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Abstract

We consider a Boussinesq system which describes three-dimensional
water waves in fluid layers with a depth small with respect to the wave
length. We prove the existence of a large family of bifurcating bi-periodic
patterns of travelling waves, which are non symmetric with respect to the
direction of propagation. Up to now, the existence of bifurcating asym-
metrical bi-periodic travelling wave is still an open problem for the Euler
equation (potential flow, without surface tension).

Here the lattice of wave vectors is spanned by two vectors ki, ks of
non equal lengths, and the direction of propagation of the waves is close
to the critical one (solution of the dispersion equation). The wave pattern
may be understood at main order as the superposition of two plane waves
of different amplitudes, respectively propagating along directions k; and
k.

Our class of non symmetric waves bifurcates from a 3-dimensional
set of parameters which come from the components of the two basic wave
vectors, constrained by the dispersion equation. Here we are able to escape
from the small divisor problem in restricting the study with one rationality
condition relating the bifurcation set and the direction of propagation
close to the critical direction. However, we need to solve a problem of lack
of smoothness with respect to the propagation direction, of the pseudo-
inverse of the linearized operator. The rationality condition influences
mildly the domain of existence of the bifurcating waves. This theory also
applies when the lattice is built with wave vectors ki, ko of equal lengths
with the bisector direction as the critical propagation direction. In such a
case, the parameter set is two-dimensional and there is still one rationality
condition for the bifurcating asymmetrical waves which propagate in a
direction making a small angle with the bisector of ki, ka.

Examples of wave patterns for ki, ko of equal or different length,
with various amplitude ratios along the two basic wave vectors, and with



various angles between the traveling direction and the critical direction,
are shown in the last section of the paper.

1 Introduction

We consider the following Boussinesq system

1
n+V-v+V-(nv)— gAm =0,
1 1 (1)
vi+ Vn+ §V(v V) — EAvt =0,

which was put forward by Bona, Colin, Lannes [2], and describe small-amplitude
and long wavelength (the depth is small with respect to wave length) gravity
waves of an ideal, incompressible liquid. Here the horizontal coordinate x and
time t are scaled by ho and \/ho/g, with g being the acceleration of gravity
and hg being the average water depth. The elevation of waves 7(x,t) and the
horizontal velocity v(x, t) at the level of \/2/3hg of the depth of the undisturbed
fluid, are scaled by hg and /ghg respectively. The derivation of (1) is similar
to its one-dimensional version, which is given in detail in [1].

We are interested in travelling waves of constant velocity ¢ which have a
periodic horizontal pattern in x € R2. In the paper [6] we considered diamond
patterns I' spanned by wave vectors ki, ko having the same length and proved
the existence of symmetric solutions, propagating in the direction of the bisector
of the wave vectors, bifurcating from 0, for which the amplitudes €; and €5 along
the basic wave vectors are equal. On the system above we managed to apply
a Lyapunov-Schmidt method, impossible to manage on the physical problem
ruled by the full Euler equations without surface tension, due to a small divisor
problem (see [7]).

In the present work we consider asymmetrical waves as experimentally shown
by Hammack et al in [5]. Assuming the presence of surface tension, asymmetri-
cal waves were theoretically obtained with the full Euler equation by Craig and
Nicholls in [3] (numerically sketched on page 631) in using Lyapunov Schmidt
reduction, and by Groves and Haragus in [4], with the use of spatial dynamics
theory. As in [3] and [4] these waves may result from a choice of pattern T’
spanned by two wave vectors ki, ks having different lengths. They may also
result from a pattern I'" spanned by two wave vectors ki, ks having the same
length, but with different amplitudes €1, €5 along these basic waves vectors. Our
main result is given in Theorem 3. In both cases, to avoid a small divisor prob-
lem, we restrict the study with one rationality condition between the bifurcation
set and the direction of propagation w close to the critical direction (given by the
dispersion relation). This condition influences mildly the domain of existence
of the bifurcating waves in allowing an existence domain of the order (Ins)~!,
where s is the denominator of a rational number close to the ratio of lengths of
the projections of k; and ko along the critical propagation direction. In the case
when the waves propagate in the critical direction our restriction only bears on



the rationality of the ratio of the projections of k; and ks on this direction. This
theory also applies when the lattice is built with wave vectors ki, ko of equal
lengths with the bisector direction as the critical propagation direction. In such
a case, the parameter set is two-dimensional and there is still one rationality
condition for the bifurcating asymmetrical waves which propagate in a direction
making a small angle w with the bisector of ki, ko.

Despite the non smoothness in the wave angle parameter w of the linear
pseudo-inverse operator (see Lemma 2) , we are able to use a Lyapunov-Schmidt
method for solving the bifurcation problem. This corresponds in solving a still
open situation on the physical problem originally ruled by Euler equations,
without surface tension. We show in the last section several patterns of traveling
asymmetrical waves computed with the explicit expression of the elevation for
the terms of order 1 and 2 in amplitudes (g1, €2).

2 Position of the problem

We are looking for solutions of system (1) under the form of 2-dimensional
travelling waves, i.e.  and v are functions of x — ct, where x = (21, 72) € R?,
and c is the velocity of the travelling wave, which plays the role of a parameter.
For these solutions, the system (1) reads as

V-(V+nV)—c-V(n—éAn):0,
(2)

V(n—&-%(v-v))—oV(v— éAv) =0,

where we assume that curl(v) = 0, as it is shown to be consistent in [6]. We
consider in what follows periodic solutions with Fourier expansions of the form

(3)

where I is a lattice of the plane defined by two noncolinear vectors ki, ko. This
means that

kEF:k:(kl,kg):nlkl + noks, ny,n9 € 7Z, (4)
and since the unknown (7, v) is such that curl(v) = 0, we have
vk x k=0.

For simplicity, we require vg = 0, 1o = 0, so the averages of the elevation n and
of the horizontal velocity are set to be zero. One might treat the nonzero case
as for the symmetric doubly periodic wave pattern (c.f. [6]), but this introduces
3 additional parameters which appear to not change the results qualitatively.



