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ABSTRACT. In this article, we consider the two-dimensional dissipative Boussi-
nesq systems which model surface waves in three space dimensions. The long
time asymptotics of the solutions for a large class of such systems are obtained
rigorously for small initial data.

1. Introduction.

1.1. Damped Boussinesq systems. There are three important factors associ-
ated with wave propagation: dispersion, dissipation and nonlinearity. In many real
physical situations, it is observed that the effect of damping (which is always present
in reality) is at least comparable to the effects of dispersion and nonlinearity [5].
In such cases, a damping term (or terms) should be included in the equation. Fol-
lowing the pioneering work of Kakutani and Matsuuchi ([13]), Dias-Dutykh [10],
Liu-Orfila [16] and H. Le Meur [15] have derived dissipation terms, which involve
local and non-local terms, for Boussinesq systems under the small amplitude and
long wavelength assumptions from Navier-Stokes equations.

In this article, attention is given to the two-dimensional Boussinesq systems,
derived in [2], for three-dimensional water waves supplemented with various local
dissipative terms. Similar to the corresponding one-dimensional dissipative Boussi-
nesq systems, studied in [7], these systems are evolution partial differential equations
involving two unknown functions, the vertical deviation of the water surface with
respect to its equilibrium, 7(x,t), and the horizontal velocity of the fluid, which is
a two dimensional vector field, at certain depth of the water, u(x,t). We address
here two separate cases, one is when the dissipation acts both on 1 and u (strong
dissipation) and the other is when the dissipation acts only on u (weak dissipation).
The study of nonlocal dissipative terms will be carried out in a separate paper.
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1.2. A class of dissipative Boussinesq system. Without dissipative mecha-
nism, the four parameter family of Boussinesq systems derived in [2, 3, 8] reads

m+v.u+v.nu+aAV-u—bAm=0,

1o (1.1)
u + Vn + §V|u| + cAVn — dAu, =0,

where u(x,t) is the horizontal velocity of the fluid, a mapping from R2 x R; into
R?, and 7(x, t) is a scalar field from R2 x R, into R. For the systems to model water
wave with no surface tension, the constants a,b, c,d must satisfy the consistent
conditions (see [2] for detail)

1
a—i—b—i—c—i—d:g and c+d>0. (C0o)

Furthermore, in order for the systems to be wellposed for the initial value problems,
it is relevant to assume either

b>0, d>0, a<0, c<O0, (C1)

or
b>0, d>0, a=c>0, (C2)

according to the results presented in [1] and [2]. Therefore, our investigation is
going to be restricted to the cases where a, b, ¢, d satisfy (C0)-(C1) or (C0)-(C2).

We now introduce the dissipative mechanisms interested in this article. The
systems under consideration are of the form

e+ V-u+V-nu+aAV-u—bAn =vAn,

1 (1.2)
u; + Vo + §V|u| + cAVn — dAu; = Au,

where v = 1 or v = 0. The case with v = 1 will be called complete dissipation and
the case with v = 0 will be called partial dissipation.
The following decay results

Ve Oz <CAL+H2 and  |Ivx ]z <CA+HT, (13)

are going to be proved rigorously for some of the systems in (1.2) where v is related
to (n,u) or one of its derivative, up to a suitable change of variables. These decay
rate are faster those that in one-dimensional case, which are expected since the
solution of the corresponding heat equation decays faster in two-dimensional case.

The proof will follow the method presented in our previous article [7] where the
corresponding one-dimensional systems were investigated. We begin with analyzing
the linearized system and then extend the results to the nonlinear system for small
initial data. It is worth to note that if we use the notations in [12] which classify dis-
sipative systems accordingly to the decay properties, our two-dimensional systems
belong to the class of weak nonlinearities (this classification was also introduced in
[9]; see also [4]), namely the same decay rate for solutions to systems with or with-
out nonlinear terms. It is worth to mention that the general methods presented in
[12] do not work here straightforwardly (see Remark 2.5 for details) and our proof
will follow the guidelines in [7].

2. Linear system.
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2.1. Preliminary computations. Following [2] and [7], we introduce the Fourier
multipliers

oy Loal€P 1
1+ blgf?’ 1+ d|gJ?’
Vo e P
1+0b|€2 1+dg)?’

where & = (£1,&) is the Fourier variable associated to x and |€| is the Euclidean
norm of &.
Since a, b, ¢, d satisty (C1) or (C2), wiws is non-negative and we denote

R i\ /2
H = <—1) and o = (wiws)'/?,
w2

with the conventional notation % =1.

