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ABSTRACT. The utilization of incremental unknowns was proposed in [21] as a tool for the
approximation of inertial manifolds ([6], [7]) when finite differences discretizations are used.
In a first step the emphasis has been put on their utilization for the solution of linear elliptic
problems (more specifically in space dimension two), where they appear as a preconditioner
for the corresponding linear systems. Thanks to their flexibility, they are related sometimes
to the hierarchical bases in finite elements (see [22] and [23]) or to wavelets (see [9] and
[15]), and other classes of Incremental unknowns occur as well.

In this article, we describe the application of incremental unknowns for solving the
Laplace problem in space dimension three. We introduce and study here the second-order
incremental unknowns, and prove by deriving suitable a priori estimates that the incremen-
tal unknowns are small as expected. We then analyze the condition number of the matrix
corresponding to the five-points discretization of the Laplace operator. We show that this
number is 0(h~!(Inh)*) instead of 0(h~?2) when the usual nodal unknowns are used, h being
the fine grid mesh size.

Introduction

The computation of turbulent flows necessitates a large number of unknowns. For
instance, in space dimension three, it is not anymore unthinkable to consider billions of
unknowns (i.e. 10242 grid points). In this context, it does not seem reasonable to handle
all unknowns in the same way and to spend as much computing time with the small
wavelengths as with the large wavelengths carrying most of the energy.

In the case of spectral methods, the distinction between small and large wavelengths
is straightforward when considering Fourier series expansions. However, this is no longer
the case when the discretization is made by finite differences, since all nodal values play
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the same role. The concept of incremental unknowns that stems from the dynamical
system theory has been introduced in [21] in order to overcome this difficulty. Incremental
unknowns appear in this context as the natural tool to construct inertial manifolds and
approximate inertial manifolds (see for example [6] and [7]) when finite differences are
used. Incremental unknowns can be defined when multilevel discretizations are used.
For example, if two levels of discretizations are used, the incremental unknowns consist
of usual nodal values at the coarse grid points, and at the fine grid points that do not
belong to the coarse grid the incremental unknown is an increment to the values of
suitable neighboring points.

In a first step the emphasis has been put on their utilization for the solution of linear
elliptic problems, more specifically in space dimension two, where they appear as a
preconditioner for the corresponding linear systems. Thanks to their flexibility, they are
related sometimes to the hierarchical bases in finite elements (see [22] and [23]) or to
wavelets (see [9] and [15]). Several types of incremental unknowns have been defined
and studied (see for instance [4]) in order to suit certain specific requirements from
the original physical problems or the design of the numerical schemes. For instance,
the wavelet-like incremental unknowns considered in [4] (see also [18]) have the Lo—
orthogonality property between the different levels of mesh.

The incremental unknowns have been applied to many problems and situations in
space dimension two and have led to subsequent improvements when compared to meth-
ods using the usual nodal unknowns (see [2], [3], [4] and the references therein). Firstly
it is proved in [3] that the condition number of the matrix associated to the discretiza-
tion of linear problems by the second-order incremental unknowns is of order d=2, when
d levels of discretization are used. Hence the condition number is 0((Inh)?) instead of
0(h™2) with the usual unknowns, where h is the size of the finest grid. This result is also
confirmed by numerical computations. Secondly a number of numerical simulations have
been made using incremental unknowns for linear problems. These results show that the
incremental unknowns based algorithms are comparable to multigrid methods, which is
already a satisfactory result since they are intended for nonlinear evolution problems and
their utilization for stationary problems is just a preliminary step to this study. For the
use of incremental unknowns for evolution equations, see [10], [11], [12], [16] and [18].
However, no such studies have been made yet for three-dimensional flows, which is the
case of interest for actual flows.

Our aim in this article is to address the study of incremental unknowns in space
dimension three in the context of stationary problems. For the sake of simplicity, we
restrict ourselves to the Laplace equation on the cube (0,1)3.

In section 1, we define the second-order incremental unknowns. As for the one and
two-dimensional cases, they consist of the nodal values at the coarse grid points and of
the increment of the nodal value to the average of the values at the neighboring points
for the fine grid points that do not belong to the coarse grid. Then, in section 2 we
obtain a priori estimates based on energy methods. These estimates enable us to prove
in section 3 that the incremental unknowns are indeed small as expected.
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We then study the condition number of the matrix associated to the discretization of
the Laplace operator. Let A be the matrix associated to the five-points discretization
of the Laplace operator using the nodal values and let A be the matrix associated to
the discretization by the incremental unknowns. Our aim is to prove that the condition
number of A is at most 0(h~!(Inh)*), where h is the size of the finest grid mesh, instead
of 0(h~2) with the usual finite differences matrix A. As for the two-dimensional case, this
result is obtained by deriving appropriate bounds on the smallest and largest eigenvalues
of A through the associated bilinear form. We note however that some inequalities used
in [3] for the two-dimensional case could not be used in an optimal way here.

In section 4, we describe the mathematical setting and obtain the bounds on the eigen-
values, which give the upper bound on the condition number of A. Then in section 5,
we present some numerical results. These results are in agreement with our theoretical
results, and show that the condition number of A is of order h=!|inh|. We also define an-
other type of incremental unknowns, namely the third-order incremental unknowns, and
conjecture the condition number of the matrix associated to the discretization by these
incremental unknowns through numerical simulations. These results make us believe
that this number is again 0(h~1|inh|).