Let us define the basis {kj,ks} of the lattice T :
ki =0L(1,71), ko=1(1,—-72), l;,7;>0, j=1,2
where 7; = tan ;. We then have for k = (k1, k2) = niks + noko
k1 =n1ly +nala, ke =ni71li — naTals. (5)

The lattice I' makes a diamond pattern if we choose ky,ks symmetric with
respect to the x1 axis, making an angle +6 with this axis. In such a case, we
have

L o= 1™,
def

T1 = Ty = T,

0, = 0,

Now we define the Sobolev space

HE Y fu =" we™> e HYRYT'),
kel
where I" is the lattice of periods defined by
I’ = {nl)\l + noAg € RQ;)\j -k, = 27'(5]‘”, 7,n € {172}, (nl,ng) € ZQ} (6)
Observe that any u € H, ﬁ is invariant under the shift
o X X+ A

The scalar product in Hé”h is the usual scalar product of the Sobolev space HP
on a periodic domain (parallelogram built with A; and A2). We notice that
l; has to be chosen small enough for the consistence of the Boussinesq model,
where the horizontal wave lengths |A;| should be large with respect to 1 (which
is the depth at rest of the fluid layer). The basic function space in our study is

Gy = {U = (n,v) € HE} n{curl(v) = 0} N {ng = 0, vo = 0},

and we reformulate the system (2) in the form

LU +GN(U,U) =0, (7)
where,
e = (5,0 ) ®
N(UU) = (5(v-v)v), Glo.f) = (V-£,Vg).



It is clear that the linear maps

Lo @ Gy, —Gp_3, p>3
G : Gp—Gp_q,p>1

are bounded, and that the quadratic map
N:Gp—Gp, p>2

is bounded (p > 2 is there for having the product of two functions of H ﬁ in
H}). Moreover, with the Hermitian scalar product of {H(}?, we have after
integration by parts, that for any Uy and Us € G, p > 3 (second identity valid
for p > 1)

(LU, U)o = — (Ut, LUz) o,

<gU17U2>H0 = <U1,gU2>H0. (9)

The system (7) possesses important symmetries. By defining the bounded
linear operators 7, Sy as follows

(LU)(x) = Ulx+y),
(Sol)(x) = ((=x),v(=x)),
it is clear that we have the following commutation properties
Ty Le =L Ty, TyN(Uﬂ U)= N('];,U, TyU)ﬂ 1,6 =GTy, (10)
SOLC = - ECSO; SON(U7 U) = N(SOUa SOU)a Sﬂg = —g807

the first set of properties results from the invariance of the original system under
the translations of the plane, while the second set comes from the reversibility
of the original system.

In the case when the lattice I' has a diamond structure, the wave vectors
ki, ko being symmetric with respect to the x1— axis, then we have an additional
symmetry: let us define the symmetry S; by

(Si1U)(x) = (n(%), ¥(%)),

where X is the symmetric vector of x with respect to the z1— axis: X = (1, —x2).
It is clear that in the case when the velocity c of the wave is colinear to the x1—
axis, we have the following additional commutation properties

S1Le = LS, SINU,U) =N(§U,8U), §G =G8;. (11)

3 Study of the linearized operator
We start with the study of the linearized system
LU =P, (12)



where
U= ,v), P=(¢,p) €G;, 1>0.

The vector function p and scalar function ¢ are periodic with Fourier series

p(x,t) = Zpkeik-x’ po=0, pk xk=0,
kel

ik-x (13)
Q(Xa t) = Z qke y qo = 07
kel
and we get for k e T’
1 .
(14 2P e K+ k- vie = — g
: (14)
K — (1+ glKP) (e K)vic = — ipic
Define 1
Alk,c) =1+ glkIQ)Q(C k)7 — kP, (15)

the linearized operator L. has a nontrivial kernel in G if there exists a pair
(ko, co) satisfying
A(ko, CO) =0 and k() 7é 0. (16)

If A(k,c) # 0, the solution of (14) reads

N 1k[*)(c-k)ax + k- px

= i 1
Nk A(k,c) ’ ( 7)
_ (4 glkP) (e K)pi + axk
Vi = i AKQ) ; (18)
where we notice that ‘
curl(vye™ ) = 0.
Ifk =0, vo =19 =0.
If (k-c) =0 and k # 0, a special case of (17,18) leads to
k- px B
Ne = —1 W, Vk = —1 kW (19)

If A(k,c) =0, k # 0, when (pk, gx) satisfies the compatibility condition
sgn(k - c)k - px + [k|gx =0, (20)
the solution reads
e = i sgnk- ) 75 + k|3

K| (21)
vk = sgn(k - c)kg



where 3 is arbitrary in C.

For having a chance to obtain bifurcating solutions we need to have a non-
trivial kernel for the operator L. for critical values of the parameters. Hence
we need to study the set of k in the plane, satisfying A(k,c) = 0 for a given
velocity ¢, where k belongs to the lattice I'. We do not restrict the generality
in assuming that ¢ = ¢g = ¢¢(1,0). The basic wave vectors ki, ks need to be
solutions of

A(kj,CQ) = O7 j = 1,2 (22)
This means that

1+ 72
i = J , j=1,2 (23)

12
{1+ 2(1+72))

i.e

! cosfy + i 2 cos By + b 2 0<8; <m/2 (24)
— = = ; ™

c? 1 6 cos b, 2T 6cosby ) J ’
which leads to the relationship (automatically satisfied when we choose a dia-
mond lattice T')
3 i

cosfy cosfy’

6(cos 1 — cosbsy) = (25)
which indicates that, for fixed angles 61,05, the point (I1,12) (close to 0) needs
to belong to a hyperlola in the plane. The critical set in the 4-dimensional
space (T1,7T2,l1,12) is a 3-dimensional hypersurface (restricted to the quadrant
T1,T2,01,lo2 > 0. When T' is a diamond lattice, we only have two parameters
(7,1) for the critical set.

Replacing k by n1k; + noks in the equation A(k, cy) = 0, we obtain.

