MA 30300
Chapter 10 practice

NAME INSTRUCTOR

1. Instructor’s names: Chen

2. Course number: MA30300.

3. TEST/QUIZ NUMBER is:

01 if this sheet is yellow
02 if this sheet is blue
03 if this sheet is white

4. Sign the scantron sheet.

5. Laplace transform table and a formula sheet on Fourier series and some PDEs are provided
at the end of this booklet.

6. There are 20 questions, each worth 5 points. Do all your work on the question sheets.
Turn in both the scantron form and the question sheets when you are done.

7. Show your work on the question sheets. Although no partial credit will be given, any
disputes about grades or grading will be settled by examining your written work on the
question sheets.

8. NO CALCULATORS, BOOKS, OR PAPERS ARE ALLOWED. Use the back of the test
pages for scrap paper.



1. Find all T'(t) such that u(z,t) = cos(2z)T'(t) is a solution of

Ay = Uy
A. T(t) = cret + cpe™.
B. T(t) = c1e® + coe™ 2.
C. |T(t) = ¢ cos(4t) + ¢y sin(4t).
D. T(t) = ¢1 cos(2t) + cosin(2t).
E. T(t) = ¢y cos(t) + cosin(t).

2. Find the equation for Y (y) such that u(x,y) = e **Y (y) is a solution of

Uz + yu, = 0.
A Y —n?Y =0
B. |yY =AY =0
C. yY' —n?Y =0
D. yY" =AY =0
E.yY+AY =0

3. Determine whether the method of separation of variables can be used to replace the
equation u,, — xuy = 0 by a pair of ordinary differential equations.

A. The equation can be replaced by X” — AxX = 0, T + A\T' = 0, where \ is some
constant.

B. The equation cannot be replaced by a pair of ordinary differential equations using
this method.

C. The equation can be replaced by X" + AX = 0, T 4+ AzT = 0, where ) is some
constant.

D. The equation can be replaced by X"’ — AX = 0, T” + AT = 0, where X\ is some
constant.

E. | The equation can be replaced by X” + Az X =0, 7" + AT = 0, where A is some constant.
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4. Which is the solution for

*u  D*u

4 = <zr<l1 >
8x2+8y2 0, 0<z<1,y>0
u(0,y) =0,  u(l,y)=0

u(z,0) = 2sin(3mzx), lim u(x,y) =07

Y—00

. 273 sinh(37x)

2e 3™ sin(3m)

A
B.
C. 2sinh(37y) sin(37x)
D
E

. 2sinh(37my) cos(3mx)

. none of the above.
5. Find the eigenvalues and eigenfunctions of the given boundary value problem:
u" =20+ Au=0, u(0)=u(r)=0
(Assume A > 1)

C A =022 w(x) =sin(n+ 3)mr, n=1,2,...
- A =0212 u,(z) =sin(nrx), n=1,2,...

A
B
C. \y=n*+1, uy(z) = e Tsin(nz), n=12,...
D
E

A =02+ 1, uy(z) = e®sin(nz), n=1,2,...

A =0+ 1, uy(z) = e cos(nz), n=1,2...
6. Solve the boundary value problem if possible:

y' +4y =cosz, y(0)=0, y(r)=0.

=0 Qwp
<
A/E%\/—\/-\

:
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7. Find a, such that the functions 1 and 2z — ax? are orthogonal on the interval (0, 3)

A.

Wl
|=

=55 aw

OJHN)w

8. Given that the Fourier series of period 4 for the function f(x) = 2—|z| defined on (-2, 2)

is
- nmw
ap + ; ancos(T).
What is the value of as?

A.

B.

9. Let g(x) be the Fourier sine series of period 4 for the function f(z) defined on (0,2) by

1, 0<wz<l,

1<x<2.

Determine the values of g(0), g(.5) and g(5). Hint: Use the Fourier Convergence Theorem
rather than finding coefficients in the series.

A. -1, 0, -1

=50 Qw
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10. The Fourier sine series of period 4 for the function f(z) defined on (0,2) by

11.

1<x<2.

