (ii), with C5 = Wf—a}'
From Lemma 3.2, namely w3 = —G~(0)[n(w2 + ws)], one therefore has

|ws|| 2 < [[n(ws 4 ws)|| 22 < [0l [[well 22 + (|9]] a1 |ws]] 2o
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So
7 22

T [wall 22 < 2[|nl| a1 [[wa] 22 (3.18)

|wsl[z2 <

Similarly,

o0

win{1, ~a}uwsffys < |

—0o0

+o0o
(—a(ws)? +w3) do = ‘/ w3G(0)ws dx

< [l fwa ()| 2 lws ()] 22

= ‘ /_ an(n)ws(n)dx + /_ an§(n)dx

+ Il e lws ()72 < Csllws(m)]l czllnllFn + lws(m)|172]ln] m -

from which one obtains that
(min{1, —a} — [|n]l ) [lws(m) [z < Csllws ()]l l|7llzm-
Choosing ro < 3 min{1, —a}, one has
lwslzs < Callmlf

with Cy = —2¢5 Since 79 < 1 and n € B,,,

min{1,—a}"

max{||wy(n)|| g1, [[wa ()| g, [[ws(n)|| a1} < 7o max{Cs, Cs, Cy}

Lemma 3.4. Forn € H'(R), let

Then
(i) Ho(n) > 2> 0, and

(ii) there exists a sequence {1a}ac(,1) 1 H'(R) with lir% Mall2: = 2u such that
lim Ho (1) = 24

Proof. Notice first that ac > b? from (1.6) implies —a—c > 2b since (a+c)? > dac > 4b%.
Therefore for any k, (—ck? + 1)(—ak?® +1) > (bk* + 1)2, and it follows from (3.10) and
(3.17) that

h —ck? + 1)|n|*dk
N sy

=== > 1.
£1,0<77) /OO (ka + 1)2 |A|2dk_ N
oo —ak? 41 "
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Consequently, one has by using Cauchy-Schwartz inequality,

I w2 Lo(n)

Ho(n) = Lo(n) + Lot = 2\ Zooln)

>2u > 0.

For (ii), let f be a function in H'(R) with / fA(x)dr = 1. Let n, = Af(ax), where

A% = 2pua (this a is not related to the small parameter defined in (1.3)) and we study
lim, 0 Ho(7a). It is observed that

A2 o]

Lo(Na) = 5

{— ca’ (f'(owv))2 + f%ax)} de = p — u/ k2| f2dk — p
as a — 0, which also yields that lim,—g |[7a]/%: = 2u by replacing —c = 1. Now for
the term L;(n,), by changing variable y = au,

<P

ol — aa?k?

/_ ()G O () = 2 / " () (a0, + 1) f(y)dy = 2 / n

oo -

o oo a02k2|ﬂ2 00 aa2k2\]/"\|2
=2 *dk + 2 ———dk =2 2 ———dk.
N/mm + 'u/ool—aozzkr2 oot M/ 1 — ac?k?

—0o0

Using the same technique, it shows

Cran) = [ wGOunde =5 [ (0= 80120 ) 670 (1 ) ) o

2 o0 —00

> ~ (14 bk%a?)? * o (1+bk*a?)? — 1+ ak?a?
[ e [ k=

1 — ak?a? 1 — ak2a?

as a — 0. Consequently,
lim Ho(ﬁa) = 2#
a—0
m

To establish the lower and upper bounds for £, ¢, £, and £, in Lemma 3.6, the
following inequalities are needed.

Lemma 3.5. Let n € H*(R) with ||n||z < 1/2. Then

[Loa] + [Laz(m)] < Il (L + [Inlla + 2]nllF) Lao(n)-
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Proof. From Lemma 3.3 (i) and the first equation in (3.17), we have
Jwi[|72 < 2L10(n). (3.19)

Therefore

1 [ 1
[L1a(n)] = ‘5/ nwide| < Zlnllallwilze < Inlla L10(n)-
The first term in £ 2(n) (defined in (3.17)) can be bounded by using Lemma 3.1
(iv) and (3.19), namely
1 [ 1 [ 3 1 )
5| wGOwdr =5 [ ()G (0)(nuwi)de < o lmuwl|z.

2 o0 o0

1
§H77HHlelHL2 < lInllzn L1o(n) -

From Lemma 3.3 (ii), (iii), the second term is bounded by

1 [ 1
5!/ nwywsdz| < §H77HH1H7«U1HL2HU13HL2

< lnllz ol 2 lwallze < Inllzpllwillze < 2lnl7n L)
The lemma is obtained by combining above inequalities. O]

The upper and lower bounds on H(n) are given in the next lemma. It is worth to
note that the upper bound is for information only and is not used in the rest of the

paper.
Lemma 3.6. There exists an ro with 0 < ro < 1/2 such that for 0 < ||n||g: < ro, one
has

max{1l, —a}
(min{1, b})?[Inl 7
Proof. The left inequality is true because (3.9) and £1(n) > 0 from Lemma 3.1 (iii).
Using Lemma 3.5, it is possible to find 0 < ry < 1/2 such that when 0 < |||z < 70,

one has
Li1o(n)
5

1 . 1
5 min{—c, BHnllf: < Hn) < 5 max{—c, }nz +4p°

5 (3.20)

1L11()] + [L12(n)] < (3.21)

Consequently, from (3.17),

1 (min{1,b})?

= 4max{1, —a}
which leads to the advertised bounds. O

Li(n) = Liom) = [Lra)| = [L12(n)] = £1 (n) > Inll7 >0 (3.22)
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The following Lemma is used in Lemma 3.8 which establishes an upper bound on
the minimization of H(n) in terms of p.

Lemma 3.7. For any f € HY(R) and for any 0 < p < 1

‘Mﬁl,l(f(u%)w / )| < Cul I

2]a + b| N (a+0b)?
V—a —a

Proof. From the definition of £;(n) and a change of variable y = p*z, one finds

where C =

[e.o]

U L1 (f(20)) = — / f{(l apt0,) (1 - bu“am)f}de —— / Zf3(x)dx

+2(a+ byt / Pt @t 0n) frade — (a4 b / " F(1 + ap*0ye) " fua]2de
by noticing
(14 ap0ea) ™ (1 = bpt*00a) f = [ — (@ + 0)p* (1 + apt*0pa) ™ frar
Therefore
‘M.cl,l(f(u%)) [ P

< 2la+ bl [ 7 11+ ap*0ua) ™ fallzz + (a+ 06 f 11 + ape’ Oua) ™ Faall 7

(3.23)

Since

2 4 1 ’ ® ek 2
— 1)~ = —_— <
v (o s ) | = [ T R < 11
one has
IV=ap®(ap0pe + 1) fuollZe < 1 fellZe < [1£170
which yields the conclusion of the lemma by applying it in (3.23). [

The next lemma gives an upper bound for the minimization of H(n).