1
(1 + 6|7’L1k1 + n2k2|2)|c . (n1k1 + n2k2)| = |n1k1 + n2k2|, (26)

or more precisely

2
1
0= <1 + 6{(1“11 + ’nglg)2 + (TLlTlll - n27—212)2}) cg(nlll + n212)2+

(27)
— {(nlll + nglg)Q + (anlll — TLQTQZQ)Q},
where we already know the solutions
('fll, nQ) = (ila 0)7 (Oa :l:l)
It is now important to know how many solutions (n1,n2) does (26) have.
Let us assume that the scalars [; and Iy are such that
l
=2 eqt, (28)
lg S0



where 1y, sg are mutually prime. This assumption allows to avoid cg - k to be
small for large |k|, when ¢ - k # 0. Indeed, we have

col
co -k =co(nili +nalo) = %(nlro + nasg),
0

ie. ;
|CO 'q 200_2
S0
for any (n1,ns2) # 0 in Z? such that cg - k #0. It is then clear that, for |k| > K
where
980

coly’

and for any (nq,n2) # 0 in Z? (even when ¢ - k = 0), we have the estimate
1., 1
(1 + Skl - k| = [k|| > k],

which provides a lower bound for |A(k, cg)|. Notice that when T is a diamond
lattice, we have [; =1y =1 and sg = 1.

In satisfying the identity (23), the critical set in the 4-dimensional space
of parameters (71,729,101, l2) is a 3-dimensional hypersurface. Expressing c¢o in
function of 71,1, for a fixed couple (n1,ns2), the equation (27) represents a 2-
dimensional sub-manifold, for instance (71, 72) in function of (I1,13). Then the
intersection with a condition (28) provides a curve and if we are able to avoid, for
all possible values of (n1, ng2), to sit on these curves in the 3-dimensional critical
hypersurface, except (n1,n2) = (£1,0), (n1,n2) = (0,£1), then the dimension
of the kernel is just 4. Now, we have (proved below with the estimate (43))

k| > di(nf +n3)">.

This shows that k € T such that |k| < K, leads to

(n2 +n3)? < &
dy
where dy satisfies (43). In choosing a region in the parameter space where
dy > 0 >0, i.e. I3 and [5 outside a small ball, we only have a finite number of
possible (n1,n2). Hence it is easy to avoid to sit on this finite number of curves
on the 3-dimensional manifold given by (23).

More generally, if we do not consider the restriction (28), for the ratio I /I,
the set of relations (27) is denumerable for all (ny, n2) € Z2, which makes a denu-
merable set of 2-dimensional sub-manifolds of the 3-dimensional critical hyper-
surface. Then, there is a full measure set of choice of parameters (71, 72,11, (2)
in the 3-dimensional hypersurface, such that none of relations (27) is satisfied,
except for (ni,n2) = (£1,0), (n1,n2) = (0,%1). Finally, a general choice of
parameters provides no solution of (26) except +kj, £ko.



Assume that (co,lj,7;), j = 1,2 are such that £k;, j = 1,2 are the only non-
trivial solutions in I" of (26) (the general case) and let us define the eigenvectors

fikj by
Lcogikj = 07 Cy = (007 0)7

Ea, = (1721, (1))t (20)

then we observe that with the Hermitian scalar product in {H}}}* the compat-
ibility condition (20) reads

(P, €4, )0 = 0. (30)

Moreover in operating the symmetries, we have

+ik;- z
Tysk, = Exi,€ Y5 S0k, = Exx, = &5 -

J

(31)

In the case when the lattice I' has a diamond structure, the wave vectors
ki, ks being symmetric with respect to the 1 — axis, we have in addition the
following symmetry property

S1€4k, = Ehky- (32)

The above calculations (see [6] for the complete proof of estimates) show
that we are able to define an operator Zgol, which is the pseudo-inverse of L,
mapping G, into Gp41 for any p > 0, solving (12) with c¢o = (¢, 0), provided
the compatibility condition (20) is satisfied, and such that

U = L'P,
{Le!Phe = U= (me v,
where

o {L 1P} = (1, Vi) is given by (17), (18) for A(k,co) # 0 ie. for k #
:|:k1, :|:k2, and k 7é 07

o {L;'P}o =0, for k = (0,0),
o for k = +k; we set (see (21))

i gk, i TKjqik,

L1PYV oy = (= L
ey Phaic = 2 k|7 2 |k

)7

so that ZgolP is orthogonal, in {H&]ﬁ, to the four-dimensional space
E =span{é 1j = 1,2}

(Lol Péyy o =0, j=1,2.

Notice that the pseudo-inverse operator Zgol is defined here, even for P =
(¢, p) not satisfying the compatibility condition (20).



Lemma 1. Let ¢ = ¢4(1,0), % = g—g € Q" and (co,lj,75),7 = 1,2 satisfy (23)
and such that £kj,j = 1,2 are the only solution in I' of (26). Then, for any
given

P:(q,p)er, p207

such that the compatibility conditions (30) hold, the general solution U = (n,v) €
Gp+1 of the system
Le,U =P,

is given by _ _ o
U=Le) P+ Ay, + ALy, + By, + BE i, (33)

é-j:kj = (m, 1, (—]_)jJrlTj)eiikj'x’

A,B e C, and Zgol is the bounded linear operator: G, — Gpy1 N {ker Ley }0
defined above, and we have

where

1L, Gllcce,) < c. (34)

In what follows we need to consider the perturbed operator L, (1 w) = Le, +
wLW for w close to 0, where

LOU = —co—(I —

Allowing w # 0 (which plays the role of a parameter) means that we intend to
find travelling waves moving not exactly in the direction of the z;— axis. We
shall see that this is linked with the ratio of amplitudes ¢1, €2 of the wave along
the basic wave vectors ki, ky. The perturbation wL() appears to be singular
as it leads to a small divisor problem when we invert L. (1., (contrary to the
inversion of L, with our assumption (28)). Indeed, the A(k, c) in the denom-
inators of (17, 18) may become very small for large |k|. In what follows, we
control the smallness of A(k,c) in assuming a rationality condition. We show
the following