1, 0<z <1,

is

A f}lu—cosﬁ—”»%sm(?)
B é(l—au(”—”))n%sm(W)
30— (1) Zsin )
D 2(1—(—1)")Esin(nm)
E. 2(1 - cos(%”))% sin(nmz)

The Fourier series for the following periodic function:

2, if0<ux<l,

f(x):{l’ if—1§x<0,’ flz+2) = f(z) forall x

% + fo:l(l - (—1)n)# sinnwx
5 o (1= (=1)")55 cos

1+ 2211(1 B (_1)n)nL
14+ >02 (1= (=1)")-2(cos nx + sinnz)

—1 n+1 .
2y ( i sin nmx

—(cosnmx + sinnmw)

= O aw >
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12.

13.

14.

Let f(x) be defined as
1, —2<z<0
f@%_L, 0<z<?
[z +4) = f(x).
Denote by Sy(z) the finite sum of Fourier series of f(z), that is

N N
a nm . nmw
Sn(z) = EO + g an cos(Tx) + E by, 3111(7:1:).
n=1 n=1

For fixed integer k, which of the following statement is correct?

. th%oo SN(Qk + 1) 1)k+1

A = (-
B. limy_seo Sy(2k 4+ 1) = (—1)V+!
C. lmy_yeo Sy(2k+1) =0
D
E

limy oo Sy (2k + 1) = (—1)F
. The limit of Sy(2k + 1) as N — oo does not exist

Which u(z,t) does NOT satisfy the following equations

Ugre = U, O0<zxz <1, t>0
u(0,t) =0, wu(l,t)=0

A. u(xz,t) =0

B. u(zx,t) = e " sin(31x)

C. |u(z,t) = e ™ tsin(2mz)

D. u(z,t) = e ™ tsin(rz) — e 4" sin(27z)
E. u(z,t) = —5e 4! sin(—2mz)

Let u(z,t) satisfy the heat equation
Upe = U, O<ax <1, t>0
u(0,t) =0, wu(l,t)=2
u(z,0) = 2z + sin(mx).
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15. Let a silver bar 20cm long be initially at uniform temperature 40°C. Suppose that at time

16.

t = 0 the end z = 0 is cooled to 0°C while the end z = 20 is heated to 60°C, and both
thereafter maintained at those temperatures. For silver, the thermal diffusivity is known
to be 1.71 ¢cm?/sec. Then the temperature u(z,t) at a point = centimeters from the left
end, at time t seconds satisfies which of the following?

(1) u(x,0) =0, wu(x,20) =60 for 0 <z < 20
(2) u(0,t) =0, u(20,t) =60 for ¢t >0

(3) u(x,0) =40 for 0 < x < 20

(4) 1.71uz, = uy for 0 < x < 20,t >0

(5) 1.71uz, = uy for 0 < x < 20,t >0

—
—
S~—"
—
\)
S~—
—~
=~

(2
(1

Solve the temperature u(z,t) which satisfies the heat equation and the following initial
and boundary conditions,

- (2), (3), (%)
(1), (3), (5)

Up = Uge, >0, 0<x<2
ur(0,8) =0, wuy(2,¢t)=0, ¢t>0
u(z,0) =10, 0<x <2

Al fu(x,t) =10
B. 1 sin(4a)(sin(4t) + 5 sin(8z) sin(8t)
C. sin(2z)(sin(4t) + sin(4z) sin(8¢)

D. Z(l — (—1)")% sin(nz)e ™
E. Y (1- (—1)”)%sm(@)e_n5ﬂ
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17. Let v(z) be the steady-state solution of the heat conduction problem:

Ugy = U,
(0, ) = 50,
u(30,t) = 20.

What is v(10)7

10
20
30

50

=59 Qwp»>

18. Which u(z,t) does NOT satisfy the following equations

QMpe =uy, O<z<m, t>0
uw(0,t) =0, wu(m,t)=0

u(z,t) =0

u(x,t) = £ sin(4x)(sin(4t) + 5 sin(8z) sin(8t)

u(z,t) = sin(2z)(sin(4t) + sin(4x) cos(8¢)

u(z,t) = 7§ sin(2x)(sin(4t) + 7 sin(4x) cos(8t)

u(x,t) = 5 sin(2x)(sin(4t) + 5 sin(4z) sin(8t)

=550 w >

19. Find the solution u(z,t) of the wave equation
Ay = Uy, O<zx<m t>0,
satisfying the conditions

u(0,t) = u(m,t) =0 when ¢ >0,
u(z,0) =0 when 0<uzx<m,
ur(z,0) = 2sin2x +4sin4de when 0<z <.

