MA 30300
FINAL EXAM INSTRUCTIONS

NAME INSTRUCTOR

1. Instructor’s names: Chen

2. Course number: MA30300.

3. SECTION NUMBERS: blank

4. TEST/QUIZ NUMBER is:

01 if this sheet is yellow
02 if this sheet is blue
03 if this sheet is white

5. Sign the scantron sheet.

6. Laplace transform table and a formula sheet on Fourier series and some PDEs are provided
at the end of this booklet.

7. There are 20 questions, each worth 5 points. Do all your work on the question sheets.
Turn in both the scantron form and the question sheets when you are done.

8. Show your work on the question sheets. Although no partial credit will be given, any
disputes about grades or grading will be settled by examining your written work on the
question sheets.

9. NO CALCULATORS, BOOKS, OR PAPERS ARE ALLOWED. Use the back of the test
pages for scrap paper.



1. Consider the Euler equation

2%y + axy' + By =0

Find all among the following conditions on « and [ so that all solutions are bounded as
x— 07

A a<l, g>0.
B.a=1,3>0.
C.a=1,8>0
D. A and C
E

-

2. Find the value of

> 1 1 1 1
> S=ltgtgtgto.
n=1,n=odd

Hint: Evaluate the following Fourier series at x = 0 using the fact that the Fourier series
of period 4 for the function f(x) =2 — |z| defined on (—2,2) is

8 = cos(™3%)
I+ > —5
™ n
n=1,n=odd

= coln
+
|

|

N | 00

9

8
2

3. Which of the following (if any) is not an eigenvalue-eigenfunction pair for the eigenvalue
problem
y'+ Ay =0, y(0)=0, ¢(Br)=0?

m o w »
~—
>
I
JP
=
=
Il
o
o
[0}

. These are all valid eigenvalue-eigenfunction pairs.
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4. Which is the solution for

Fu ,
ox?  Oy?

u(0,y)

A. 2e73™ sinh(37x)
B. |2¢73™ sin(37z)
C
D

. 2sinh(37y) sin(37z)
. 2sinh(37my) cos(3mx)

E. none of the above.

5. If y" + 3y + 2y = 0(t — 2) with y(0) =

A e 2—¢1

e"2 — 2¢74

= U aw
|

=0, 0<z<1,y>0

u(l,y) =0
u(z,0) = 2sin(3mzx),

6. If y(t) solves the initial value problem

t/2, 0<t<6
y//+y:{/7 =

3,

for t > 0, then

6 <t

5 sin(t) + t t<6
A _{—sm t>6
B u— —sm + t t<6
~ | sin(t t>6
. ——sm + t t<6
S sin(t) + 5 sin( —6)+3 t>6
D . % ? )+ 5t t<6
scos(t) + 5sin(t —6)+3 t>6
_1lg 1
B | y— T3 1I}t>+2t t<6
—5sin(t) + 5sin(t —6)+3 t>6
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lim u(x,y) =07

Y—00

1, ¥'(0) = —1, then y(4) is



I
8s% —4s+ 12

L0} ==

then what is the value of f(gﬁ

= O aw >

L] W O
=[]

. The indicial equation for 2z%y” — 2y’ + (1 +x)y =0 at 19 =0 is

A |22 =3r+1=0
B. 2r —=3r=0
C.r2=3r+1=0
D

E

rP—r+1=0

2% —r+1=0

. Consider the system

x' = Ax,

and suppose the eigenvalues are r = —2 + 3i. Then classify the origin in terms of the
phase portrait.

A gl

center
proper node
saddle

improper node

=55 aw
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10. Find the Laplace transform of

0 when ¢t < T,
f&)=<qt—m when 7w <t <2,
0 when t > 27.
1 1
A e~ TS —27ms 7T€—27rs
52 52 s
—TTSs 1 —27s 1
B (& ? ?
s 1 2ms 1 2ms 1
C. e 2 e 2 me 2
D. 1(677{'8 6727rs)
s
1 1 1
1 _—ms —27s —27s
E. 56 5_2 — ge ? e S
11. Suppose X (t) is a fundamental matrix for the homogeneous equation x' = Ax, and

suppose that x = X (t)c(t) is a solution of the nonhomogeneous equation x' = Ax + g().
Which of the following is a correct equation for c?

A. d=Xg

B. |c=X"yg

C. d=X¢

D. =Xg+ X¢
E.c=X"1¢

12. Consider the system:

X,_lc X
I B ) ’

For what values of ¢ is the origin an asymptotically stable spiral (namely, the eigenvalues
are complex with negative real part)?

A ¢c<0

B. =5/2<c¢<2
C. e<—1

D. —-10<c¢<3/2
E. | e<—-9/4
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13. (Hint: By observing the correct form of the solution, you should be able to find the

14.

answer for this problem)

The matrix l g :é } has eigenvalues 1 and —1, and their corresponding eigenvectors

are respectively [ 1 } and [ ; } . Which of the following is the solution X to the initial

=[3 Sxelse] o[

value problem

A [ —et + et +tet
Tl 2" =2t + tet

B [ 3et + et — tet
Sl et —et - te

c [ —et + et — 2tet
T —2et 4 27t — 2tel

el —e t —tet
D. [ 3e! — 3e7t — te! }

E.

el —et — 2te!
—3e! + 3e7t — 2tet

The general solution to the system x’ = ( (2) g ) X + ( _42t€t > is

e (1) () (2)
e (1) eo(1)(2)
w2 () ()
ooxean (1) (1))
s () (1) (47)
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15. For which value of A does the following equation has nontrivial solution

Uy + Uyy + Au =0 0<2x<a,0<y<b
u(0,y) =0=u(a,y) 0<y<b
u(z,0) =0=u(z,b) 0<z<a

Find the corresponding solution.