Remark 2.1. For a system satisfying (C2) assumption, wi and we do change signs,
but wiwse > 0.

By recalling the definition
order(H) = {a} + {d} — {b} — {c}, where {a} =1 iff a # 0 and {0} =0,

it turns out that H behaves like a Bessel potential of order m = order(H), i.e like
(I; — A)Z. In the sequel we shall use without notice that H is an isomorphism
from W™P(R?) into LP(R?), if 1 < p < +oo (see Theorem 5.3.3 in [17]).

For the linearized system of (1.2), it is natural to study it in Fourier variables
which reads

(1 + bl€*)i7 + vIE[*7 +i(1 — al€*)€-a =0,
(1+d€*)T + €T+ (1 — clg[*)ng = 0.
2.2. Helmholtz decomposition. A well-known fact about vector fields in R? is

that they split into a potential part and a rotating part. Let &, = (—&2,&1), one
has, for £ #0

(2.1)

~_~& &
TR (22)

where ¢ and zZ are scalar functions. Using this new set of variables, the system (2.1)
reads

(1+ b€ + vI€]*7 +i(1 — al€[*)|€]T = 0,
(1+d€*)a + (€% +i(1 — cl€*) €] 7= 0, (2.3)
(14 dIg[*)¢r + €9 = 0.
Therefore, for the linear system, the dynamic decouples into a “rotating” wave
that decays to 0 and a problem similar to the one in one-dimensional case which has
been studied (for the spectral analysis) in [7]. The coupling between v and other
variables will show up when the nonlinear terms are included.

Following the notations of [7] and [1], the balanced system that is equivalent to
(2.3) reads

M + vai] + isgn(wi)o|€|Hg = 0,
Hg, + cHq + isgn(w:)o|€]77 = 0, (2.4)
Ho, + eHi =0,



4 MIN CHEN AND OLIVIER GOUBET

and we now study the decay of the rotating part v and the two coupled equations
separately. The generic constant C' is used which may change its value in each
appearance.

2.3. Decay of the rotating wave.
Lemma 2.2. Assume that 1o € L*(R?) N L?(R?), then
1)z < C+1)~Y2

Proof. Ford >0,
~ o _op_lEI?
[l (8)]172 =/ |tho|2e 2 THale’ dg

2 2
o s e
lgl<1 l€1>1 (2.5)

~ _oplel? ~ _
S B R A
R2 £
< Cllholl7ot ™" + Clioll7ze ™ < Cwo)t™,

where 3 = which yields the conclusion. O

2
T+d>
2.4. Decay of n and q. Let the matrix

A(&):( va  isgu(wn)lélo )

isgn(wr)|€lo €

the decay rate of the linear operator ||e~*4|| as a function of || is studied in [7].
The relevant results (Propositions 1-4) are recalled here, where

order(o) = {a} + {c} — {b} — {d}.

Lemma 2.3. If order(c) > 1, and either (v =1) or (v =0 and d =0), then there
exist constants C > 0 and 8 > 0 such that

[le™t4]] < Ce P18,
Hence the system behaves like KdV-Burgers equation for t large.

Lemma 2.4. If b,d > 0 (the corresponding systems were called weakly dispersive
systems in [2]) and v = 1, then there exist constants C' > 0 and B > 0 such that

—tA a8
lle=4) < ce " wier

Hence the system behaves like BBM-Burgers equation for t large.

Remark 2.5. For complete results concerning this linear system according to the
parameters v, a,b, ¢, d we refer to [7]. It is worth to remark that some of our results
here overlap with the results for systems in [12] and some of them do not. The
results in [12] are proved under the assumptions that the matriz A(€), where A
is the linear operator in (2.1) when it is written in the form of u; + Au = 0,
is diagonalisable, and that the norms of the eigenprojectors P;(€) and their first
derivatives are bounded as functions of |€|. For our systems there are a broad class
of parameters a,b, c,d such that the matriz A(€) has a double eigenvalue for some
values &, # 0. Since A(€) is not a scalar matriz, when & converges towards &, the
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norm of the eigenprojectors blows up. This can be seen more clearly using a simple
case with two equations.

