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ABSTRACT. Multilevel methods are indispensable for the approximation of nonlin-
ear evolution equations when complex physical phenomena involving the interaction
of many scales are present (such as in, but without being limited to fluid turbulence).
Incremental unknowns of different types have been proposed as a means to develop
such numerical schemes in the context of finite difference discretizations.

In this article, we present several numerical schemes using the so-called multilevel
wavelet-like incremental unknowns. The fully discretized explicit and semi-explicit
schemes for reaction-diffusion equations are presented and analyzed. The stability
conditions are improved when compared with the correspondingstandard algorithms.
Furthermore the complexity of the computation on each time step is comparable to
the corresponding standard algorithm.

1. Introduction.

In the past, the approximation of nonlinear evolution equations was mostly re-
stricted to short intervals of time or to long intervals of time when the solution
converges to a stationary one as t — oo.

The new technologies and the increased power of the new computers offer to
the numerical analysts new challenging problems, namely the approximation of
nonlinear evolution equations on large intervals of time when complex physical
phenomena appear. New numerical methods adapted to such problems need to be
developed (see [9]); in particular multilevel methods are needed in order to treat
appropriately the different scales appearing in a complex problem and to resolve at
reasonable cost the smaller scales.

Incremental unknowns have been proposed as a means to address this new type
of problems when finite difference discretizations are used. The idea is to treat

differently the small and large scale components of a flow and in this way to avoid
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stiff systems; to save on computing time; and to obtain better CFL (Courant-
Fredriche-Levy) stability conditions (see [9]).

After studying linear elliptic problems in [1] and [2], we consider here nonlin-
ear evolution equations. As a first example, we apply the multilevel wavelet-like

incremental unknowns to a Reaction-Diffusion equation:

Ou

a—uAu—l—g(u) =0 in £, (1.1)
u =0 on 012, (1.2)
u(x,0) = ug in Q. (1.3)

Here v > 0,€) is an open bounded set in IR™ with sufficient smooth boundary and

2p—1

g(s) = Z bjsj, bap—1 > 0.

=0

For the sake of simplicity, we shall consider only the one-dimensional case and
2 =0, 1] in the rest of the paper. The higher dimensional cases can be treated in
the same way. The definition of the wavelet-like incremental unknowns in dimension
two can be found in [3] and it is recalled below in dimension one.

The article is organized as follows. In Section 2 we recall the definition of the
wavelet-like incremental unknowns (WIU) and describe their implementation in the
space discretization of problem (1.1)-(1.3). Then in Section 3 we consider space and
time discretization. Four different schemes are proposed which are of the nonlin-
ear Galerkin type. Finally in Section 4 we develop the stability analysis of these
schemes. The limitation of the time mesh & = At are much better than those
obtained with usual one-level spatial discretizations. Of course as usual for non-
linear problems, our stability analysis provides only sufficient stability conditions;
however there are also numerical simulations performed for Burgers equation which

confirm these improvements [5].

2. Multilevel Wavelet-like Incremental Unknowns (WIU).

In this section, we shall transform a spatial finite difference discretization in terms
of U into a scheme involving Y and Z where U is the finite difference approximation
of the solution w, while Y represents a coarse grid approximation and Z represents
a fine grid correction (the incremental unknowns).

Considering spatial discretization by finite difference with mesh size

hg=1/(22N + 1), where N € IN, we have

U,
ot

+ VAhd Unhg + g(Uhd) =0, (2'1)

where Uy, 1s the vector of approximate values of u at the grid points, Uy, € R*'N
and Ap, is a regular matrix of order 2?N. For simplicity, we write Ay = Ap,,Ug =



Uh,. When a central difference scheme is used for the convection term, we have

AUali) = = (20a(i) = Uali + 1) — Uali — 1)),

hg
where Ug(7) is the finite difference approximation of w at & = ihg. Ordering
Ua(i),i = 1,2,...,2¢N in its natural way, we see that A, is a tri-diagonal ma-

trix.

We now introduce the (d + 1) levels Wavelet Incremental Unknowns (WIU) into
equation (2.1). We first separate evenly the unknowns into two parts, one part
represents a coarser grid approximation, another represents a correction to the
coarser grid approximation. We obtain 2-level wavelet-like incremental unknowns.
After the first split, the unknowns which represent a coarser grid approximation
can be separated again into two parts ... . After d-time of separations, there are
N unknowns (Y part) which represent the coarsest grid approximation and each
of them is an average of 2¢ unknowns from Uy. The other (2¢ — 1)N unknowns (Z
part) are the correction of Y to bring the total accuracy of the approximation into
the accuracy of Uy.