Lemma 2. Let ¢ = ¢o(l,w), and fix § € (0,1), then choose § < T2 < 61,
lo <6 and |w| < £ with

—
=

» 3

&

, s €N, (35)

w = ll T
7'15 +7'2g

Assume (co,lj,75),5 = 1,2 satisfy (28) and such that £k;,j = 1,2 are the only
solution in T of (26). Then, except for To in a small neighborhood of a finite set

ré”’ (t1,11,12) of cardinal at most O(In s), the linear operator L has a bounded
inverse such that B
£ Gl e(ay) < els), 1>0, (36)

10



and for any ¢ > 0

ot > (W)L L)L+ Ry (w), (37)

IR £(G1.G1aigrnys) < WP e(s)

holds, where the linear operator L3 is computed in {ker Le, b oo (Zg01£<1>)nZ;01 €
L(G1,Gi—an+1) and v > 0 is independent of s. The function c(s) is increasing,
bounded by yIns.

Remark: we observe that the dependancy in w of the operator Zg Lin
L(Gy,Gi41) is wealky differentiable in 0. The formula (37) gives precisely the
loss of regularity of the successive derivatives in w at the origin (the loss is 2 at
each increasing order).

Proof: First, for any k = nik; + noks , n; € Z, we have in using (35)

L1+ 7iw) _r c Q"

12(1 —Tg’w) S

Hence r
c-k= COlQ(l — Tgw)(nlg + TLQ)

and p
|c-k|2%ifc-k7£07 (38)

where d is such that
d S l2|1 — Tg’wl.

In choosing w such that |w| < £ we can take

4
a=22

Notice that if ¢ - k = 0, we have (19) then
1
el + [vae| < m(|Qk| + [Pkl)- (39)

Now, if ¢ - k # 0, we have
1 |k|00d
1+ = |k?)|c k| — k| > [k[{—— —1
(4 2Pl K| = k] > 2 1)
and for |k| > 1% we obtain

1 k|
1+ Z|k|?)|c k| — |k| > =.
(14 gkPle- k|~ ] >

11



‘We then observe that

Alke) = {1+ glkPle K~ IH(1+ gIPe -k + i}
Ik
6

1
(1+ ZIk[*)le - k| + [k[},
and (17, 18) leads to the estimate
6
|| + [Vie| < H(quI + [pxl)- (40)
We also observe that if |k||c - k| > 7, (40) holds.

It remains to study the region R of the plane (ni,ns) where

K< [Klle-K <7, Ak e) £0, and ek £0. (41)
0

For estimating R, let us notice that |[k|? = (n1ly + nale)? + (n171l1 — naTalz)?
is a positive definite quadratic form, hence

di(ni +n3) < |k[* < d§(n] +n3)

where

1 1
&2 =3 (L+HE + (1+73)3) — 5\/Z, )

A=+ +(1+79B)° - 4B(r + )2
and, since for a > 0, a — Va2 — b2 > b?/2a

lyla(T1 + 72)
(L+7HE + (1 +73)3)

dy >

1/2°

Hence the region R is included in the region A defined by

7s \° T 7
A=< (ny,n GZQ;n2+n2<<—> Jne +-m| L ——————— 5.
{( 1 2) 1 2 coddy | 2 S 1| Coddl\/m

We can compute the area of A in the plane (n1,n2), in using polar coordinates

ny = pcosh, ng = psinb,
. 7 cos by vz 1 7s
[ ——
mln{( codds ) | sin( 0)] ' odds

tanfy = —r/s, 6y € (—7/2,0).

IN

p

where

12



/2

We then obtain by estimating 2 [~ p?(0)df9+4¢—=~ for large s, where p?(0) =

[} coddy
(7000‘;5;)10) |sin|~* and sin ¢ = <=fo,

14 cos by 1 28s . _,,cosfby
Area(A) = !
rea(A) coddy . tan ¢/2 +codd1 sin”( s )

14 cosby |

———Ins

Coddl

We notice that by construction, r/s is close to 1 /l2, hence cosfy is close to
> _ and the following estimate holds

VI3 +E

cosfy _ 5((L+7HIE+(1+ 2)2)"?

ddy — 41112(1% + 13)1/2(7'1 + 7'2)

For 75 < 0! we have an estimate of ¢ (see (23)) independant of 75 (then de-
pending on Iy and d), which shows that Area(A) < vy(In s) with 7, independent
of s. Hence the number of points (n1,n2) lying in A is of order In s.

It is useful in what follows to notice that for

Tlod3
k 2 0
| | > llcoddl

then
noks < 0. (44)

To see this, we look at the intersection of the curve (in polar coordinates) which

bounds the region A
5 Tcosth

Coddl

with the ny axis (6 = 0). The points of this curve such that 6y < 6 < 0 are such
that n1 > 0, no < 0. This shows that for points in the region of A such that

|sin( — 6o)| "

7 s
Coddl r

ni+nj >

n1 and ng have opposite signs. Then for obtaining (44) we conclude in observing
that r/s is close to l1/la, and ky = n1l171 — nala7o has the sign of n;.
The equation

1
(1+ EIRIQ)Ic k[ —[k| =0

is equivalent to writing (27) where we replace ¢3 by its expression (23) in function
of 19,12, which makes for every "bad” couple (n1,n2) a polynomial equation of
degree 8 in 79. Hence we cannot have more than 8 roots 75 > 0 for every ”bad”
couple (n1,n2). This makes a finite set of ”bad” values for 79 = Tép) (11,11,12) of
cardinal O(ln s). We then need to exclude little neighborhoods of these roots for

controlling the size of the inverse of (1+ %|k|?)|c-k|— |k|. Let us exclude O(In s)

13



neighborhoods of these specific values of 75 and for insuring that it remains most
of good values for the (72)'s, we may choose, for each (n1,ns), neighborhoods
of exclusions of size O(n/1n s) around every such root 79, with 7 << 1. Let us
show that outside these neighborhoods we have

clk|

1 2
— . — > .
(1 + 6 |k| )lc k| |k| 1 S, for large S (45)