Let A(€) be a 2 x 2 matriz that depends on §. Assume that A(£) has two different
eigenvalues except at & = &y and assume that A(&y) is not a scalar matriz. For £ #
&o denote the eigenvectors by ex and ea, where (e1,e2) is a basis, ||e1|| = |le2] = 1
and ej.es = cos, where 0 is the angle between ey and e3. Then the eigenprojector
P1 8

Py (wey +yes) = ey,

and
2 —1
P?= su 2] z( inf 1+t2—|—2tc030> =
I (w,y#l?0,0) (22 + y2 + 22y cos b) t:y/thio( )

1

sin? 0

Therefore, if & — &, then both e; and ey converge to the unique eigenvector of
norm 1 of A(&) (up to a multiplication by —1), and 6 — 0.

3. Decay rate for the nonlinear system. We now consider the full nonlinear
system which reads

1 zg —
n n EEATIEATII A
7 A(é) 0 77 _ H i 1>
Hq |+ ( o <) | He) ="Kl igzsu? (8-1)
He a

t

3.1. A general theorem. Consider a nonlinear evolution equation that reads
vi+ Lv=F(v) (3.2)

where v(x,t) maps R? x R into R", L is a linear unbounded operator and F(v)
is a bilinear operator that might involves some derivatives of v (actually F(v) is
a convection term; see assumption (3.4) below) and has the structure as in (3.1),
namely the last element is zero. Let S(t) = e~ which is the linear semi-group and

denote its symbol as S(t, &), namely y = S(t)yo if and only if y = S(¢, £)¥o in the
Fourier space. In this section, S(t, &) is in the form of

-~ efA(E)t 0

S(t7 5) - ( 0 efet .

Then the following theorem is valid.

Theorem 3.1. Assume that there exist 6 > 0 (§ = +00 is allowed) and 3 > 0 such

that
Ce—PtlE” ; 5
”e—A(E)t” < e, Zf |€| <o, (33)
Ce Pt if €] > 0.
Assume that the nonlinear operator satisfies
[F(v)| < Clg| [B(v)] (3.4)

where B is a bilinear operator that satisfies, if Qs is the projector onto the large-
frequencies {|€] > 6} and Ps = I; — Qs the complementary projector,
1PsB(V)Izz + [ 1€E]B(V)]] < C|Ivll2s,
l¢1>5 (3.5)

1P B 4 + 1Qs By, < ClIvlzalIv]les,

%
Ly
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then for initial data v(0) in L'(R?) N L*(R?) with small L*(R?) norm, and such
that Vo is in Lé(Rz) with small norm if § # 400, there exists a solution of (3.2)
that satisfies the decay property

V(8] 22y < C(144)7%. (3.6)

Remark 3.2. For the assumption in (3.5), it would be more natural to have all
the assumptions in physical variable x. Unfortunately we had to assume a bound
for a quantity in LE% -norm, that is stronger than the “natural assumption” using
Li-norm since

—

Qs B(V)lwys < CIEIB)]

Remark 3.3. Our method is indebted to the famous so called Kato’s method for
solving initial-value-problem of semi-linear partial differential equations in the “crit-
ical case”. Following Kato’s method (see [11], [14]), we first construct a solu-
tion using a fived point argument in the class of functions Cy([0,+00), L?(R?)) N
C((0,+00), L*(R?)), and then prove the decay estimate.

Proof.  The proof is divided into two steps. The first step is devoted to prove
that if vo is small enough in L?(R?), and vy is in Ll(Rg) and with small norm if
d # o0, then there exists a unique solution of (3.2) in a small ball of the Banach
space E whose norm is ||v||gp = supt>0(t%||v(t)||L4(]Rz)).

We first write (3.2) in its Duhamel’s form that reads

v(t) = S(t)vo +/0 S(t — s)F(v(s))ds. (3.7)

The analysis of the linear operator starts by recalling that the inverse Fourier trans-
4

form F~! is a bounded mapping from L¢ into L% (this is valid by noticing first

that the inverse Fourier transform maps Lé N LZ into L° N L2 and then applying

the Riesz-Thorin interpolation theorem), and denoting vy = (ug, wg)?,

1S(#)vollzy < Clle @ o|| 4 + CI|F " (™o)1 (3.8)

4
3
£

The first integral on the right-hand side of (3.8) can be split into two parts according
to the magnitudes of the frequencies. For small frequency part, Holder inequality

1

1
I fallz, < flle,llgll, 5 + rie 1, 1<p,g<+4o0

and Plancherel theorem yields

1
3 4
/ |€7A(£)tﬁ0|%d€ < C(/ 674Bt|£|2d€) 3 ||ﬁ0||22
€l<s l€l<s ¢

\ (3.9)

1 £
< Ct_§||u0||zi.