Lemma 3.8. There exists a pig, where 2o + 243 < }1 and for any p < g, there exists
a function g € H'(R) such that ||g||%: = 2u+2p°, and H(g) < 2u — Cou’/?, where the
constant Cy is positive and independent of pu.

15



Proof. Let f be a function in H'(R) With/ fA(z)dr = / frdx =1, / P (x)dr <
0, which gives ||f||g1 = V2. Let g(z) = Af(u?x) where A% = 24%. Then

gl =2 / 02+ puf?)de = 20+ 20° = O(n).

o0

The requirement on o guarantees that g € B% and o < 1. Thus, Lemma 3.3(iii) and
Lemma 3.7 are valid.
We now start the computation of H(g) term by term.

Lo(g) = p— u5/ cfy(@)dr = p—cp’,

Lrol9) =5 [ (9= 09067 009 — bgur)da

(e 9]

1A% [ B
= 5? (f — bﬂ4fyy)(aﬂ4ayy +1) l(f - bﬂ4fyy)dy
B (L4 bR — 1+ ap'k?
which leads to
1L10(g) — ul < Cp® < Cp.
The next term in £;(g) reads
L11(g) = ALy (f(iPx)) = 2200 L14(f (12)).

Using Lemma 3.7,

L11(g) + V2ub / P ()da] < V2 <ot <)

2Ly ( (iP0)) + / " Pla)da

For L5, one has, by using Lemma 3.3 (i), (ii) and (iii), [|ws(g)||z2 < C|lg]|3;:- Hence,
by Lemma 3.3(i)

L1 = 3| [ (w:60s = gurwae] = 5| [ (0006 0w - guies )]

2‘/ gQw%dm‘%— ‘/ gwlwgda:

—||g||L4||w1||L4 IIQxIILzllglle||w1||L2||w3||L2

| /\

| /\

gl ol e = + Nl 22l Nl )
1 9
< Cllglliallglin + llgallZ=llgl 7r)-

16



From the construction of g(x), one has ||g||gn = O(/1) , [|gzl2 = O(p2) , and
llgllze = o(w), it is concluded L£;2(g) < Cp®. With those calculations at hand, it is
deduced that

Lilg) = u{l v [ P+ om},

and therefore )

because L1(g) is continuous with respect to . Consequently, one obtains

(o) = 2+ VB [ Pl + 00,

Hence, there is a po with 0 < py < 1/2 such that for 0 < p < g, one has

lgllzn = 2n(1 + 1), (3.24)
and

H(g) < 2u — Cop®?
where the positive constant Cy depends on f (and p) but not on p. O]

4 Convergence of Minimizing Sequences

We now investigate the minimization problem for any r with 0 < r < ry < 1/2, and
any p with u < g < 1/2 and p < r?/4 such that Lemmas 3.6 and 3.8 hold and the
function ¢ is in B,. Define a real number

c(p) = inf {H(n)ZEo(nH i }

(€ By |Inll 1 0} L1(n)

and let

C(p) = {n € B-\{0}[H(n) = c(p)}
be the set of minimizers of H. A sequence {n,} € B, \ {0} is called a minimizing se-
quence if lim H(n,) = ¢(u). It follows from Lemma 3.8 that ¢(u) < 2u— Cou®?. From
now on itn?socz;lways assumed that Lemmas 3.1-3.8 hold. We now prove the following
two lemmas which will lead to the proof the fact that ¢(u) is strictly subadditive.

Lemma 4.1. For r € (0,79) and p € (0,uo), let {n,} € B, \ {0} be a minimizing
sequence. Then there exist positive constants C;, i = 5,6,7 (may depend on u) and a
positive integer N such that for all n > N,

17



(i) Lio(na) > Cs5 >0,
(ii) H%Hfm < C6,U,
(iii) 'Cl,l(nn) + El,?(nn) > C7 > 0.

Proof. For (i), taking a subsequence {n,, } if necessary, suppose to the contrary that
L10(nn,) — 0. This implies that ||n,, ||z — 0 from (3.22). Using (3.21), one has

L4 < 1eagn)| + 1£aa(m)] + |£120)] < 5110

Therefore £4(1,,) — 0 and consequently H (7, ) — oo, which contradicts with ¢(u) <
241 — Cop®?.
Since there exists an N, such that for n > N, H(n,) < 2u, Lemma 3.6 then yields

4
ii) with Cg = ———.
(it) with G min{1, —c}
From Lemma 3.4, one can see that
12 12

L10(M) a L10Mn) + L11(nn) + L1.2(nn)
= Ho(n,) — H(mn) > 20 — (2 — Cop®?) = Cop®’”.

Therefore from
51,1(%) + 51,2(%) > 00M1/2£1,0(77n) (/31,0(%) + 51,1(%) + 51,2(77n)>
and (3.21), one obtains

C C
El,l(nn) + £1,2(77n) > 70M1/2£i0(7]n) > 7005?/11/2 — 07 > 0.
]

Lemma 4.2. There exists a po(r) > 0 such that for o > 1 and p > 0 satisfying
op < po(r), one has c(op) < oc(p).

Proof. Let {n,} be a minimizing sequence for ¢(u), that is
Tim H(nn) = c(p) and ||, ||z <7

From Lemma 4.1, ||n,||3; < Cep for n > N. Now, to study ¢(op) one considers the
sequence {/on,}. Because

VoIt < oCsp < Copo(r),

18



we have {\/on,} € B,» C B, for n > N. Therefore, for

cop) < Lo(Vona) + (o4)*/ L1(Vom)-

Now if one can show that

by requiring po(r) <
n >N,

(4.1)

1
<
) - 0'/;1(7']”) + 07(0'3/2 — O')

1
['1(\/57771

with C'; > 0 defined in Lemma 4.1, then
Lo(vVonm) + (op)?/L1(Vonn)

9 1 Cr(0%? — o)
< oLalnn) + 0 (S es ~ BT T T G o))
~ Cr(03/% — o)

< ) T ) 0B + OV~ o))

Since [L£1(n,)] < 2|L10(m)| < Cllnnl|3: by letting n — oo and noticing that £ (n,) is
bounded and positive, one obtains that the limit of the last term is strictly negative
and therefore arrives at

clop) < oclp),

the desired strict inequality of the lemma.
We now start the proof of (4.1), or equivalently, because the denominators are
positive,

»Cl,l(\/gnn) + ‘6172(\/57%) > 0(51,1(77n) + £1,2(77n)) + 07(03/2 — (T) .