To show this, it is sufficient to show that the derivative of g(75) defined by
Lo
g(r2) = (1+ glkP)le 1] ~ K

with respect to 79 at any root 7o of (27) is such that |¢'(7¢)| > c|k| for some ¢
independent of s. Indeed, an elementary computation gives

Or,lc - K| w 6 —13(1 + 1)
W T T T w6 1 B
c- K| Tow (1+75)(6 +15(1 +75)
hence
—naloks [ k|* =6 w 6 —13(1+73)
/ — Ik N2l2k2 . 2 0 '
g'(to) = | |{ k|2 k2 + 6 1—7'0w+T0(1+T8)(6+l§(1+73)

For

k| > M, M = max{ Tlads V6}
’ o llcodd1’

the inequality (44) above shows that the first term on the right side is > 0.
Moreover, for 79 < 6!, and |w| < §/5, we have

w 1)

1-— 7'211)' 4
In taking [y small enough, such that
lo <1, latp <1
and since 7o < § ', this is realized as soon as
la<d<1 (46)
we obtain 3(1 + 73) < 2, hence

6 —13(1+73) - 1
6+1321+73) 2
and it results that (recall that 6 < 79 < 1/9)

6 —13(1+73) )
1+73)(6+B3(1+73) ~ 201+ 6%

7'()(

14



which is independent of s. We notice that

4> 2(1+ 6%
hence
"( )>|k|{ 0 6} ck|, ¢>0
T —— — - = , .
giro 21 +6%) 4
In the region R where
k| < M,

the number of points of the plane (n1, n2) is bounded by a finite number indepen-
dent of s. For avoiding the corresponding bad values of 75 near the corresponding
roots, we just need to avoid a fixed (independent of s) small 7 neiborhood of
this finite number of roots, since the minimal value of |¢'(7()| at these roots is
independent of s.

This ends the proof of the fact that in choosing 75 outside a small open set
of (6,671 and for |k| < C7O—Sd we obtain (45). Finally we find a constant v > 0
independent of s such that

vyIns

| + [vie| < W(|Qk| + |pk|)- (47)

Now collecting (39,40,47) we obtain an estimate valid for all k such that k #
4k, +ko
1 ]
1+ —|k[)|c k| — k|| > —
(04 Gl k| = k] > 5

and the required estimate (36) follows for £;1G. The property (9) and
G€sx, = Filj\ /1 + T34y, (48)

imply that the subspace {ker L¢, }3;, is mapped into itself by G. Notice that the

dependancy in s of the bound of the linear operator Eg 1§ is delicate to control,
since the dangerous values of (n1,n2) (for which we may have roots of (27)) are
large ones, and not so frequent in the set A.

For obtaining (37) we first observe that the subspace {ker L¢,}70 is stable
under £() since we have the property (9) and

LOE o, = Fi(=1) 7 /1 + 734 . (49)
Then, for F € {ker Lc, } 770, the equation
LU = (Leg +wLNU = F
leads to

U = LJF+U,
LUy = —wlLWLF,
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which leads to (37) for ¢ = 0. Writing now
Uy = —wZ;}ﬁ(l)Zg(}F + U,
LU = w? LWL LWLILE,

leads to (37) for ¢ = 1. Then the result of (37) for any ¢ follows.

4 Bifurcation equations

co
14+p

Let us set ¢ = (1,w), and rewrite equation (7) as
LeoU 4 pGU 4 (14 p)GN (U, U) + wlDU = 0. (50)

Then we decompose U € G, as

U=X+V
where
X = A&, +AE 4+ B&,+BE y, €E,
<V, fj:kj>HD = O, ] = 172

Observe that £ C G), for all p > 0. The above decomposition is unique for
any p > 0, hence the mapping U +— V defines a projection Q from G, to
Gp N {ker L¢, }#0, which is orthogonal for p = 0. Now, we may observe that

QX = 0, QGV =GV, p>1,
ocWx = 0, oWV =Wy, p>3.
Assuming U € G, p > 3, we then obtain from (50) the following system

Ley,u)V +pGV + (1 4+ p)QGN (X +V, X +V) =0, (51)

(WGX + wLMX + (1 + p)GN (X +V, X +V), £y ) =0, j=1,2.  (52)
We notice that (51) may be solved by the implicit function theorem in G, N
{ker L¢, }770, for any p > 3, with respect to V. Indeed, equation (51) is of the

form
‘Cco(Lw)V + f(X7 ‘/7/'1’) =0

in Gp_3, with F analytic in its arguments as a function from Ex (G, N {ker Le, }0) X
R into Gp—1 N {ker Le, } 170, satisfying

F(0,0,1) =0, DyF(0,0,0) =0,

and thanks to Lemma 2, the operator L(1,) has a bounded inverse from
Gp—1 N {ker Loy b0 to G, N {ker Lo, } 0, its bound being uniform in function
of w, provided that w satisfies (35), § < 79 < 8 ', Iy < 6, and s is bounded by
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some fized o. Due to the bound of {ch(l,w)}*l found at Lemma 2 we need to
assume
|g|/lno << 1, || X||Ino << 1, (53)

in such a way that
VI, no and [u|[[V]|e, no << [[V]|e,

and then obtain
V]l = O(||X[[*no). (54)

It then results that for A, B close enough to 0, and for w satisfying (35), 6 <
Ty < 571, lo < 6, s <o, we obtain

V =V(A, A, B, B, i, w) € Gy N {ker Le, }0

which is analytic in (A, A, B, B, 1), the dependancy in w being more subtle. In
fact V(A, 4, B, B, p,w) has in GpN{ker Le, } 170, p > 3, an asymptotic expansion
in powers of w in the neighborhood of 0. To prove this, let us define

Vo = V(A7Z7B7§7ﬂ,0),
Vi = V(A A B,B,u,w)— V.