For large frequency part, using (3.3) and interpolation inequality
1 6 1-46

ol < Bl Jully?, ~=2 4255, 1<s<r<istoo
yields
_ ~ 4 _48¢ 1~ |15 _484 1~ |12 2
/ |emA®o|5dg < Cem 57 [[To|*, < Ce™37(|Tol[F, |Iwol| £ - (3.10)
1€1>6 L ¢ x
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Therefore, by combining (3.9)-(3.10), one obtains for ¢ large,

1 1 1
Ct=1||uo|| 2, (||uol |22 + [|To]|2 when § < 400,

Ct’%||u0||Li when § = +oo.

For the second integral on the right-hand-side of (3.8), from Lemma 2.2, we have

1

17~ (e @o) ||y < C(1+1)71. (3.12)

Then, for a small v that will be chosen subsequently, if vq is in L2(R2) N L!(R2)
with small L?-norm and such that vy is in Lé (R?) with small norm if § # +o0, then
from (3.8)-(3.11)-(3.12)

sup(t4][S (H)vol4) < - (3.13)

The boundedness of |le™="w@p|, % which is stronger than (3.12) will be useful

in the proof of the decay rate Wlth L*-norm. It is given here for convenience.
With exactly the same proof, where d = 0 corresponding to § = 400 and d > 0
corresponds to § < +o0, it shows

1 1 o L
Ot~ ||woll; (Ilwoll7; + ll@ollz,)  when d#0,

X (3.14)
t= 1 [Jwoll 2 when d=0.

e~ ol 0 <

We now move to the nonlinear estimate. We first split the norm into small and
large frequency parts as follows

||/ S(t — 5)F(v(s))ds] s

< / S(t — 5)PsF(v(s))dsl| s + | / S(t— 5)QsF(v(s))ds] s (3.15)
<0 [ 186 ) BFGI g+ [ 18~ 9) QF s, g s

Notice that the last element in F' is zero and therefore
1S(t = 5)F(v(s))| < Clle @[ |F(v(s))].

For the small-frequency part, using (3.3), (3.4), Holder inequality, Plancherel The-
orem and (3.5), one obtains

/ 15(t - 5)F(v(s))|Fdg < C e~ 40091 143 B(v)| 4 dg
{l€1<d} {l€]<d}
< C(/e—4ﬁ(tfs)|£\2|€|4d€)§||P6B/(\V)||§2 (3.16)
13 3

4 8
< Ct -5 IPBBOIIE, < Ot — ) vl
For the large frequency part, due to (3.3), (3.4) and (3.5)

I1S(t — $)QsF(v))|

L4 SCeTTY) BEILN e P v (s)|I7y. (3.17)

L3 (1€1>9)

ol
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Therefore, since e #(=5) < C(t — s)~% for t — s > 0, we infer from (3.15), (3.16)
and (3. 17) that

||/ S(t— s)F(v(s))ds|| 1 ,/0 ﬁ”v(s)”%id‘g

. (3.18)
1 2 dS 1 1 2
< C(sup st(|v(s)l[rs) / ———5 = Ct7i( sup si[[v(s)||zs)”
0<s<t 0o sz(t—s)1 0<s<t
We then infer from (3.7), (3.13) and (3.18) that
(sup s|[v(s)l|zs) <7+ C(sup si||v(s)||zs)?. (3.19)
0<s<t 0<s<t

Let M(t) = supo<s<t{s%||v(s)||Li}, (3.19) implies that
CM(t)> —M@)+~v<0
for any ¢. Using the facts that M(0) = 0 and M(¢) is continuous nondecreasing

function with respect to ¢, one obtains M (t) is bounded, i.e.

sup s%||v(s)||Li <2y (3.20)
0<s<t

if the two roots of the quadratic form Cz? — x + v = 0 are real and positive
0 < r1 < 1, where 1 < 2v. Therefore if v is small enough (i.e v < %), the
mapping 7 (v) = S(t)vo + fo (t — s)F(v(s))ds maps the ball of radius r; in F
into itself. The proof for showing 7 is a contraction is similar and the Banach fixed
point theorem applies and therefore these exists a unique solution in E.