From the forms of £;; and L5, one has by using (3.17) and Lemma 4.1 (iii),

L11(Voma) + L12(Von.) — o(L11(0) + L12(0)) = (072 = 0) (L1,1(1a) + L12(0n))
+ L12(Von,) — 0*PLia(na) > C1(0*? — 0) + L12(Von,) — 0*Lia(nn).

So the only thing remaining to show is that £12(y/on,) — 0%/2L;15(n,) > 0 for n > N.
Denote 7, = /0N, w1(7,) = Wy = /owy, wa(7),) = We = cws and w3(7,) = ws.
Using (3.17) and Lemma 3.2, one can see that

‘61,2 (ﬁn) _03/2£1,2 (nn)
1

— 5/00 (UszG(O)wz + owsG(0)is — 02 (waG(0)ws + wQG(O)w3)> da

—0o0

= —/ ((02 — a%)ng(O)wg — owaly, (Wy + w3) + O%wgnn(wg + w3)> dx

[e.9]

19



1 -
= 5/ (0% = ¥ waG(0)ws — (077 = o*2)ipw — o nwa (W5 — ws)]da
1
> 5{(02 = 02 lwal7> = (6% = *2) [0l 1 [[e2 172

e P wgum}.

Using Lemma 3.1(i), Lemma 3.3 (iii) and the fact that 7, € Br C By, one has

[@5 — wsl| 2 = |GH0) (7 (W2 + @s)) — GTH(0) (1 (w3 + w3)) || 2
< || (W2 + w3) — mn (w2 + w3)|| L2
< (w3 — w3) + (W2 — wa)|[r2 + (| (70 — 7)) (w2 + w3) | 22
< N1l 2 |3 — w3 2 + 7l |02 — wal| 2 + (Vo — D) ([[ws]lz2 + lwallz2) |9, m

1.
< 5”“’3 —ws||2 + (0 = D)Vo ||l a [Jwel 12 + 2(v/o — 1) || 11 [|we]| 12
Therefore

@5 — w322 < 2(0*? + o = 2)|nallm [|wal 2 < 4(0®? — 1) ||m || [|w2 22 -

Consequently, from Lemma 4.1, one arrives at

51,2 (ﬁn) - 03/251,2(%)

1

> §{<o—2 ) 2 — (072 — 0¥l s a2 — A02(0¥2 — 1)||nnH?{1||wzHi2}
(02 — 03/2) o5/2 _ 53/2 403/2(03/2 —1)

> TszH%z 1- m”%”m Y 17171

o2 — g3/2
> Tl {1 = 20 2l — 123l

o2 — 53/2
> T =T 2. (1 — 29/Can/iolr) — 12Capolr)) = 0

2
ot —o o3/ —
icing ———= < 2, —>—— < 30 and by requiring p(r) to satisfy
by noticing oy A Ry 0
1 — 24/ Cgr/ po(r) — 12C5p0(r) > 0. (4.2)
Therefore, by choosing f(r) < 4’”—26 satisfying (4.2), the lemma is proved. ]
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Corollary 4.3. With the same uo(r) as in Lemma 4.2, for uy, s > 0 with py + po <
to(r), one has
c(pn + p2) < c(pn) + c(pa).

Proof. If 1 # ps, we assume uq; > o without loss of generality. Using Lemma 4.2
twice, one has

g+ i) = 2o (14 12)) < (L 202000) = 2gu) + 1 220pm)
=wm+§?§?g<wm+am>

If 1y = po, then

c(pn + p2) = c2pn) < 2¢(p) = c(pa) + c(p2)-
0

Let 0, € B, be a minimizing sequence and consider the associated concentration
function p,(z) = —c(n,)* +n2. As ||n.||m < r for all n, we can extract a subsequence
which we again denote as 7, so that

o0

g = lim pn(x)dz

exists. Define a sequence of nondecreasing function M, : [0, 00) — [0, 5] as follows

y+s y+s
M(s) =sup [ (el 4 e =sup [ pu(o)de
Y Y

yeR —5 yER —s

As M, (s) is a uniformly bounded sequence of nondecreasing function in s, one can show
that it has a subsequence, which we still denote as M,,, that converges point-wisely to
a nondecreasing limit function M (s) : [0,00) — [0, 3]. Let

y+s
fo = lim M(s) := lim lim M,(s) = lim lim sup/ pn(z)d.
§—00 S§—00 N—00 §—00 N—00 yeR y—s

Then 0 < Gy < .
Lions’ Concentration Compactness Lemma [9, 10| shows that there are three pos-
sibilities for the value of fj:

e Case 1: (Vanishing) ffy = 0. Since M (s) is non-negative and non-decreasing, this

—S8

y+s
is equivalent to saying M(s) = lim M,(s) = lim sup/ pn(x)dz = 0 for all
s < 00, Or e
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e Case 2: (Dichotomy) 3y € (0,3), or

e Case 3: (Compactness) 3y = (3, which implies that there exists {y,}n,=1 € R
such that p, (- 4+ y,) is tight, namely, for all € > 0, there exists s < oo such that

Yn+s
/ pn(x)de > 3 —e.
y

n—=s

Lemma 4.4. (Vanishing cannot occur.) There exists a v > 0 such that

1 +1/2
lim M, <—> = lim sup/ pn(z)dz > .
n—00 2 n—=00 yeR Jy 172

Therefore
fo =~ >0.

y+1/2

Proof. Suppose that lim sup/ pn(z)dr = 0. Let I; = [j —1/2,5 + 1/2]. On 1},
=0 yeR Jy—1/2

one can see that,

y+1/2
(sup la(2)])? < C / (1())2 + (ma(s))? ds < C'sup / pu()dz — 0,
Z‘EIj Ij yeR y—1/2

as n — oo. From the expressions of £1; and £ in (3.17) and Lemma 3.3, it is
deduced that

[L1,1(7n) + L12(70)]
1
S / 3 () + (1) G O)10) = 1 (1w 1)
j=—00
1 o
< 5 Z Su?|nn|/ ‘wl nn + ‘wl nn Wo nn + ‘wl nn w3(77n) ) dx
j CCE
y+1/2
<C sup pn(x)dz
yeR Jy—1/2

I (i

y+1/2
< Olnll3n sup pn(x)d.

yeER Jy—1/2

+ ’wl Nn) W2 (M) | + ‘w1 1 )W3 (1) )d
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Upon letting n — oo, one arrives at Ly 1(n,) + L£12(n,) — 0, a contradiction to (iii) in
Lemma 4.1. Consequently, it follows that

Bo = lim M(s) > M(1/2) = lim M,(1/2) >~ > 0.