Then V; satisfies

0 =Leo1,uy V1 +wLDVo + pGV1 + 2(1 + 1) QGN (X + Vo, V1)

55

+ (L+ ) QGN (Vi, V). (55)
Since wLMVy € Gp_s N {ker Le, } 10, with a small norm, we can solve equation
(55) with respect to Vi in Gp_2 N {ker Le, } 370, provided that p > 5. Denoting
by V1o the value of the solution V; when one replaces L (1,,) by Le,, We can
set V1 = Vip + V2 and obtain V, by the implicit function theorem in G,_4 N
{ker L¢, }70, and so on. Now we have estimates of the form

Wolle, < ~e(o)| X7,
Wille,—. < ye(o)wll|X]P,
Vallg,— < ye(o)lw]?[| X2,

and so on. This proves the assertion on the asymptotic expansion in powers of w
(not converging in general) for V(A, A, B, B, i, w) in any space GpN{ker L¢, } 170,
p > 3 (notice that the choice of p is arbitrary, but we need to stop the expansion
at some order to insure the existence of the solution in some space Gp).

Now, we have the symmetry properties (10) of the basic equation (50) and
(31), and we also have easily

T,Q = QTy, SHQ = QSo.
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Then, the uniqueness of V, leads to the following properties:

,];,V(A7 Z? B7 E? l”L’ w) :V(Aelkly) Zeilkly) Beik2vy7 §671k2y7 /”L7 w)?

_ _ _ 56
SOV(A7A7B7B7/J”w) :V(A,A,B,B,ILL,U)). ( )

More precisely, we have in any G, N {ker L¢, }30, p > 3
V(A A, B, B,p,w) = - L' QGN (X, X) 57)

+O((lul + [wD X[ + [1X]]%).

Now replacing V by V(A, A, B, B, u,w) in the system of 4 equations (52), we
obtain in fact 2 complex equations, with their complex conjugates, of the form

hl(A7Z7 B7§7u’ w) = 07
hZ(A7Z7 B7§7u’ w) = 07

where h; is obtained with k; in (52) and he with ko, and h;, j = 1,2, is analytic
in (A, A, B, B, ) and C! at the origin with respect to w (I is arbitrary). The
symmetry properties (10), (31) and (56) lead, for any y € R?, to the following
relationships

hi(Ae® Y Ae~k1y Betkey Be~tkey yy ap) =e™ 1Y (A, A, B, B, u,w),
ho(Ae™ 1Y Ae~k1y Betkey Be~tkey ) =e*2Yhy (A, A, B, B, u,w),
hl(za A,E,B,,LL/LU) = h_]_(A,Z,B,E,,LL/LU).

It results classically that

hl(Aa Za B,E, ,U/7’LU)
h?(Aa Za B,E, ,U/7’LU)

ZAgl(|A|27 |B|27 Mvw)7
ZB92(|A|27 |B|27M7 U))7

where g1 and go are real valued smooth functions of their arguments. When
B = 0 (or A = 0) one obtains plane waves, with basic wave vector k; (or
ks), the direction of propagation being somewhat arbitrary (provided it is not
orthogonal to k; (or ko). When AB # 0, one obtains the bi-periodic travelling
waves, which are the main object of our study. For concluding on their existence,
we need to solve the real system of two equations:

gl(|A|2a |B|27:uv U))
g2(|A|27 |B|27M7 ’U})

9

- 58)
=0.

In the case when the lattice I' has a diamond structure, and we choose
the x1— axis such that k; and ks are symmetric with respect to this axis, we
have the additional symmetry properties (11), and (32) which, thanks to the
uniqueness of V , and for w = 0 (i.e. when c is in the z1— direction), leads to

SIV(A, A, B, B, j1,0) = V(B, B, A, A, 1, 0).
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This implies

hence finally
g1 (IBI%, |AP%, 1,0) = ga2(|AP%, | B, 1, 0). (59)

The next section is devoted to the computation of the principal part of the
system (58), leading to the existence of non-symmetric travelling waves for (1).

5 Bifurcating solutions

We first notice that (57), with the symmetry properties (56), leads to

1% :CQ,O(A262ik1-x + 22672ik1-x) + CO,Q(BQeZikzvx + 32672ik2-x)+
+ <171(AB€i(kl+k2).x +Ee—i(k1+k2)-x)+ (60)
+ C17,1(A§ei(k1_k2)'x + ABe~kaka)xy 4 p ot

where

<27062ik1 X

= LGN (G, i),

= LGN (&, ),
(pettatiax — 2L NGN (&, Giy)s
Cl,—lei(krb)'x = _2Z;Olg/v(fklaf—k2)a

CO 262“(2 X

the suppression of the projection @ coming from the non resonance of 2k, 2ko, ki +
ko with +k;, and where we notice that

‘We obtain

2il1(1 + 72)3/2

GN (- 6ky) = ili(1+77) i
iTlll(l + T%)
2ily(1 4 73)3/2

GN (6o Ex,) = ila(1 +73) i
—iTQZQ(l + T%)

WIT T4 /TT 7

20N (€, €x,) = (1 —T172) I1 + 12 eilathke)x 4
(T1l1 — laT2)

i1+ 72 +10y/14 73

+iy/14+ 73\ /1+ 73 0 gilkitka)x

0
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lu/ﬁ—lm/ﬁ

2GN (61, € 1) = i(1 — T172) h— 1l gl i)y
(7’111 + ZQTQ

ll\/1+7'1 lg\/1+T2
+iy\/1+73/1+ 73 ki —kez)x

and therefore, we find by using (17), (18)

22(1 4 72) ”HTlDlOHHl)

<2’0 = I‘DT 00D1,0—|—2\/1+T1 (61)

T1 CQD10+2\/1+7—1

21%(1+T§)( oV rsDoy t 14T

C =
0,2 DO,2

CoD01+2\/1+T2
—T2 C()D01+2\/1+T2

D.co(ly +1o) 6Dy —1

I +Coll1 2 1 — +
Ci1= =t l1 + 12 + % Dico(ly +12)* » (63)
T1l1 — T2l 1.1 D+CO(11 + 12)(7—111 - TQZQ)

L D,CO(ll —12)
=— lh =1
Ci-1 D, 1702 +

(62)

’ Tl + Talo

1—7m17 6D_ -1
412 D_co(ly — 12)? )
Dy D_co

(lh = lo)(T1l1 + T2l2)

(64)

L, = (1—7’1724—\/1—&-7'%\/1—&—%) (ll\/].—‘r’r%—f-lg\/].—‘r’r%),
L_ = (1—7’172—1—\/1—&—7'%\/1—&—7'%) (ll\/1+T%—ZQ\/1+T%),

212 213 5
DLO = 1+?(1+7—1) D01:1+?(1+7—2)a
Do = 4l7[(D1o)? Co (1+73),
Doo = A4l3[(Do1)*ch— (1+73)],
1 2 2
D+ = 1 + 6[(11 + 12) + (117—1 - 127-2) ]7
1 2 2
Do = 1+ [(h = 1)+ (hri +1b72)’),
Dip = c(lh+1)°D3 — (lh +12)* — (i1 — laT2)?,
Di = (h—1)*D2 = (h —1)* = (h71 +1a72)”.