Remark 3.4. In fact, using (3.14), one can prove under the additional condition

Vo is in LE(RZ) with small norm when d > 0, that t3||V]| 4 is bounded by 2y which

4
L3

¢
is stronger than (3.20).

We now move to the second step of the proof. We prove that the solution defined
in the previous step satisfies the desired L? decay estimate (3.6). The estimate on
the linear term reads, due to Plancherel Theorem

15(t,€)%lI3, < © e TEE G, Pdg + © e |0 *dg
{1€1<3} {1¢1>3} (3.21)
< C(tH|voll7s + fmt”%”ig) < C(vo)t™".

The estimate on the nonlinear term starts by observing

H/St—s »@m;<0/nswwyf®m@w. (3.22)

We split the norm into small frequency part and large frequency part. On the small
frequency part, due to (3.4), (3.3) and (3.5)

[ I8t )Pl < o[ eI gl BB,
{l¢1<s} 3

_3
SOt —s)"2[[v(s)l[LalIv(s)ll2-
Similarly, on the large frequency part,

jf 18(t — 5)F(v(s)|2dE < Ce200- 8>jf €[2(B(v) [2de
GEL! {lg/>5} (3.24)

< Ce 2|y (s)|[ 14 ]1v(s)ll 2.

(3.23)
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We then conclude, by using e~2%(t=5) < C(t — s)~ %, that

t t C
II/0 S(t = s)F(v(s))ds||rz S/O mHV(S)HLiHV(S)”Lids

1 1 ¢ ds

< Cloupst vl s vo)log) [ 2y (329)
5>0 >0 0 s1(t—s)1

< C(sup s ||v(s)|| o) (sup 52 ||[v(s)|| 2 )t /2.
s>0 s>0

Therefore, due to (3.7)-(3.21)-(3.20)-(3.25)
t3[[v(t)|| 1z < Clvo) + cwsugsénv(s)HLg). (3.26)
s>

Then, if 7 is small enough, by moving (sup,- s%||v(s)||Li) to the left hand side of
(3.26), the proof is completed. O

3.2. Application to KdV-Burgers-type systems. A system is called KdV-
Burgers type if (3.3) is valid with § = +o00 in the linear estimates. From Lemma
2.3, this is the case when order(o) > 1, and either {v = 1} or {v = 0 and d = 0}.
Therefore For the KdV-Burgers-type systems, the following theorem holds.

Theorem 3.5. For system (1.2) with order(c) > 1, and either {v =1} or {vr =0
and d = 0} and for large t,

o if order(H) = —1, then for (Vno,ug) in L*(R2) N L*(R2) and small enough

in L?(R2),
@)z + 10tz < Ct3; (3.27)
e if order(H) = 0, then for (no,up) in L'(R2) N L?(R2) and small enough in
L*(R),
la@®llzz + lIn(@)llcz < Ct™2; (3.28)
o if order(H) = 1, then for (no, Vug) in L*(R2) N L?(R2) and small enough in
L*(RY),
IVa(®)l|zz + ()] < Ct2. (3.29)

Proof.  The theorem is going to be proved by splitting cases according to the
constants a,b,¢,d. The conditions order(c) > 1 and (C0)-(C2) implies that there
are three possibilities:

e b=d=0, a:c:%;

e b=0, d> 0, a and ¢ do not vanish;

e d=0,b>0,,a=c>0.
Case : b=d=0,a=c= %, so H =1 and order(H) = 0. Applying the Helmholtz
splitting to (1.1), the nonlinear system reads in a balanced form as

Py + v + isgn(wr)ol€[G = |£|(—% i),

~ . — U 3.30
3 + < + isgn(n)oTlE] = [€](— 5 ul), (3:30)

Jt‘FHZ:Q
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The theorem is valid if (3.5) is true with

i& |

[T U

B(v)=1| —iup [, v={4q]),
0 G

P5 = Id and Q5 = 0.
The first inequality is straightforward due to Plancherel theorem

I1BMIIZ: < C/(I?THI2 +1[u?*)d€ < C(|nllzs + llalls)

< C(lInl7s + llallzs + [117a)-

(3.31)

For the second inequality, we use that the operator that has symbol — ‘ EI which is
a vector valued Riesz transform, is bounded on any L2, 1 < p < 400, and then by
Holder inequality to obtain

IBOII, ¢ = C([lnul] 4 +|||u| II,4) = Clviizzlvilzg- (3.32)

Case II: b =0 and d > 0, a and ¢ do vanish. In this case, order(H) = 1 and the
system reads

i + vai) + isgn(wi)o|€| Hyg = |€|(— |£| 7)),

_Hlg i (3.33)

0, + = H = 0.