We now introduce the first separation. The incremental unknown Uy in this
level as stated consists of two parts:

o the coarser grid approximation which is the average of two neighboring values of
finer grid
ya = (Ua(2i — 1) + Ua(20))/2, i=1,...,27'N, (2.2)

o the increment on the fine grid approximation
2 = (Ua(2i — 1) = Ug(20))/2, i=1,...,277'N. (2.3)

The transformation from U, to incremental unknowns Uy is the inverse of (2.2)
and (2.3):
Ug(20) = ygi - Zgi—lv

d

, . fori=1,...,2¢7'N. (2.4)
Ug(20 — 1) = 2554 + ya,

We reordering Uy into Uy by letting
Ug = (Ua(2),...,Ug(2'N),Uq(1),... . Ug(2'N —1))7,

and we see that

Uq :Pdﬁd,

where P; is a permutation matrix. We then write (2.4) in the matrix form

Uy = S0y,



where Uy = (Yy, Z4) = (yg,...,yng,zf,...,zng_l), and
1 0 ... 0 -1 0 ... 0
1 ... 0 0 -1 ... 0
s oo 10 0 | (L —L
110 ..oo0 1 0 .0 | \Iuy Loy )
0 1 0 O 1 0
O 0 ... 1 0 0o ... 1

I;_1 being the identity matrix of order 297! N . We can easily see that S~! =
%ST, and
Us = P;S.U,. (2.5)

Substituting (2.5) into the finite difference equation (2.1) and multiplying the
equation by (P;S¢)T, we find

a(Pde)TPdeUd
ot

+ v(PySq)T AqPySaU g + (PySq) T g(PyS4U4) = 0.

Noticing that P} Py = I;, ST Sy = 21, P} and g commute, we obtain

ou _ _
za—td 4+ vSTPT AP SUg+ ST g(SaU4) =0, (2.6)

which is the finite difference scheme obtained when 2-level wavelet-like incre-

mental unknowns are used. Equation (2.6) is equivalent to (2.1) except that we

have replaced Uy by Uq = (Yy, Za)?.

We can again introduce the next level of WIU on Yy by repeating exactly the
same procedure. Let

- T -1 d—1 d—1 _d—1 _d—1 d—1 T,
Yd:(Yd—th—l) :(y4 yYs s lgapni %2 9% 7"'722dN—2) )

we replace Uy by Yy and Zy by Z;-1 and change the corresponding subscript in
(2.4). Namely, we define

d d—1 _ _d—1
{ . . 21—1 4;_? fori=1,...,2972N. (2.7)
Yaioz = Zai—2 T Yai

Therefore,
Yy =Py_154-1Y g,

where Py_; 1s a permutation matrix of order 241 N and

Ij—o —1I5-9
Si_1 = )
-t (Id—z Ij— )



Noticing that the size of Yy is only half that of Uy, we let

Ud—l — (Yd_l,Zd_l Zd)T7

) ﬁ
~ (P10 (S 0
o= (P ) s = (55 )

Here ﬁd_l and §d—1 are matrices of order 2 N. We see that

PPl =1,  S,;5F =21,

Uy = ﬁd—lgd—lﬁd—l-

Generally for | =d —1,d —2,...,1, we define Y11 = (Y7, Z;)T and

yéj—lz“i = yéd—l+1i — Zéd—l+1l‘_2d—l, ] ;
. l l fori=1,...,2"71N. (2.8)
Ygd—i41;_gd—1 = Zod—1+1;_9d—1 + Yga—it+1;,
We can easily see as previously that
Vigr =PSY,, l=d-1,d-2,...,1, (2.9)

where P, .S; have similar structures as P; and S; but with different sizes. We can
include (2.5) into formula (2.9) With [ = d by denoting Yy = Ug and Y, = Uy.