20



Let us now calculate the leading terms in (58). Let us notice that

(€, €, ) =2(1+ T?)Qa

where Q denotes the area of the paralellogram formed with A1, Ay (see the
definition of the lattice of periods I in (6)). In fact, we have

Qo 4
lllg(Tl +T2)

Now, from (48) and (49) we have the following identities

(G, &) = 2ipl;(1+73)%Q,
(WL &) = 2i(=1)wr;l;(1+73)%2Q,

and it is clear that with our non resonance assumption
<gN(X1X)7ka> =0.

For deriving the principal parts of g1 and g2 in (58), we write as follows

95 =20;(1+72%2Q {pu+ (—1)7wr; + a;|A]* + b;|B|* + h.ot.} (65)
with
2ili(1+79)%2Qa1 = (20N (€. Co06*™ %), &),
2ily(1+73)*2by = (2GN(€ 1, Co.06” ™), &, )

2y (1+ 73201 =(26 {N (€1 1 1€ 759%) 4 N(Eseps Cr i) |63 ),
2ily(1 + 73)*/20az =(2G { M (€1, €1 16 ®790%) 4 N(E g, Crae ™)} gy ).
Solving (58) with respect to p and w and denoting |A| = &1, | B| = €2, leads to

__mtm 2—b1+b2s§+0(5%+5§)2

2 LT (66)
w(ry+72) =(a1 — az)e? + (b1 — ba)ed + O(e] +€3),
where we need not to forget the restriction
r_ b r
w:lsilzr, -eQ", s<o.
Ti, t 725 S
It results from the bounds (53) and (54) that

e1 +e2 = O(|u['*(Ino)~'/2). (67)
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Notice that the value w = 0 leads to asymmetrical waves provided that
(a1 — ag)(bl — bg) < 0.

Then this particular case gives (the propagation direction is the z1— axis)

& =T et + O,
2 — b1
g (69)
n=— 7{(&1 + ag)(by —b1) + (a1 — a2)(b1 + bg)} + 0(8411)
2(by — by)
In the case when the lattice I' has a diamond structure, and we choose the x1—
axis such that k; and ks are symmetric with respect to this axis, we have the

additional symmetry (59) which implies

ay = by, az = by,

and
a1 + as

p=——F—(ei+3) + 0] +3)°,

wr =t - {7 ot ],

(69)

where only rational values of the small parameter wr = (r —s)/(r +s), s<o
are allowed, which leads to a restricted choice for the amplitudes €; and 5. Here
the case €1 = €2 gives the symmetrical waves propagating in the x;— direction
as described in [6].

It remains to compute the coefficients a; and b;. We have

. 2i13(1 + 72)3Q
(2GN (€, + C20€™ ™), &) :M@%Dl,o +5¢/1+73),

D
o 2il3(1 + 73)3Q
(2GN (€ 1, G 06> %&JZ—Q%%ji—@%Dm+ﬁvl+@%

e 1o il (1 +73)12Q
<2g~/\/’(§k27<1,716 (ker —ke2) )a€k1> :%

+2L_(1 — 7179)D_co(ly — I2) +6(1 — 7172)*(D_ — 1)},

: x il (14 72)1/20Q
<2gN(§7k2aC171el(kl+k2) )a§k1> :%{Li"‘

420, (1 — 7179)Dyco(ly +1z) +6(1 — 7172)*(Dy — 1)},

{L?+

i(ka—k1)x ily(1+ 73)'/20
<2gN(§k17<1,—1€ (ka—ter) )afk2> :%

+2L,(1 — Tng)D,CO(ll - 12) + 6(]. - T1T2)2(D, — ].)},

T X il 1"‘7-2 1/29
(2GN (€ i, (e’ ® ™) &) Z%

+2L+(1 — TlTQ)D+Co(ll + ZQ) + 6(1 — 7'17'2)2(D+ — 1)}7

{L? +

2
(L2 +
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Hence

2(1 2\3/2
a; = w(4COD10+5,/1+T§),
Dy ’
12(1 2\3/2
bg = M(460D01+5\/1+7‘3),
Dy 2 ’

@2 :2(1 j— 73) {DLi * DL1,21 201 - TlTQ)CO(LBiJr htba)t
+§)1€1 (lh —l2)) +6(1 — T1T2)2(D51: : + DDl:ll)} ’

b :2(1 j— ) {DLi * DI1J,21 201 - TlTQ)CO(LBiJr htba)t
) 00— Ot

where we need not to forget the 2 relations (23) between co,l;,7;,7 = 1,2.

In the case when the lattice T' has a diamond structure, and we choose the
x1— axis such that k; and ks are symmetric with respect to this axis, these
formulas become

12(1 2\3/2
a = by = (;77)(4@&70 +5v1 +72),
2,0
1 1— 72 54272 4 74 1—72)2
as = blZW{ZlCOD.F( )+ 2 }—( )2,
2(cgD3 — 1) V1472 1+ 2(1+712)
where
212 5
Diog = Dgo1=1+ ?(1 +7°),
Dag = Doo=A4(cD7o— (14 77),
212
D = 14+ —.
+ =+ 3

Theorem 3. Assume that co = ¢o(1,0), k1 = 11(1,71) and kg = l2(1, —72) are
such that the dispersion relation A(k,co) = 0 is satisfied only with k =k;,j =
1,2, and assume that

~
=

® |3
o

w = r,s € N.