Ha, +eHq + isgn(w:)on|é] =

Again, the proof amounts to verify that (3.5) is valid with
_ i€
_ R n

B(v) = | - |u|? where v = | Hgq

2(1+d[€]%) H

Since the operator whose symbol is (1 +dj¢>)1H i is bounded on Lf for 1 <p <
400, we just have to prove that v — E nu and v — |u|2 satisfy the assumptions.
This can be demonstrated by using (3.31), (3.32) and the fact that H ' is bounded
on L for 1 < p < +o0.

Case III: d =0, b >0 and a = ¢ > 0. In this case, order(H) = —1 and the system
reads

— — H’1|£| ZE e
H-'n, + vaH 1y +isgn(wi)o|€l§ = ——=(—— -nu
~ ~ . =1 1 3.34
@ + <G+ isen(on)oF17J€] = [€](— 2 al?) (334
121\154'612}\: 0.

The bilinear term involved here can be handled exactly as in case Il with v =
(H'n, g, )" O
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3.3. Application to weakly dispersive systems. In this case, b > 0, d > 0 and
(3.3) is valid with § < +oc.

Theorem 3.6. For system (1.2) with b,d > 0, and either {v =1} or {v =0 and
order(c) = —1} and for large t,
o if order(H) = —1, then for (Vno,ug) in L*(R2), and (W),ﬁo) in L2(RZ) N
Ll(RZ) and small enough in LQ(RE) N Ll(Rz),

@)z + IVn(t)llz < Ct2; (3.35)

e if order(H) = 0, then for (1o, uo) in L'(R}), and (7o, Wo) in L*(RZ) N L' (RZ)
and small enough in L*(RZ) N L' (RZ),

()l + |In()]|L2 < Ct2; (3.36)

e if order(H) = 1, then for (no,Vug) in L*(RZ), and (ﬁb,ﬁo) in LQ(RZ) N
L'(RZ) and small enough in L*(RZ) N L' (RZ),

IVa(®)llzz + ()] < Ct2. (3.37)

Proof. We only need to check that system (3.1) fits into the abstract framework
of Theorem 3.1. We again split the study to the small frequency part and large
frequency part.

Small frequencies: the Ps part of (3.5) needs to be checked and the proof is the
same as that for Theorem 3.5.

Large frequencies: the Qs part of (3.5), i.e. for |£] > J, needs to be checked and we
again separate our investigation according to the order of H.
Case I: order(H )=0. The proof for the first inequality in (3.5) amounts to show

L Pl
1+ d|€|? L}

with v = (n,¢,7%)T. The proof is obtained by using order(H) = 0, the Hélder
inequality and Plancherel theorem which yield

lelE
rEl sc/ L uPliae
1+ d|€)2 L3 {leI>6} &3

{\€\>5}

c 22413 < C(0)|| [ul2]| (3.39)
S(A@ﬂmw /ﬂm|s ONNRDA

= CO)I[ull}, < COIVI,-

< VI (3.38)

1€]=>6}

We skip the proof of the analogous estimate on the bilinear term %ﬁﬁ because it
is very similar to this one.
The second inequality to prove in (3.5) amounts to prove

- 3
I (1 +|d||§|2|“|2) ez < Clivllzgllvilez.- (3.40)

Since H} C L%, one has by duality

Tl < Il
x
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Therefore, with the use of interpolation inequality [L2, L] 1= L3,

- €l
F 1( |2|u|2 g < Cll ]y <C||u||ig

1+d|g (3.41)

< C”“HL;&H“HL,{ < Clvllzallvilez-

We again skip the proof of analogous estimate on the bilinear term %ﬁﬁ because
it is very similar to this one.

4
Case II: order(H) = 1. We first prove the L¢ estimate, namely the first inequality
n (3.5). This amounts to prove that

IF (Il +|I|%|F(77u)|l i <OV (3.42)

3 3
L Lile1>s

{1&1=6}

where v = (n, Hq, Hi)T.