]

We now turn our attention to the possibility of having dichotomy, that is 0 < (G <
B. Assume 0 < By < 3, we will construct two sequences p; ,, p2,, > 0 with properties
stated in the lemma below, and prove this will lead to a contradiction with the strict
subadditivity proved in Corollary 4.3.

Given any € > 0, for all sufficiently large values of s, one has
Bo — (e/2) < M(s) < M(2s) < Bo. (4.3)

Suppose for the moment that a large value of s has been chosen so that (4.3) holds.
Then one can choose N large enough that

50 —e< Mn(s) < Mn(QS) < 60 + €

for all n > N. Hence for each n > N, there exists a vy, such that

Yn+S Yn+2s
/ pn(x)dr > By —e and / pn(z)dz < By + €.
y y

n—8 n—28

Now choose a function ¢ € C§°[—2,2] such that ¢ =1 on [—1,1] with 0 < ¢ < 1,
and let ¢ € C*(R) satisfy ¢ +-1) = 1 on R. For each s € R, let ¢,(z) = ¢(%) and
Ys(x) = ¥(%) and define

Mn(T) = ds(® — Yyn)a(r)  and M2, (7) = Vs(T — Yo ) (). (4.4)

Set
pra=—c(,)’ +mi, and  pon = —c(ny,)* + 05,
Notice that both 7, and 1., depend on s (which has been chosen for the moment

large enough so that (4.3) holds) and hence so do p;, and ps,. One can verify the
following

Lemma 4.5. For every € > 0, there exist S and N large enough such that forn > N
and s > S,

< 2e,

@ | [ matorte sy
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() \ | pratwras 5 - )

@ [ () = (rafe) + 200 )

Proof. The proof follows the same way used in [3].

< 2¢,

< 4e.

e}

( ) COHSider/ P1 n( )d&? :/ [_C(ni,n)z _'_nin]dx

[e.9]

(@) + / I )

meg [ WET @ - < [ e B @@ (49
g/yms (2)dz + C/s

where the constant C' is positive and independent of n and s. By choosing s large
enough, one can guarantee that C'/s < e. Then

o] Yn+2s
/ prn(z)de < / po(x)dz + € < Bo + 2e. (4.6)
—00 Yn—28

On the other hand, from (4.5) one has

0 Ynts
/ p1n(x)de > / pn(z)dx — C/s > By — 2e. (4.7)
—00 Yn—S8

Combining (4.6) and (4.7) there obtains statement (a).

o

(b) Consider /

—00

palalde = [ [l )+, )i

. ww%%)(n@(m))?m [ s

1 722 — UYn n - Yn /
meg [ W@ = e [ e g o)

g/ynspn(x)dx+/ pu(x)dz + C/s
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where the positive constant C' is independent of n and s. By choosing s large enough,
one can guarantee that C'/s < ¢/2. Then

/OO pan(r)dr < /y”‘s pu(z)dz + /OO pu(@)dz + €/2

= 7(;.00 yny::s (48)
_ / () — / pul(@)da + € < B— fo + 2€.

Again, on the other hand,
o) Yn—28 e _
/ pon(x)de > / pn(z)dz +/ pn(x)de — C/s > [ — [y — 2e. (4.9)
—00 —00 Yn+2s

Combining (4.8) and (4.9) there derives statement (b).

Statement (c) follows from (a) and (b) and an application of the triangular inequal-
ity.
[

Lemma 4.6. Dichotomy cannot occur either, namely 5y ¢ (0, 3)

Proof. For pn < pug(r), let {n,} be a minimizing sequence. Consider two sequences
{man} and {n,} defined in (4.4). Suppose dichotomy happens. Define

D = El (771771) + El (772,71)'

From Lemma 4.5, [[jullim > 0 > 0, [l > co > 0, which implies £1(1,0) > ¢1 >
0 and £1(n2,) > ¢1 > 0 due to (3.22), and D > 0, where co, ¢; are independent of n.

Let
_ £1<n1,n) _ £1 (772,n>
M1 M D ) M2 1% —D .
Using the facts that pq, s > 0 and gy 4+ pe = p < po(r), one can see that

&) + ) < {% /_ :( = el p)” i) d cl(ujl,n> }

3 (et g+ 22
2 ’ ’ L1(12,n)

o0

e’} 2
0
= 5/_ ( - C(nll,n)Q + U%,n)dﬁ + ﬁﬁl("h,n)

o0

1 [ 2
+ 5/ (= cOm,n)® +m3,)dz + %51(7]2;”). (4.10)

Taking subsequences if necessary, Lemma 4.5 implies that for all n,
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<2/n,

@ | [ prala)do i

[e.9]

< 2/n,

(b) / " panla)dz — (5 — o)

—00

<4/n.

© | [ (5s0) = (1) + prae) ) o

—00

Moreover, we have the following Claim, which will be proved in Appendix 6.1.
Claim: For all n > 0, by taking subsequences if necessary, 0,71, and 7, satisfy

£atm) = (Lalon) + a0 ‘ < (C/n),

where C' is a constant independent of n.
Then, using the fact that £1(1n,) > C||n, |3, there follows

(1) +¢(p2) < %/Z( —c(1)” + ) de + ,Cl(nlyn)lfﬁl(ngm) d/n
< %/Z(—c(n&)uni)dfﬁwﬂ/n
< %/_Z( = c(n)” +m)de + Efé;) [1 o (nﬁinn))] A
<5 [ etk o)+ 0 () (Il + ).

o0
Upon letting n — oo and noticing that lim / pndx = (3, one arrives at
n—oo
—0o0

) + az) < ) = &g + o),
a contradiction to the strict subadditivity condition proved in Corollary 4.3. O]

Now, Lions’ Concentration Compactness Principle guarantees that the minimizing
sequence is compact (possibly up to translation). However, because of the special
variational form H(7n) in (3.9), we are unable to extract a subsequence {n,, } such that
Ny, (- + yr) — 1 strongly in H'(R). Therefore, we need to consider the minimizing
sequence in H?(R). All of the H'(R)—bounds we established earlier are unaffected
since H2-bound certainly implies H!-bounds.
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For r > 0, let B, be defined in (1.8) and define a real number

o) = inf {H<n>=Ho<n>=co<n>+ b }

{(n€By Il ;2 7#0} L1(n)

and let
Co(p) = {n € B\ {0} | Ho(n) = co(p)}

be the set of minimizers of Hy. A sequence {n,} € B, \ {0} is called a minimizing
sequence if lim Ho(n,) = co(p).

The follgv;ﬁ.;g shows that Lemma 3.8 is still valid when the function g is taken to
be in H?(R).
Lemma 4.7. There exists a po where 2(po + pg + pg) < }l and for any p < o, there
exists a function g € H?(R) such that ||g||%» = 2(u+p®+u2), and Ho(g) < 2u—Cop®'?,
where the positive constant Cy does not depend on .