—
=

r?

+7'2;

71

o~
§)

Let the propagation wvelocity be ¢ = ﬂ—ﬂu(l,w) and fir § € (0,1) and 0 € N
large enough. Choose la < ¢ and |w| < §/5 with 1 < s < ¢ and choose values
of T € (6,671, except in a small neighborhood of a finite set Tép)(Tl,ll,lg) of
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cardinal at most O(Ins). Then, for any p > 3, there is a family of bifurcating bi-
periodic traveling waves, U = (n,v) which are solutions of (2) in G, in general
non symmetric with respect to the propagation direction c, and of the form

U =Aby, + A€y, + Béy,, + BE_y, + G220 4 A0
n CO,Q(BQeZikg-x +§2e—2ik2-x) + Cl,l(ABei(k1+k2)-x + Ee—i(k1+k2)-x)+
+ Cl)fl(AEei(kl_kQ)'x + ABe~kaimka)xy 4 p ot

where A,B € C, and {yy , (., are defined in (29), (61), (62), (63), (64).

The amplitudes |A| = &1, |B| = eo are uniformly bounded by O{(|u|/Ino)/?}
where |u| << (Ino)~!, and p and w satisfy (66). Any solution of the family,
corresponding to

A= Eleiklhy, B = EQ@ikQ'y

is deduced from the one with A =1 > 0, B = €2 > 0 in applying the translation
XH—X+Yy.

We can now plot the traveling surfaces in the (21, 2z2) plane, where 22 is the
traveling direction and points downward, i.e.

. _wz1+22 . __Zl+w2:2
! V1IF+w? ? VItw? '

By choosing the waves of the bifurcating family with
A= €1, B = €2,

the elevation 7 of the waves indicated in the pictures is computed with terms
up to degree 2 in (€1,€2) :

n & 2e1y/1+ 77 cos(ky - x) + 2e24/1 + 75 cos(kz - x)
+ 263 (Cq,0)1 cos(2K1 - X) + 223(Cg.5)1 cos(2ks - )
+ 25152(<171)1 COS((kl + kg) . X) + 25162(<1771)1 Cos((kl — k2) . X).

For fixed values of l1, 71, T2, we compute lo with formula (23), and once €1 and
g9 are fixed, we compute w with (66). When 71 = 79 = 7 and [; = I3, the lattice
' is symmetric. Figure 1 shows the influence of the ratio €1 /e3 when the lattice
I is symmetric. When e2/e7 = 1, the wave pattern is symmetric with respect
to the propagation direction (here the vertical direction). Figures 2, 3, 4 show
also cases with a symmetric lattice I' for different values of 7, and compare the
asymmetrical pattern for eo/e; = 0.5 with the symmetric one for eo/e; = 1.
Figures 5 and 6 show cases with a non symmetric lattice I'. Figure 7 provides
two examples of waves where w = 0, i.e. once €1 is fixed, we compute €5 with
(66) in such a way that w = 0 (at main order). Notice that in view of Theorem
3, these solutions exist for 1 /l2 being rational. In our computed examples this
ratio is indeed not rational, so we need to take for r/s a rational approximation
of 11 /Iy in such a way that w is very close to 0.
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1=0.5, € =0.1, 52/e1=0.1 1=0.5, £ =01, 22/21-0.5

1=0.5,¢, =0.1, ¢, /¢ =1

Figure 1: T symmetric, 7 = 0.5,l; = I3 = 0.25,e; = 0.1, i) e3/e1 = 0.1, ii)
ea/e1 = 0.5, iii) e2/e1 = 0.7 (asymmetrical waves), iv €9/e; = 1 (symmetric
waves). The direction of propagation of the waves is the vertical axis. Crests
are white and troughs are dark.

1=0.7, € =0.1, 22l21-0.5 1=0.7, € =0.1, 22/21-1

Figure 2: T symmetric, 7 = 0.7,l; = Iz = 0.25,e; = 0.1, i) e2/e; = 0.5
(asymmetrical waves), ii) ea/e1 = 1 (symmetric waves).
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=1, =0.1,¢,/e <05 =18, =01, ¢,/ =1

Figure 3: T’ symmetric, 7 = 1,13 = I3 = 0.25,¢; = 0.1, i) e2/e; = 0.5 (asym-
metrical waves), ii) €2/e1 = 1 (symmetric waves). The direction of propagation
of the waves is the vertical axis
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1=1.5, € =0.1, 22l21-0.5 1=1.5, € =0.1, 22/21-1

Figure 4: T symmetric, 7 = 1.5,1; = I = 0.25,e; = 0.1, i) e2/e; = 0.5
(asymmetrical waves), ii) e2/e1 = 1 (symmetric waves).

‘[1-0.5, 1, =0.7, g =0.1, g, Ie1-0.5 1:1-0.5, T, =0.7, g =0.1, g, ls1-1

L

Figure 5: T' asymmetrical, 71 = 0.5,79 = 0.7,1;1 = 0.25,1 = 0.1, 1) e2/e1 = 0.5,
ii) e2/e1 = 1. The direction of propagation of the waves is the vertical axis
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T,=0.5,7,=1,¢,=0.1,¢, /e =1

1,=05,7,=1,¢,=0.1,¢, /e, =0.5

Figure 6: I' asymmetrical, 79 = 0.5,72 = 1,13 = 0.25,¢; = 0.1, i) e3/1 = 0.5,
ii) e2/e1 = 1. The direction of propagation of the waves is the vertical axis

1,=05,7,=0.53,¢, =0.1,¢, =0.17 7,=0.5,7,=06,¢ =0.05,¢,-02
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Figure 7: T asymmetrical, here w = 0,1; = 0.25,e; = 0.1, i) 71 = 0.5,790 =
0.53, 5 = 0.15, ii) 71 = 0.5, 75 = 0.6,2, = 0.05, £ = 0.2.
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