Setting U; = (Y7, Zi, \/—Zl Tooons Zd) we obtain

9 \/—d [
U, = PBSiU_, (2.10)
where
~ (P 0 ad ol
Pl—<0 Ika>, where k= (2° —2")N.
i -1 0
~ Y 0
S=| 1. I 0o | = ,
! -1 -1 (0 Ik><k>

0 0 V2Iksk
ST =21, PPl =1,

Substituting (2.10) into equation (2.6) successively with [ = d,...,1, we obtain

the evolution equation expressed in terms of Y and Z where Y = Y, Z =
(Zo,%zl,...,\/_dZd) :
daUO T TT T TT

Wlthszﬁdgdﬁlgl



3. Nonlinear Galerkin method.

In this section, we propose some new schemes based on the utilization of the
incremental unknowns introduced in the last section. The new schemes will not
only simplify the formulas which make them easier to implement, but also improve
the stability conditions comparing to the corresponding schemes in the last section
while maintaining the same complexity of the computation (see Section 4). The
schemes we shall propose are obtained by neglecting some small terms involving
Z. A partial justification of these schemes can also be seen through the dynamical
system theory (c.f. [6], [7], [8]). In this section, we shall first propose the new
treatment of the spatial discretization. We then propose several fully discretized
schemes. The stability conditions for the fully discretized schemes will be presented
in the next section. The convergence of these schemes can be proved by using
the stability results in the next section and then proceeding as in the proof of
convergence of the nonlinear galerkin method for Navier-stokes type equations in

We now analyze (2.11) and start with d = 1; we write

2% + I/SgP(;FAdeSdUd + Sgg(SdUd) = 0.

g U - T =154 Yy _ Yo — 24
T\ Limr I Za) \Ya+Za)’
T = PR PR 9(Ya— Z4)
Sa19(SaUq) = <_]d_1 Id_1> (g(Yd + Z4)

_ (g(Yd ~Zq)+g(Ya+ Zd)) _ (29(Yd) + 0(|Zd|2)>
9Ya+ Za) — 9(Ya — Za) O(|Zal) '

We therefore obtain the 2-level nonlinear galerkin method

A B .
22 (1) +vsipfamisita vz (457 ) <o

(3.1)

by neglecting a O(|Z4]*) term in the evolution equation for Y; and a O(|Z4]) term
in the equation for the evolution of Z;.

Now, when d = 2, we have

oU 41

48t

+vSTASU 1 + §g—1ﬁdT—1 Sgg(sdﬁd) =0.

Using the approximation for (3.1), P;_; and ¢ commute, we have

~p — ~p Y,
Sg—lpdT—lsgg(SdUd) ~ QSg—IPdT—l (g(od)>

—9 Si-1 0 ﬁf—1g(ﬁd—15d—l?d) —9 Si-19(Si_1Y )
0 Ipxk 0 0 '



We can again use the same approximation technique as for (3.1) and obtain

o _ Ya_
ST Pl STg(S,U,) ~ 4 (9( 3 1)> .

Therefore, we can easily see that the nonlinear galerkin method with the use of

(d + 1)-level incremental unknowns leads to equation

0 (Y — (Yo)
d Y 0 T d { g\to _
28t<Z>+VS AgSUg +2 ( 0 =0 (3.2)
where Yy € IRY and Z is a vector of dimension (2¢ — 1)N.
From the theory of inertial manifolds, we sometime prefer to neglect also the %
term. Therefore, another similar scheme can be proposed
0 (Y = (Yo)
a9 ( Yo T a{9lo)\ _
28t<0>+u5 AgSUG +2 ( 0 >_0. (3.3)

Now we consider time discretization. We can easily obtain an explicit scheme

for (3.2) by using the explicit Euler scheme.

Scheme 1. FEzplicit scheme

9d ynrtl _yn T —n d g(Y")
?<Zon+1_zon>+ys AaSTG +2' (9107 ) =0,

Based on (3.3), we can also obtain a similar scheme by omitting the discretized

time derivative of Z:

Scheme I’.

2d n+l n —n n
— (YO . Yo ) + ST AT 4 21 (9(5(;0 )> 0.

Alternatively, taking a backward Euler scheme for the time discretization of the

linear terms, we obtain semi-implicit schemes:

Scheme II. Semi-implicit scheme

2d Yn—l—l _ynr T 1 p g(Y")
?<Zon+1_zon>+ys AgSTG 2t (910 ) <o,

Scheme II°.

2d n+1l n —n n
- (YO 0 ¥g > +uSTA,5T 4 2d (9(1(;0 )> =0.

The effective implementation of the above schemes is very similar to using incre-
mental unknowns for solving linear problems (c.f. [1], [2]). The product of ST 4457
with a vector can be obtained without writing out the explicit form of S; O(2¢N)
flops are required which is the order of flops required for the product of A; with a

vector.