1sin(42)(sin(4t) + 1 sin(
sin(2z)(sin(4t) + sin(4x)
5 sin(2z)(sin(4t) 4 7 sin

5 sin(2z)(sin(2t) 4 7 sin

8x) sin(8¢)
sin(8¢)

4x) sin(8¢
4x) sin(4t

( )
( )

= O O w >

3 sin(2x)(sin(4t) + £ sin(4z) sin(8¢)
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20. A string L = 5 meter long and fixed at both ends is giving an initial velocity of g(x) =
2m/s from equilibrium. The string has no initial displacement. Find an expression for
the displacement function u(z,t) valid for all z in 0 < z < 5 and all t > 0. (Assume
a =1, where « is the constant in the wave equation.)

= o 200 nmw . onmt
A. ;g = (=1)") 5 sin(—=) sin(—~)
B i(l — (—1)”)£ sin(nx) sin(nt)
= nmr
= 20 t
C. ;(1 - (—1)“)E sin(?) cos(%)
D. Z(l - (—1)”)n27T2 sin(nz)(sinnt + cos(nat))
n=1
> w4 onx. . ont
E. ;(1 = (=1)") 5 sin(—-) sin( )
21. Which is the solution for
O*u  0u
— 4+ — =0 0<zrx<1 >0
8:62 + 8y2 ) — x — ) y -
u(0,y) =0, u(l,y) =0
u(z,0) = 2sin(3mzx), lim u(x,y) =07
Yy—00
A. 2e73™ sinh(37x)
B. |23 sin(3mz)
C. 2sinh(37y) sin(37x)
D. 2sinh(3my) cos(3mz)
E.

none of the above.
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Formula sheet

Fourier series: For a 2L-periodic function f(x), the Fourier series for f is

nwx
+Zancos +b sin —— 7

where forn =1,2,---,

1 L
/f /f coswda: b, = — f(m)sin?dm.

Heat equation 1: The solution of the heat equation a?u,, = u, 0 < o < L, t > 0
satisfying the (fixed temperature) homogeneous boundary conditions u(0, t) =
for ¢ > 0 with initial temperature u(x,0) = f(z) has the general form

00 L
_ —n2n2at/12 g T here _ 2 sin T
;cne in——, where ¢ =+ i f(z)sin —dz.
Heat equation 2: The solution of the heat equation a’uz, = w, 0 < & < L, t > 0,
satisfying the insulated boundary conditions u,(0,t) = wu,(L,t) = 0 for ¢ > 0 with initial
temperature u(x,0) = f(x) has the general form

oo
Co _ 2 .2,/72 nmwx
—§+ E cpe Tt cos ——, where ¢, f cos—dx

n=1

Wave equation: The solution of the wave equation oy, = uy, 0 < x < L, t > 0, satisfying
the homogeneous boundary conditions u(0,t) = u(L,t) = 0 for ¢ > 0 and initial conditions
u(z,0) = f(z) and us(x,0) = g(z) for 0 < z < L has the general form

=\ . n7x nmwad . nmat
u(z,t) =) sin 5 (encos—— + k, sin 7

n=1

where .
nwT

2
/f sm—dw and k, = — g(a:)sdex

nra J,

Laplace equation: The solution of the Laplace equation vy, +u,, = 0,0 <2 <a,0 <y <
b, satisfying the boundary conditions u(x,0) = u(z,b) = 0 for 0 < z < a and u(O y) =0
and u(a,y) = f(y) for 0 <y < b has the general form

Z ¢y sinh @ sin nry where ¢, = f ) sin —dy
b bsinh(2re) smh
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Figure 1:

Laplace Transform Table

f(t) = LH{F(s)} F(s)=L{f()}
1. 1 E
s
2 e !
) s—a
n!
3. ¢ gn+l
I'p+1
4. t* (p>—1) (Sp+1 )
5. sin at %
s“+a
s
. t T
6 cosa poR
. a
7. sinh at o
s
8. cosh at R
. b
9. e t Ssin bt m
u s—a
10 e t COS bt m
|
n ,at n:
11. t"e 7(3 T
6768
12.
UC(t) S
13. uc(t) f(t —¢) e “F(s)
14. e f(t) F(s—c¢)
1
15. f(ct) -F (f) c>0
c c
t
16. [ f(t-)g(r)dr F(s) G(s)
0
17. it —c) e
18. FARIO) $"F(s) = s" L f(0) = -+ = sf72(0) — f7D(0)
19. (—t)y £t Fi(s)
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