Proof. Let f be a function in H*(R) such that [*°_f?(z)dz < 0 and

/_C:fg(:v)d:v = /_:fi(:n)d:n = /_O; 2 ()de = 1.

Let g(z) = Af(u2x) where A% = 2u®. Then

lgll7> = 2/ (W f2, + 1’ f2 + pf?)de = 2(u+ p° + p°) = O(p).

The rest of the arguments in Lemma 3.8 remains unchanged. [

Hence as before, for r < ry < 1/2, pu < po < 1/2 and u < r?/4, we can obtain
that the minimizing sequence has a subsequence that is compact. Now, we use the
concentration compactness to show the minimizer is attained.

Theorem 4.8. Let a,c < 0 and b > 0 be real numbers such that ac > b*. For
r € (0,r9) and p € (0, uo(r)), let {n,} C B, \ {0} be a minimizing sequence. Then
there ezist a subsequence {n,, }, a sequence of points {yx} in R and n € B, \ {0} such
that n,, (- + yx) — 1 strongly in HY(R) and H(n) = co(u).

Proof. Let n,, (z) denote n,, (x + yx) for x € R. Lions’ concentration compactness
principle guarantees that the minimizing sequence is compact, that is for every k € N,
there exists s € R such that for all sufficiently large n

/_Sk pn(2)de > [ — % (4.11)

Sk
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Since ||, ||gz < C, hence by compact embedding of H?*(Q2) C H'(Q) for any bounded
Q, some subsequence 7j,, — converges strongly in H'[—sy, sx] norm to a limit function
n € H'[—sy, si] satisfying

/Sk (—cn? +n*)dz > B — % (4.12)

—Sk

Using (4.11) and (4.12) together with the fact that [~ p,(z)dz = §, one can assert
that some subsequence of {7,} (denoted again by {7,} in the following) converges in
H'(R) norm to a nonzero function n € H*(R) satisfying [~ (n2 +n?)dz = j.

We proceeds now to show that the minimum is indeed attained at 7. In Appendix
6.2, we prove the following,

T [l ) = ) s = 0. T ) = s ) s =0,

Tim () — wa(n)2 = 0. (4.13)
and
Tim (|G 0) (1 = baz) — G (i) (70 — ifnaa) |1 = 0. (4.14)

Notice that since 7 is a weak limit of 7, in a Hilbert space H*(R), n € H*(R). Tt
follows from (3.21), (4.13) and (4.14) that

L1 () + L1200,) } = {L11(0) + L12(n) }| < C|L1o( T, — n)]-

Therefore, L1 1(7n,, ) + L1.2(7n,) converges to L11(n) + L12(n). Consequently,

1 [ "2 2 MQ
colp) < 5/_OO(—C(U) +0%) + Lio(n) + L11(n) + L12(n)

. 1 [e%e) B /,1/2
= lim { - — (i, ) +7%) + — — — } =c
k—00 {2/—00( (7" +17) L10(Mny,) + L11(Mny) + L1,2(7n,,) ol

which shows that the minimum is attained at 7. O]

Denote n(z) found in Theorem 4.8 for the critical point of H(n) in B, by no(x).
Obviously, no(x) € B,, since ny(x) is the limit of a weakly convergent sequence in B,.
However, one problem is that 7y(z) may lie on the boundary of B, (i.e. the critical
points n of H(n) satisfy ||n||gz = r), which means that ¢o(p) may depend on r if
we minimize H(n) in B,. We show that this will not happen, that is, if pu satisfies
the conditions for two different 7, co(u) will be same, which implies that co(u) is
independent of r.
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First, for r > 0 and 0 < € < 1/2, we define

Bre={n(x) € H*(R) | €lnulliz+ 0072+ Inll7 <7},
L) = €||neall2e + Lo(n),

and a real number
2

B _ 1
cdp) = {neB, elﬁlrﬁleéO} {Hf(n) = L) + El(n)}

with
Ce(n) = {n € Bre \ {0} | He(n) = ce(p)}

being the set of minimizers of H.(n). A sequence {n,.} € B, \ {0} is called a mini-
mizing sequence if lim H(n,.) = c.(u). Notice that since H*(R) C H'(R) hence the

following Lemma holds just like before with straightforward modifications.

Lemma 4.9. Let )

He,O(n) = ‘Ce(n) + £1 0(77) :

Then
(1) Heo(n) > 21> 0, and

(ii) there exists a sequence {n.} in H?(R), lin% 17all32 = lir% IMall3: = 2u such that
lim Heo(77a) = 241

Now we show that if u satisfies the conditions for two different r, ¢o() will be same,
which implies that cy(u) is independent of 7.

Theorem 4.10. cy(p) is independent of r and the minimizer n € B, satisfies ||n|| gz <
C\/i for some constant C independent pi,r. co(p) only depends upon p if ji satisfies
1< po(r).

This theorem will be proved in Appendix 6.3.

Finally, we show that the minimization problem of H(n) in B, is the same as the

minimization problem of H(n,u) (defined in (1.4)) in B, x H'(R). For r € (0,7y) and
i € (0, uo(r)), consider the following two problems

inf {H(n,u) | (n,u) € B, x H'(R), Z(n,u) =2u} = A, (4.15)
and

7 — 92, = B. 416
?é}snuéﬁllnmw nu) | Z(n,u) =2u} (4.16)
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We prove that A = B and (4.15) is attained, namely D(r, ) (defined in (1.9) with
H,, = A) is non-empty and the minimizing sequence converges to D(r, ).

Clearly, B > A. Suppose now that H(n;,u;) — H(n,u) = A with (n;,u;) €
B, x HY(R) and H(n;,u;) is nonincreasing, which is always possible by choosing a
subsequence. For each fixed n; € B,, a non-trivial minimizer u} = u(n;) € H'(R) for
{H(ni, u)|Z(n;,u) = 2u} exists. Since for each 7,

it yields
B < min H(n;, u;) < inf H(ni, u;) = A. (4.17)

N, EBy (m‘,ui)EBrXHl (R)

Therefore, it is concluded that B = A.

5 Stability for the Set of Minimizers

In this section, we show the set of minimizers D(r, i) is stable under the small pertur-
bation of initial data near D(r, ).

Theorem 5.1. D(r, i) is non-empty and for every minimizing sequence {(ng, ux)} C
B, x HY(R), there is a subsequence, denoted again by {(ng,ux)}, such that

dist((ne, ux), D(r, 1)) — 0.