4. Stability Analysis for the Fully Discretized schemes.

Let V4, be the function space spanned by the basis functions wy, ar, M = 1hg,1 =
1,2,...,2¢N; wh, in, is equal to 1 on the interval [ihg, (i41)hy) and vanishes outside
this interval; let wp,(2) be a step function in Vi, and wus,(x) = Ug(0), for ihy <
r < (14 1Dhg,i =1,2,...,2¢N. Hence

29N
uhd(x):ZUd(i)whd7ihd7 x € .

=1

We introduce the finite difference operator

Vidle) = o (ol + ha) — o)),

and endow V},, with the scalar product

((uhd » Uhg ))hd = (vhduhd ) vhd Uhg )7

where (-,-) is the scalar product in L*(Q). We set || - [|ln, = {((-,))n, }*/? and
observe that || - |5, and |- | are Hilbert norms on Vp,,.
Using the space V},,, we can write the finite difference discretization scheme (2.1)

in variational form as

Jup,

(8t

7u) + V((uhdvﬁ))hd + (g(uhd)7ﬁ) =0, VueV,. (4'1)

We can recover (2.1) by choosing @@ = wh, in,. It is not hard to see that we can
recover the definition of wavelet-like incremental unknowns by a suitable decompo-
sition of the space Vj, (c.f. [3]). We define YV, (or simply YV;) as the space spanned
by the basis functions ¥2p, ar, where M = 2ihg,i = 1,2,..., 297 N; here wan, 2:n,
is equal to 1 on the interval [2ihg — hq, 2ihg+ hg) and vanishes outside this interval.
Thus

2¢—1 N

ya(r) = Z Ya(2tha)Von, 2ihg x €Q, Yyq € Vi

=1
We then define Z; as the space spanned by xn, M = Why M — Why, M+h,, Where
M = (2i —1)hg,i =1,2,...,297N. We have

2¢—1 N

Zd(x) = Z Zd((Qi — 1)hd)X2hd,2ihd—hd7 x €Q, Vzq € Z,.

=1

Therefore,
Vhe = Va @ Zq. (4.2)



We now decompose the approximate solution uy, € Vp, into:

Uhy = Yd + Zd, Ya € Vi, 24 € Z4q.

By identifying y4 and z4 on each interval [2ihg — hg,2ihg + hg),i = 1,...,2¢7IN

and writing y4(2tha) = y%;, za(ihg) = 24

77

With decomposition (4.2), (2.6) is identical to

we obtain exactly (2.4).

53]
(%7@ +v((ya + 24, 9))ng + (g(ya + 24).9) =0, Vg€ Va

(Evz)—l_y((yd—l_zdvg))hd—I_(g(yd—l_zd)v'g)zov vgdezd

Multilevel incremental unknowns can be recovered in a similar fashion. We

decompose Vi, [ =d,..., 1, into

Vi=Vi—1 D Zi—1,

and we recover (2.8) by defining V;_; and Z;_; accordingly. We therefore see that

for any function up, € Vp,, we can write it as
Upg =Y T 2,

where y =yp, € Y =Joand 2 € Z =Z0B Z1 & --- P Z4; Vo 1s a function space
spanned by the step functions with step size hg = 2%hq and

(y,2) =0, Yyé&,Vz€ Z.

Equation (2.11) is therefore identical to

Oyn, . . . .

( g: 2 9) + v((yno + 2,9))ng + (9(yno +2),9) =0, Vy € b,
0z _ . . .
(G5 + 7((no 22D + (glun +2),2) =0, W€ Z,

and (3.3) is identical to

( ayho
ot

7g)+y((yho +27g))hd +(g(yho)7g) :07 Vgeyo,

0
(a—jaf) +v((Yny +2,2))n, =0, VieZ.

(4.3)

Before presenting the stability theory, let us introduce some easy lemmas. Their

proof can be found for example in [4].



Lemma 2.1. There exist constants c¢1 and co such that the function g above satis-

fies

1
g(s)s > 562],_1321’ — ¢, (4.4)

g(s)? <265, 18" feay Vs, (4.5)

Lemma 2.2. For every function up € Vp,

1
2 < S —
\/_|uh| = HuhHh = Sl(h)|uh|7

where S1(h) = h/2.

Lemma 2.3. For every function yn, € Yo,

S2(ho)yn |20 < [ynol?s with Sa(ho) = ho.

— e 1
Sl(ho,hd)Hyhlod < |yho|7 with Sl(h()?hd) = 5 V hoha.
Here |yngy|oo s the mazimum (L) norm of yp,.