The second term in the left-hand-side of this inequality can be handled exactly
as in the previous case, since H~! is a bounded operator on L2. For the first term
in the left-hand-side of (3.42) we use the following trick:

={eligl >} coivn,

where

= {eflal> S el el 2= {glel> S el 1l

One then obtains

2 ou \/_ ou
—F(u-— 1 < 4
S gl g < IR A S,

{vaiei=s)
Using the same argument as in (3.39) and the fact that H~! is a bounded operator
on LZ,

IF(ul)l 5 <] (3.43)

4
3
LSZ

IF(u g < ClIvilz,

Q1
Since the similar estimate is true for ||,7-"(|u|2)||L% , it yields
2
IFI g < CUFuPI g +IFPI g ) < Cliviizs.
Q2

3
Liei>a Lo,

We now prove the L2 estimate, namely the second inequality in (3.5). By
8
Plancherel inequality, Sobolev embedding Wi“ C L% associated with order(H)=1,
and interpolation inequality [L?, L] 1= L3,
IF (a2 = Cllull7, < CIIVIIig < Clvllezlvllza- (3.44)

Together with the following inequality
[l < Clinull 4 < Clinllzzllallry < ClivilzzlIvilee, (3.45)

the theorem in proved for the case with order(H)=1.

Case III: order(H) = —1. In this case, the system reads (3.34), and with v =

(ﬁ ~1%5,1) the nonlinearity can be handled exactly as in the cases where order(H) =
0orl. m
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Corollary 3.7. For the Bona-Smith system (a = 0,b > 0,c < 0,d > 0) the decay
rates are valid if we are either in the partial dissipation case or in the complete
dissipation case. Solutions to BBM-BBM systems (a = ¢ = 0,b > 0,d > 0 satisfy
the decay rates in the case of complete dissipation v = 1.

3.4. L decay rate. In this section we prove the following abstract result

Theorem 3.8. With the same assumptions as in Theorem 3.1 and assume also Vg
is in Lé(RQ) with small norm when d > 0, and

IBON g+ 1B ag,, < ORI, g (3.46)
Then the solution defined in Theorem 3.1 satisfies
V|l < C(L+1)71 (3.47)
Proof. We are going to prove that
9]y <C+0)7, (3.48)

which will complete the proof of the theorem, since the inverse Fourier transform
maps L1 into L$°. From (3.7) and (3.4),

V@Il < 15(t)ve )vollry

(3.49)
/ IS(t — s)|¢|B(v )||L{m<§}ds+/ 15(t — 5)[¢|B(v) VLt oy, 98
For the linear part
||S( vollzy < (/ —pel’ d€)[[Vollrg, .,y T~ BfHAOHLue\») (3.50)

< Ct|vollrs + CeiﬁtHVO”Léa

which provides the desired decay rate since both vy and vy are integrable.
For the nonlinear part with small frequencies, using Holder’s inequality and the
assumptions above

/ e B=Iel | BEY)|.

{\£\<5}

t
C

gc/ P18 €] ||| B! dss/ IR

0 Le Lie<sy 0 (t—s)% r ?
<c</t 0 ) sup [9(s)] 1) up ¥ ()| 4)
N o (t—s)isa sgrt) Le s>g Lg
< Cysup(|[9(s)lIzy):

s<t

(3.51)

by recalling Remark 3.4 that sups>0(si||v( )|| 4) < 2+ which is small. Therefore

the upper bound in (3.51) moves into the left- hand side of (3.49).
For the nonlinear term with high frequencies

/||St—s|s|B< e c/ S (B ds,  (3.52)

{\£\>5} {1€1=6}
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and we proceed exactly as above using e #(t=%) < C (t— s)’% which completes the

proof. O
We now apply the abstract theorem to the KdV-Burger-type systems and weakly

dispersive systems and obtain the following theorem.

Theorem 3.9. For the systems listed in Theorem 3.5 and in Theorem 3.6,
IVllee <C(AL+8)7! (3.53)

where v is defined according to the order of H and the initial data satisfies the
corresponding conditions as in those theorems and also Vg is in Lé (R?) with small
norm when d > 0.