Proof. For r € (0,19) and p € (0, po(r)), let n, € B, \ {0} be a minimizing sequence
for Co(p). Due to Theorem 4.8, after possible translations and taking a subsequence
if necessary, {n,} can be assumed to converge in H'(R) to some n € Cy(u). Let
the Lagrange multiplier A = ), and w, = wu(n,) be defined as in (3.6) and (3.4)
respectively. One wants to show first that

uh —u* =u(n) in H(R).
As n,, converges to i strongly in H'(R), it follows that lim £;(n,) = £1(n) because of

Lemma 3.6. Consequently, (3.6) implies that lim A, = A. Using (3.4), one has

[u* =yl < IAGTH(0) (10 = bea) = AG ™ (0) (110 — b(N) ) || 111
F MG (10) (1 = 00 a2) = A G (1) (1 = D(110) )|

< sup [ANG (1) (0 = bnaw) — G (7)) (M — (7)) | 110

G 10) M = (M) ) |1 [N = A |-
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Thus
lim ||uy, —u*||g = 0.
n—oo

A straightforward calculation now confirms that

1 [ee]
| H(n, u*)=H (1, up)| = '5/ (—en? — cul +n° + v + nu’)da

X (5.1)

- 5/ (=c((a))* = e((up)' ) + 1+ (u)* + () ") daz| — 0
as n — o0o. Thus A = B in (4.15) and (4.16) implies (n,u*) € D(r, p).

Moreover, for a minimizing sequence {(n,,u,)} of H(n,u), we can construct u}
satisfying (4.17). Then, taking a subsequence if necessary, we have n,u* such that
(N, u?) — (n,u*) in B, x H'(R) satisfying (5.1). By the definition of G(n) in (3.5),
the self-adjointness of G(n) and (5.1), it is straightforward to check that there exists a
C > 0 such that as n — +oo,

Clltn ~ il < [ (= )G = )
- / (nG (1 )it + 0, G ) — 2 / UGt da

= / (UnG (M)t + 1y, G (0 )y, )dw — 4Ny, 11

—00

-/ " (G )t — G )

—00

:H<77m un) - H(Wm u:;) —0

which implies (7, u,) — (n,uw*) € D(r, p) or dist((n,, u,), D(r, p)) — 0asn — oo. O

One can now establish the stability of D(r, u) based upon Theorem 5.1.

Theorem 5.2. There exists an 1o > 0 such that for r € (0,r¢) and p € (0, uo(r)), the
following statement is true: For any € > 0, there exists a 6 > 0 such that if

(6,9) € B x H*(R), dist((¢,), D(r,p)) <0,

and if (n(z,t), u(z,t)) is a solution of (1.1)-(1.2)-(1.6) satisfying n(z,t) € B, with all
t € RY for the initial data (¢,), then

dist((n(-,t),u(-,t)), D(r,pn)) < e forallt € [0,00).

31



Proof. Suppose to the contrary that there exist a sequence (1o, uo,) € B, x H*(R)
and a sequence (p,) € R such that

diSt((no,nv uO,ﬂ)? D(T, :u)) < 1/” ) I(Uo,m uO,n) = 2,Una

and

diSt((nn<'>tn)>un('7tn>)aD(ﬁ N)) >e and Z(nu(,tn), un(- tn)) = 2,

for some ¢, € [0,00) and 7,(-,t,) € B,. Since dist((ngyn,uovn),D(r, u)) — 0, using
a subsequence if necessary, there is a sequence (7,,u,) € D(r,u) such that ||ny, —
Null gt + [|ton — Unll g1 — 0 as — +oo. Since it is obvious that (7, U, ) is a minimizing
sequence of H(n,u) in D(r, u), by Theorem 5.1, there is a subsequence, again denoted
by the same notation, that converges to (n,u*) € D(r, ) in H' norm. Therefore,

||770,n = [ + ||u0,n —u || — 0, pn — p, 1(770,717“0,71) — I(n,u") =2u
and

lim H(nn(-,tn),un(-,tn)) = lim H(no,n, o) = H(n,u*) = c(u).

n—oo n—oo

Upon letting 7, := 0, (t,) and @, := (u/pn)un(t,), we obtain that for large n,
dist((7n, Un), D(r, 1)) > €/2,  lim H(7,, Gy) = ¢(p)

and Z (7, t,) = 2u, a contradiction to Theorem 5.1. Thus, the proof is completed. [

6 Appendices

6.1 Proof of the Claim in the proof of Lemma 4.7

Here, we need to show that for n > 1 the sequences n,,n:, and 72, (taking subse-
quences if necessary), satisfy

|L1(m) = (L1(mn) + L1(m2n))| < C/n (6.1)

for some constant C' independent of n.
First, we prove the following:

Consider G(0)u = f(x) where f(x) satisfies

Yn—s Yn—+2s
/ | (2)[2da +/ | (2) 2z < e (6.2)

n—28 Yn—+S
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If fl = ¢5(£E - yn).f(x) = Qbsf(x)a f2 = ¢s($ - yn)f(x) = Q/Jsf(x) and u; = Gil(o)fla
Ug = G_I(O)fg, then

195 (2 = yn)ua |2 + [|ds(z = yn)uzllm> < Cle+ ([ f]22/15]))

where |s| > Sy for some fixed Sy independent of ¢, y, and f.

Proof. Here, we denote ¢ = ¢s(x — yp), s = s(x — y,) and C as a constant indepen-
dent of €, f,y,. Note that ||ui||gz + ||uz||zz < C||f||z2. By the definition of G(0) in
(3.5),

G<0)(wsu1> = wSG<0>u1 + awsxaxul + 26“/}51'“/11 = wsfl + awmul -+ 2a¢sxulz . (63)

By a similar proof in Lemma 3.3, we have that

[surllmz < C([Ysfillze + 1Wsaetallz + |[Vsetiazll 2 - (6.4)
Since ||¢sz||2 < C/|s| and 1) f; is zero for | — y,| > 2s or |x — y,| < s, then by (6.2)
the estimate follows immediately. A similar proof holds for ¢sus. m

If f =mn— bng, then by u; + us = w; defined in (3.15), we can multiply (3.15) by
Ysu; and use integration by parts to obtain

[surll < C(smllm + s, (6.5)

where 11 = ¢sn, 72 = Y. A similar one holds for ¢ us.
Now, we study £(n). Recall that

L1(n) = L1o(n) + L11(n) + L12(n)

L[~ 1 [ (bk? +1)%
Lio(n) = —/ w1 G(0)widr = §/wﬁ|nl2dk >0,

/00 (woG(0)wy + waG(0)ws)dr = %/Z(ng(O)wg — nwyws)dz,

and wy, wy, wy are defined in (3.15). One proceeds to prove the Claim by taking care
of £1(n) term by term. Note that

wy(n,) =w1 (771,71) + wy (772,71) = (¢s + Ys)wr (nl,n) + (s + s)un (772,71)