Hint: Use separation of variables.

2.2
A. The possible values of \ are : m ;T , m=1,2,... with corresponding solution
a
. mmx., . mmy
S S ; =1,2,...
(") sin( 7Yy m =12,
22
B. The possible values of \ are : R n =1,2,... with corresponding solution
sin(C7 ) sin(M™y = 1,2, ...
b b
2.2 2.2
C. | The possible values of A are: 5 R n=12,...,m=1,2,...|with correspond-
ing solution
o = sin(CE Y sin(Y), p=1,2,...,m=1,2,
a a

D. There are no such value of \.

m2n2 . mrr n2n2 | m2n2 . mmax . mmy
X =0, A—p = = X, = sin(™22), s0 A o Uy, = SN - ) sin(

L,2,....m=12...

Answer: u(z,y) = X(2)Y (y), 5 + X = =X = p, p = 5V, = sin("), X"+ (A —

); n=
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16. For the equation 2y” + Izy/ + (2% — })y = 0, the correct forms for 2 linearly independent
solutions with > 0 are

Ay = x’%(l + > anx™)yr = x%(l + >0 bya™)

B. Y1 _1(1—{—220161% ),
o =yi(x)Inx+ 2711+ >0, bpa™)

C. Y1 = _1/2(1+Z n)a
Yy =T 1/2(1—|—Z°° b ")

D. yr =x(1+> 7, a,z™),
yo = y1(z) Inz + (1 + >0 bpa")

E. y1 = Vrcos(v3Inx/2)(1+ Y0 a,a™),
Y2 = /rsin(v/3Inx/2)(1+ 300 b,a")

17. Given
0 t<1

fy =<5t 1<t<?
0 t>2

A G
B_ 6;8 _ 6—823
D. & - -
B g+ -
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18.

19.

20.

v+ 2y + 2y =6(t — %) sint

y(0) =0
y'(0) =1

Then y (%) =

A e 2

B. %e‘g

C. %e_g

D. e 2+ }Le’g

E.|e 2+ */Tge_g

Let u(z,t) satisfy the heat equation

Upe = U, O<ax <1, t>0
u(0,t) =0, wu(l,t)=2
u(x,0) = 2z + sin(wx).

Then u(3,1) =

A
B
C.ll4+e™
D
E

The approximate value of the solution at ¢t = 2 of
y=1-t+6y, y(l)=2

is evaluated using the Backward Euler method with A = 1.
Recall: The formula of Backward Euler method is

tn+1 = tn + h7 Yn+1 = Un + hf(thrla ynJrl) for

The approximate value of y(2) is

A -1
B. -1
c.[-1
D. !
E. !
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Formula sheet

Fourier series: For a 2L-periodic function f(x), the Fourier series for f is

nwx
+Zancos +b sin —— 7

where forn =1,2,---,

1 L
/f /f coswda: b, = — f(m)sin?dm.

Heat equation 1: The solution of the heat equation a?u,, = u, 0 < o < L, t > 0
satisfying the (fixed temperature) homogeneous boundary conditions u(0, t) =
for ¢ > 0 with initial temperature u(x,0) = f(z) has the general form

00 L
_ —n2n2at/12 g T here _ 2 sin T
;cne in——, where ¢ =+ i f(z)sin —dz.
Heat equation 2: The solution of the heat equation a’uz, = w, 0 < & < L, t > 0,
satisfying the insulated boundary conditions u,(0,t) = wu,(L,t) = 0 for ¢ > 0 with initial
temperature u(x,0) = f(x) has the general form

oo
Co _ 2 .2,/72 nmwx
—§+ E cpe Tt cos ——, where ¢, f cos—dx

n=1

Wave equation: The solution of the wave equation oy, = uy, 0 < x < L, t > 0, satisfying
the homogeneous boundary conditions u(0,t) = u(L,t) = 0 for ¢ > 0 and initial conditions
u(z,0) = f(z) and us(x,0) = g(z) for 0 < z < L has the general form

=\ . n7x nmwad . nmat
u(z,t) =) sin 5 (encos—— + k, sin 7

n=1

where .
nwT

2
/f sm—dw and k, = — g(a:)sdex

nra J,

Laplace equation: The solution of the Laplace equation vy, +u,, = 0,0 <2 <a,0 <y <
b, satisfying the boundary conditions u(x,0) = u(z,b) = 0 for 0 < z < a and u(O y) =0
and u(a,y) = f(y) for 0 <y < b has the general form

Z ¢y sinh @ sin nry where ¢, = f ) sin —dy
b bsinh(2re) smh
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Figure 1:

Laplace Transform Table

f(t) = LH{F(s)} F(s)=L{f()}
1. 1 E
s
2 e !
) s—a
n!
3. ¢ gn+l
I'p+1
4. t* (p>—1) (Sp+1 )
5. sin at %
s“+a
s
. t T
6 cosa poR
. a
7. sinh at o
s
8. cosh at R
. b
9. e t Ssin bt m
u s—a
10 e t COS bt m
|
n ,at n:
11. t"e 7(3 T
6768
12.
UC(t) S
13. uc(t) f(t —¢) e “F(s)
14. e f(t) F(s—c¢)
1
15. f(ct) -F (f) c>0
c c
t
16. [ f(t-)g(r)dr F(s) G(s)
0
17. it —c) e
18. FARIO) $"F(s) = s" L f(0) = -+ = sf72(0) — f7D(0)
19. (—t)y £t Fi(s)
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