Proof. For KdV-Burgers systems and b = d = 0, H = 1, we essentially have to
check that for a pair of function f,g
19l

~

< CI Al gl 4. (3.54)

%
L¢ é

4 4
which is true since Lé * Lg C Lg. For the cases b = 0, d > 0, it is necessary to
check that

~

|Inﬁl|L§ + 1l a2l 4 < ClIll vl (3.55)

L+ dgP ™ g g

This is straightforward by using (3.54) and the facts that H-1 and ﬁ are in
Lg®. The only case remaining is with b > 0 and d = 0 which can be handled exactly
in the same manner.

For weakly dispersive systems, we again split the discussion according to the
magnitude of frequencies. For small frequencies, the proofs are analogous to the
KdV-Burgers case. For large frequencies, considering first the case with order(H) =
0, so the problem becomes to check that

1

7913 < COUI g + 1323107, ) (3.56)
With Holder inequality
1 —~ 1~
LTl g/ €= ae) 1731l 4, 3.57
g Tl < (f 167 01T+, (357)

and we conclude as in (3.54).
The other cases order(H) = 1 or order(H) = —1 can be handled exactly in the
same way.

4. Numerical simulations. In this section, the decay rates of the solutions are
computed numerically for the BBM-BBM system with full and partial dissipations.

The numerical code is based on a Legendre-Fourier spectral discretization in
space and a leap-frog Crank-Nicholson scheme in time (see [6] for detail). The
initial data is taken to be

- 05 —0.1((z—120)24(y—120)?)
n(x,y) e (1)

u=v=0,
on the computation domain [0,240] x [0,240] and the solution is computed for

t € [0,80]. The number of modes used in both x and y directions is 1024 and
At = 0.05. Since the solution is axisymmetric about the point (120, 120), the norms
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on u and v are the same and therefore only the norms on 7 and u are presented.
The decay rate r for function f(x,y,t), where f is 5 or u, in

1f] ~ G, as t — oo

is calculated by first computing

Il.f ()]
r(ty) = — BT
n) = T ,
log 7=
where the norm is either || - ||oo or || - [|z2, and then calculating the mean using a

constant least square fitting for the last 50 data which corresponds to ¢ between
77.5 to 80.

The first case is for the full dissipation, namely v = 1, on the BBM-BBM system
(b=d=2,a=c=0). The Lo norm and Ly norms of the solution  and u with
respect to t are plotted in Figure 1. It is clear that after an initial transition period,
namely after wave is generated from initial water displacement, the solutions decay
monotonically. The corresponding decay rate functions r(t) with f =n and f =u
with L..-norms and Lo-norms are plotted respectively in Figure 2. By calculating
the decay rate for ¢ large, as described above, one obtains

Inllpoe ~CtH20 and  luf| e ~ O™,
7l pz ~Ct** and  ful|p2 ~ Ot~

The Figures and the decay rate of r confirm the theoretical results in Theorem 3.6
and in Theorem 3.9 and the small data requirement might not be necessary if other
methods are employed.

(4.2)

fInil, and [full finll, and || ull

FIGURE 1. The left figure is for ||5||o (solid line) and ||u||~ (dash
line) with respect to ¢ and the figure on the right is for ||n||z2 (solid
line) and ||u||z2 (dash line).

The second case in for the partial dissipation v = 0 on the BBM-BBM system.
This is a case which we do not have the theoretical proof. In fact, for the linearized
system, one can show, just as in the corresponding one-dimensional case (see [7]),
that the solution can decay arbitrarily slow depends on the initial data. But for
this initial data, which consists every frequency, we observe the decay rates, which
is almost identical to the case of full dissipation,

[l ~ Ct=H% and Jullp~ ~ CEH2E

4.3
t7%47 and  ||ul|gz ~ CtO4T. (43)

[nllr2 ~C
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FIGURE 2. The plots of r(t,) with
solid line on the right and

[|u|lo: dash line on the left; ||nlr2:
|u||2: dash line one the right.

We also tested numerically the case where we only apply the dissipation on the

first equation. The numerical results read
N||pee ~ Ct 8 and ullp= ~ Ct_l'm,
Il Jul )

InllLz ~ Ct=%47 and ||lu| g2 ~ Ct~%48.

In summary, our numerical simulations confirm the theoretical results and demon-
strated the theoretical results are sharp. Furthermore, for the systems we were

unable to prove rigorously the decay rates, a prediction is given.
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