33



:¢sw1 (nl,n) + ¢sw1 (772,n) + wswl (771,71) + Cbswl (772,71)

where the last two terms are small in L? using (6.5). Since 7, and its first order
derivative satisfy (6.2),

[w1(Nn) = (Gswi (1) + swr (2p))llL2 < Cle+ s ™)

Thus, by using a similar proof of Lemma 3.3, it is obtained that

+00 +oo
L1o(n) = / w1 (N — b1gg)dx = / (win + wizbn,)dx

—00 —0o0

-/ T (Dot 00) 01 (10m) + 010720 (110 + T2)

—0o0

+ (s + V) (Wi (Mn) + w1(N2.0))e (M0 + Man)a)d

+oo
= / (w1 (M) m + W1(N20n) N2, + b1z (M10) (M10) 2

e}

+ bw2:c(772,n)(772,n)x)dx + O(E + |S|_1)
= L10(mn) + L10(Men) + Ole+ |s| 7).

Here, the terms with a factor ¢4t in front of n,, or 7, , are of order € because of (6.2)
for n,.
The next term to be considered is £; ;. Using a similar proof again, we have

L1a(n) = / i)z = — / T i T [(Bs - 65) (@ (11.0) + 01 ()P

o0 —00

- _/OO ((771,71 + 772,71) ((¢sw1(n1,n))2 + (¢sw1(n2,n))2)) dr + O(e + |5|_1)

[e.e]

- _/oo (nl,n(¢sw1 (nl,n))Q + 7]2,n(¢sw1 (772,”))2) dr + O(E + |S|_1)

[e.e]

= —/ (771,nw1(7}1,n)2 + N2 nW1 (772,n)2) de = Li1(mn) + L11(N2n) + O(e + |S|_1) .

[e.e]

Considered next is the first term in £; 5. A straightforward calculation gives

/ " (1) GO)wa(,)da

—00

2

_ /_OO { - a((abs + )G H0) ((¢s + ws)nnwl(nn)))

[e.9] T

(@4 va6 0 (6 + wsmwl(nn)))z}dx
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2

_ /:{ - a<¢sG_1(0) (Qbsnnwl(nn)))w + (qbsG‘l(O)(¢snnw1(nn)))2}dx
+ /_OO{ - a(wsG‘l(O) (wsnnwl(nn))>2

+O(e + |s|™h)

+ (oo (wsnnwlwn)))z}dx

T

2

_ /_Z{ - a(Gl(O) (¢snnw1(¢snn))>x + <G1(0) (¢snnw1(¢snn)))2}d:c

+ / OO{ — a<G‘1(0) (wsnnwl(wsnn)))2 + (G_l(o)(¢snnwl(¢snn)>)2}d:L‘

+O(e+ |s] ™) '
= / w2 (M) G (0)wa(11,0)dx + / wa (12, )G(0)wa (2.0 )dx + Oe + |s|71) . (6.6)

For the last term in Ly, since wy(n,) = wi(nin) + wi(n2s) + O(e + |s|7) and
M = Mip + N2, We have

+o0 400
/ N W1 (M) W3 (1) dx = / (nl,nwl (7717n) + N2 pWi (772,n)) ws(nn)dx + O(e + |5|_1) .

o —00

Moreover, from the definition of wy(n), (6.4), (6.5) and the proof of Lemma 3.3, we
obtain

wa () =G~ H0)(=nwi(mn)) = G~H0)(=n10wi (M1n) — M2mwi(n2n)) + O(e + |s| 1)
=ws(N1,n) + Wa(12.n) + Ofe + [s| 7).

By the definition of ws in (3.15), it is obtained that

G(0)w3(n) = —Nuwa(nn) — Naws(n,) , and G(0)wz(Mjn) = —Njnw2(Njn) — MjnwW3(Njn)
for j = 1,2. Also,

G(0)psws(n2,n) =0sG(0)ws(n2n) + O(|s| ™) (w3(n2,0) + Wiz (N2,0))

= — ¢4 (7]2,nw2(772,n) - 772,nw3(772,n)) + O(Js] ™) (ws(n2,n) + w32 (120)) -

Since the H'-norm of G52 is less than e, by a similar proof of Lemma 3.3 (iv), we
have that
ldsws (o) |7 < Cle+|s|7h).

A similar calculation holds for ©,ws(n1 ). Let w = ws(n,) — ws(n1,,) — ws(N2,n). Then

G(O)w = _nan(nn) + nl,an(nl,n) + 772,nw2<772,n)
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— W3 (Nn) + M w3 (N1n) + N2nws(M2.n)
= W — ¢snnw3(n1,n) - Cbsnnwi’)(nzn)
+ (—nawa (M) + M nwa(M1n) + N2nw2(N2m)). (6.7)

Note that last three terms in (6.7) are of order O(e + |s|™'). Again, by using a
similar proof of Lemma 3.3 (iv), we obtain

lwllfn < Cle+1s]™),

which implies

—+o0 “+o00
/ N W1 (1) W3 (1) dx = / (nl,nwl(m,n) + ﬁz,nwl(nz,n)>

—00 —00

X <w3(771,n) + wz(ﬂz,n)>dx + O+ |s| ™).

Then, by a similar inequality as (6.4) again, we have

+o00 +oo
/ Nnw1 (N )ws3(n,)dr = / <771,nw1(771,n)w3(771,n) + 772,nw1(772,n)w3(772,n))>d93

+O(e + s 1). (6.8)
Combining (6.6) and (6.8) yields

Li2(mn) = Li2(mn) + L12(n2) + O+ [s| 7).

Now, if we choose s large enough and a subsequence of 7, if necessary, (6.1) is obtained.

6.2 Proof of (4.13) and (4.14)

Here, we first prove the following,

(O dim i () —wi)m =0, (2) lim [ws(n,) — wan) | =0,
(3)  Tim [Juws(nn) — wy(n)l 2 = O,

n—oo

where, for simplicity, we write 0, = 7,.
Recall that

GTH0)(n = bnes),  wa(n) = =G H0)(nwi(n)),
ws(n) = —G(0)[n(w2(n) + ws(n))].

S
=
—~
33
SN—

I
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To prove (1), for a minimizing sequence {n,} € B, \ {0}, Lemma 3.3 assures that
lwi(na) || < Cy, i =1,2,3. Notice now that if one lets G™(0)(Dnze — Mzz) = gn, then

/ (_agrzm + gi)dm = _/ gnz(nnx - Wm)dx < HganP”nnx - anLQ —0

o0 —0o0

as n — oco. Thus, lim [|G7'(0)(Nnsz — Nuz)|lmn = 0. Similarly, one can show that

lim [|G71(0)(n, —n)||z = 0. Consequently,
T s () = s (@)l = Y [G=0) [0 = 1) = b(s = )]
< Tinn G~ (0) (0 — 1)l + b i |G (0)(se = 7)1 = 0.