Theorem 2.1. Stability condition for Scheme I
We assume that k < Ko for some Ky fized and let

1 .
My = |u(,)ld|2 + ;(Cl + CQIXO)|Q|.

If
ko1, 24
— < — (= 4.6
h§_41/(2—|-2d) (4.6)
and o)
k 20p—
— < PESR (4.7)
(hd)p 462]9—1-2\40
we have for Scheme I the following estimate:
|uzd|2 = |y;;‘0|2 + |Z"|2 < My for any n > 0. (4.8)
Proof. Using (4.3), we can write Scheme I in its variational form:
n+1 n
Yo  ~ Yho - n n o~ n oy s .
- . ho ) ha ho /) =Y, 05
(= 9) +v((Yho + 2" 9)ha + (9(Yn,),9) =0, Yy e
(4.9)
Zn—l—l — N
( ? ,2)—|—1/((y,’;‘0—|—2",§))hd =0, Vze?Z.

(4.10)



We let § = 2kyy in (4.9) and Z = 2kz" in (4.10) and add these relations, since
2(a —b,b) = |a|* — |b|* — |a — b|*, we obtain

o R T R L T e e e e e e

+2kvlyi, + 2", +2k(9(yh, ). vh,) = 0.
By using (4.4) in Lemma 2.1, we find

o 1 L o e e E R LA

+ 20wy, + 2"+ Kbaper [ (o, e < 2her[ 9.
Q

|yh0 n|2

Now, let y = k(y, "+1 — Yy, ) in (4.9):

it = yi [P kv (i, + 2" un =y )+ k(9(uh, ) v — i) = 0.
We obtain by using Cauchy-Schwarz inequality and Lemma 2.3

n+1 n+1 n+1

et =y 12 < Evllyn, + 2" g lui™ = villea + Ela(yh,)] Iy —y |

1
+1 2 2y +1 2
= kum"yho 2 kg lyny ™ = Uho | + K g(yh )" + Iy" — Yhy|

E21?

m”y& ‘|'ZnHid-
1 (oK

Iy”+1 v P+ K g(yp )P +

Therefore
2k?%1?
S1(ho,ha)?

We can bound |z"*! — 2"|? by the same method. Let Z = k(z"T1 — ") in (4.10):

it —yn 1P < 2k [g(yp )P + i, + 2"1I7,-

|Zn+1 . Zn|2 T ky((y;zo + Zn7Zn—|—1 . Zn))hd —0.
We therefore obtain using Lemma 2.2 with h = Ay,

R - S T R T

n+1 _Zn ]

1
< kv—7—||ly}
= Sl(hd) Hyho

+ Zthd |Z

Therefore
)

|Zn—|—1 o Zn|2

2
= Sl(hd)z Hy;:o + Zthd‘
Combining these relations, we see that

k22 B k212
S1(ha)*  Si(ho,ha)?

T kbypos / (yp )PP de < 2ker | + 282 |g(yp ).
Q

e e N e N e e R A

Myi, +="1l3,



Using (4.5) pointwise and Lemma 2.3, we obtain
K lg(yn,)I* < 2k°03, 1/(y20)4p_2d:1:+k202|9|
Q

<A, Jyp 2 / ()PP de + K es| ) (4.11)
Q

2202, _,

2p—2 n \2p 2
< bl [ e+ ol

This yields

k22 k212

n+12 n |2 n+12 |2
— + |z — |7 + (2kv — -3
ig 1" =i+ 1 = 1+ Gk = 5 — 5 o

)Q)Hy};‘o + 2[5,

4k*b3,

Ebyp—i — =
+ (kbap—1 — Sy (o )P 7|y,

2-2) /Q (U2 de < 2ker || 4+ 2K |9,

Since S1(ha) = ha/2, Si(ho.ha) = 5v/hohd, S2(ho) = ho,

2kv 4k

A B T e e I e A7
4kzb%p—1 n (2p—2 n \2 2
+ (kbap—1 — ?|yho| P ] (k)P de < 2ken [ + 27 e2|€2].
o Q

We are now ready to prove Theorem 2.1 by induction:

e g = 0 is obvious since |y20|2 + 12°)% < M.

e Assuming (4.8) is correct up to ¢ = n, we then have |yj |2 4+ [27]? < M.
e For ¢ = n + 1, using condition (4.6) and (4.7), we write

g 1= Ly [P " = P+ Rellys, + 2", < 2k |Q] + 26| Q.
With the use of Lemma 2.2 and |y + 2"|* = |yp |* + ["[*, we obtain
g [ " < (1= 2Ry, |* + [27F) + 2k Q] + 267 2]