For (2), let G=(0)[n,w1(n,) — nwi(n)] = h,. Then

/_OO (—ahix + hi)dm = —/OO o [0y (1) — mwy ()] d

oo — 00

< [l 2 llwr o)zl = nll 2 + Wl 2 0]l 101 () = w1 ()| 22 — O

as n — 0o. Consequently, one concludes that
Tim {|ws(1n) = wa (1)1 = 0.

For (3), using the definition of ws, one has that

(1) = ws()llz2 = ||G(0) (Emws ) = mewa(n)] + [ues(m, = ms(n)] )|
< w2 () — nwa ()l 22 + llws ()l e — nll22 + [0l a lws () — ws(n) |22

L2

which implies that

ws(m) — wa(m)l] 2 < 2(|rnnw2<nn> — un(m)llzz + () s e — nHLa) 0
as n — 00, since

|1mw2 (1) — nwa(n) |2 < Nlwa () | |10 — 0l 2 + [0l [ we () — w2 (n)||p2 — 0

as n — 00. Thus (4.13) is proved.
Next, we show

n—oo
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2
Notice first that lim H(n,) = lim (ﬁo(nn) + Elz )> =H(n). Let w =G (n)(n —
n—00 n—00 1\"n

bNye). Since lim ||, — 7|z = 0, we have

Jim 230 = fimn [ (= awdn) + (04 m)un) )ds
[ (- awon + 0+ e ) e = 2100
From (3.14), (3.15) and (4.13), one can show that
t [ @en)ettnde = [+ et
Thus, it follows that
tin [ w2 = [ war
Therefore, nhjgo lw(nn) || = ||wE733||H1, which irlgpofies that w(n,) converges to w(n) in

H'—norm. Consequently,

i [feo () — w(n)l = i [ G (09)(n — b1es) — G (1) (0 — b1 = 0.

6.3 Proof of Theorem 4.10

One can use a concentration function p.(n) = €(n..)* — ¢(n.)*> + n? and apply a similar
argument used in Lemmas 4.4-4.6 to show that there is a minimizing sequence {n, ()}
that is compact with He(n,.e) — ce(p) for p < po(r) and fj;o Pn.e(x)dr — B.. By the
same proof as in Theorem 4.8, one has 7, (z) — 7.(z) weakly in H*(R) and strongly
in H'(R), which implies that as n — o0,

2 2

M u
+ ——— — Lo(n) + .
Ly (nn,e) 0(77 ) El(m)

EO(nn,e)

Now, for a fixed € > 0,

2

He(ne) < lrllriligofe||(77m)m||%z +nEIJPoo (»C[)(nn,e) + £1Z7n,6)) = 1%%225 He(Mn,e) < He(ne)
Thus, (n.¢)zz — (1) 2z strongly in L?, which yields 1, . — 7. strongly in H*(R). Hence,
He(ne) = c(p) and ne € Ce(p). Moreover, 7, lies inside of B, . if p is small enough.
Therefore, 7. satisfies that L£.(n.) < 2 and

2

Ll(n) = %C’l(m)-
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Multiply above equation by 7. and integrate it to have

[ee) 2 0
/ 2 /
L. (ne)nedr = / L (ne)nedx

o0 o0

or
2

2£.00) = g3 (26400 + IO/

because ||7e]| g1 < Cy/f with C independent of € and p. The above equation gives

2 ) = L) + s = 0 (14 () + Il O )
which yields
N
Lo =T o

for some constant C' independent of € and p. From this, the following is obtained.

Claim: If n. € C.(u), then there exists a positive constant C' independent of € such
that

7ell 2 < OV

Proof. Because 1. € Cc(u), one has L.(n.) = £2[z )[,' 1(ne) whence LL(ne) = eNe zaza +
CNexz + Ne- For f,g € H*(R), denote the inner-product of f and g by <f, g>. Then

<£2/z )ﬁ’( 1e)s Cllezw + ne> = <£L(ne),cm,m + 77€>

- /_OO (_06(776:959096)2 + 6(776,9095)2 + (Cnxm + 77)2) dz. (610)

[e.9]

As e € Ce(p), it follows that ||n.]|3;, ~ O(p), which implies by Lemmas 3.1-3.3 that

<C’1(ne), Cle vz + ne> = <£’1,o(ne), ez + ne> + (1772 O(v/1)

© (bk? + 1)3(—ck®> +1) _
- [k + ot )

Therefore, from (6.10) we obtain that

/ (—cek® + ek* + (—ck® + 1)?) [7|*dk

e}
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([ g )

From above equality and (6.9), it is obtained that

[ (G (e - k) - @i 1))
< Ol + s 220/

which gives
(ac = b = O(V1)) [Meaell7z < Clinellin < Cp.

Since ac — b* > 0, we can choose g small enough so that ac — b*> — O(\/z) > 0 and
then |7 4s]/7: < Cp. By combining the estimates of 7. in H'(R), we have |1/ g2 <

N/ O

Now, let 7. be the minimizer with |7.|[z2 < C\/it of H(n) in B, found above.
Then, for s small enough, 7. € B,. Also, He(n) = ce(p) or Ho(ne) = ce(p1) —€l|ne.za |72 >
co(p). On the other hand, since g € B, C B, for small €, Hc(19) > c.(u), which implies
that co(p) = Hol(no) > ce(p) — €l|no2xl/22. Therefore, lim._qc (1) = co(p). Hence, as
¢ — 0, 7 is a minimizing sequence of Ho(n) and ||nc||p2 < C\/p < r/2 for p small.
By a similar argument as in the proof of Theorem 4.9, it is obtained that for some
subsequence of 7. (still denoted by 7n.) n. — 7, as some sequence of € goes to zero,
with ||7o||g2 < /2 and Ho(70) = H(7o) = co(p). Thus, after r > 0 is small and chosen,
then co(p) is independent of r if p < po(r) and at least one minimizer 7y of H(n) is
a true minimizer and does not lie on the boundary of B, with ||7||z> < C\/i, which
implies that co(p) is independent of r if p < po(r).

Now, for an arbitrary minimizer n of Hy(n) in B,, since c¢o(u) is dependent of r, we
can assume that 7 is an interior point of B,. Therefore, by a similar proof as that of
the above claim with € = 0, we can have [|n||g2 < C,/ii. The proof is completed.
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