Using above inequality corresponding to n,n — 1,...,1,0, we obtain

i R < (1 = 2h0) T (g, P+ 1201
+ (14 (1 = 2kv) + (1 = 2kv)? + - + (1 = 2kv)")(2key |Q] + 2k% | Q2|)
1

———(2kc1|Q] 4 2k |9]).
Ty (helfl + 2K el0)

< (1= 2kv)" (|5 [P+ 12°17) +
Therefore

Q -
P 2 < (1 2k (5 2 4200+ e+ Eoea) < Mo, (412



Hence (4.8).

Remark 1. By using the same method, we observe that the stability condition for
the classical explicit approximation scheme of (4.1) (i.e. two levels in time, one

level in space) reads

1
< =
- 8v

SeES

and

k 1
<

. 4.13
RN T by, MPT! (4.13)

Since for d > 1, % > %, we observe an improved stability for any d > 1. When
the nonlinear effect is strong, that is when (4.7) and (4.13) are dominant, the
stability condition of the nonlinear galerkin method is better. The time step can

be taken about 24P~ larger than the step size if we deal with wuy,, directly.

Remark 2. From (4.12), we see that there is an absorbing set in the L?-norm for
the approximate solution. That is there exists an Ry > 0 (Rp = @(Cl + Koez)),
which depends only on ¢ (and not on & and h), such that the ball centered at origin
with radius R, Br(0), for any R > Ry absorbs the solutions: namely for any initial

data o, we have |y |* 4 [2"]* < R when n is large enough.

Remark 3. We have better stability results for Scheme I’. But the equation involving
z becomes implicit which might add the complexity of computation.
In order to present the stability condition for Scheme II, we need the following

well-known result:

Lemma. (Discrete Gronwall Lemma)

Let a™, 0™ be two nonnegative sequences satisfying
+ Aa"tt<b" B <b, ¥n>0.

Then,
n 1 o  14+EA 1

S 1— b
Sarad P Y gy b
provided k > 0 and 1 4+ kX > 0.

Vn > 0,

a

Theorem 2.2.

Assuming k < Ko for some Kq fized, we set

1+4Kqv

My = |yno|* + |z0|* + 1

(201 + CQIX’0)|Q|.

Then of
2 od(p—1)
<

(ha)P= = 2bgp_ MP™V

(4.14)



we have for Scheme II the following estimate:

lyi |2 + |27 < My for alln > 0.

Proof. Again, we first write Scheme II in its variational form

n+1 n
gt =y . - X
(Fho——te - o)+ o((yptt 4 2L ), + (9(h).9) =0, Vi€ M,

(4.15)

T 4yt 42 ), =0, Vie Z.
(4.16)

We let g = 2ky"+1 in (4.15) and 7 = 2kz""! in (4.16) and use 2(a — b,a) =
la]* —]b]? + |a — b|* and inequality (4.4). We obtain after adding these relations
D vy R R L L e a1
= —2k(g(yi, ) yny ) = —2k(g(un,). i — wh,) — 2k(9(yi, ). vi,)

< —=2k(g(yi ), ypt 't = yh,) — kbap— /Q(yﬁ;‘o)zpdx + 2ke1 |9,

e R e LR B R EL R Fa s

+2kv ||y + 2T G 4 kbop / (yiy)*Pde < =2k(g(yil, ), ynt =iy +2ken Q).
Q
Now using formula (4.11)

—2k(g(yi), upt = ui,) < 2klg(yr ) lyptt = wit | < lyptt = wil 1P+ B lg(yi) P

%22
2ol |0 (292 / (y )PP de + K|
Q

n+1 2
< |y yh0| SZ(hO)p 1| ho

We therefore obtain

o e A e i e i L o e T [ 19
by

kbep—1(l — —5——
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Lemma 2.2 yields then
Yo 1P = Lyi, [P 4 12T = 2P 4 Ak, 2" < 2k Q]+ K e[

Since
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we have
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Now the discrete Gronwall lemma implies
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Remark 4. Comparing the stability condition of Scheme IT with that of the standard
semi-implicit approximation scheme of (4.1), we see that the size of the time step

can be taken 24P~V times larger.

Remark 5. As in Remark 2, any ball Br(0) with R > Ry is an absorbing ball,

where Ry = #Kﬂ@cl + Koez).
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