1. Incremental Unknowns.

We restrict ourselves here to the Dirichlet problem in the cube Q = (0, 1)3:

—Au = fin Q, (1)
u =0 on 0S. (2)

We set h = ﬁ, N € N* and we consider the usual discretization of the Dirichlet problem
on the grid of mesh A :

(2u047/377 - uOé*Lﬁa’Y - ua+1757’7) + (2u047/377 - uo‘aﬁflfy - ua76+177) <3>

+ (2Ua,p,y — Ua,B,9—1 — Ua,B,y+1) = tha,ﬁm
for o, B,y =1,... ,2N — 1,

Uq,3,y =0, for a,B or v=0or 2N, (4)

where fo g~ = f(ah, Bh,vh) and u, g~ is the approximate value of u at (ah, Bh,vh).

We then consider a coarse grid of mesh 2h = 1/N and we introduce the incremental
unknowns which consist of the nodal values y2; 25 21 = u2; 25,25 at the coarse grid points
(2ih,2jh,2kh), 1,5,k =0,..., N, and of appropriate incremental quantities z, 3~ at the
other points. As for the one and two-dimensional cases (see [2]), 24,34 is the increment
of u to the average of the values at the neighboring points (see figure 1). We then obtain
three sorts of incremental unknowns:
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(i) mid edge:

1
224,27,2k+1 = U24,25,2k+1 — §(U2¢,2j,2k + U2i,2j,2k+2)a (5)

1
224,2541,2k = U2§,2j4+1,2k — §(u2i,2j,2k + U2i,2j+2,2k>7 (6)

1
22i4+1,25,2k = U2i4+1,25,2k — §(u2i,2j,2k + U2i+2,2j,2k>7 (7>

(ii) center of a face:
1

224,254+1,2k+1 =U24,25+1,2k+1 — Z(u2i,2j,2k + U24,25,2k+2 (8)

+ w2 25422 + U2 2j42,2k+2)

22i41,25,2k+1 =U2i4+1,25,2k+1 — Z(u2i,2j,2k + U2i,25,2k+2

+ U2i42,25,2k + U2i42,2f,2k+2)

22i4+1,254+1,2k =U2i4+1,254+1,2k — Z(u2i,2j,2k + U24,2542,2k (10)
+ U2i42.2j 2k + U2i4+2,2j+2,2k)5
(iii) center of a cube:
1
22i41,2541,2k+1 = U234+1,254+1,2k+1 — g(u2i,2j,2k + U2i,25,2k+2 + U2i,25+2 2k (11)

+U2i42,25,2k + U2i,2j+2,2k+2 T U2i+2,25,2k+2 + U2i12 25422k + U2i122j42,2k+2)-

Let U,b € R2N-1° denote the U, B,ys o, 8,7, B,y =1,...,2N — 1 in lexicographic
order. We first reorder the uq g, and f, g, by considering the coarse grid points first
and then the other points of each type, with lexicographic order in each family. Let U

and b be the reordered vectors of RN *1)3, we have

-(5)5-()
Uy by
The matrix form of (3)-(4) is
AU =b, (12)

which is equivalent to
5 (13)
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F1GURE 1. Coarse grid points (x) and fine grid points (x,0).
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We then introduce the incremental unknowns studied above. We set U = <1Z/> with

where

Y = U, and Z the vector of incremental unknowns with the order described above. We
denote by S the transformation matrix

U=S5U. (14)
We can rewrite (13) as

ASU = b, (15)
or )

AU = b, (16)

where A =t SAS and b ='Sb. The matrix A is symmetric, positive definite, and the
general form of S and S~! is

(I 0 L (T 0
5= (Sfc I)’ 5 _(_Sfc I)'

Our aim is to study properties of A such as the smallest eigenvalue of A (coercivity)
and the condition number of A. Throughout this article the letter ¢ denotes constants
which are independent of h and |€2| and may change from line to line.
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2. A priori estimates.

We multiply (3) by 4,3~ and sum for o, 8,7 =1,...,2N — 1. A reordering which is
equivalent to a discrete integration by parts then yields, taking into account (4):

2N—-12N-12N-1 2N—-12N—-12N-1
2 2
Z Z Z (Ya+1,8,y = Ua,8,y)" + Z Z Z (Ua,B4+1,7 —Ua,8,y)
a=0 pg=1 ~=1 a=1 =0 ~=1 17
2N—-12N—-12N-1 2N—1 (17)
+ Z Z Z Ua,B,y+1 — ua,ﬁv = Z fa,pyta,py
a=1 a,B,y=1
We have three discrete Poincaré inequalities:
2N -1 2N—-12N-12N-1
2
D SRCFRED SID DD DIt JNERRET A
@.By=1 a=0 B=1 ~=1
2N—1 2N—-12N—-12N-1
2
h Z ug By = Z Z Z (Ua,f+1,7 — Ua,B,y) s
a,B,v=1 a=1 pg=0 ~=1
2N—1 2N—-12N—-12N-1
2
h Z uaﬁv— Z Z Z 757’Y+1_u047ﬁ77)
a,B,v=1 a=1
Therefore
2N—1 2N—-12N—-12N-1
EY g [0 X (e ) s
o,B,7=1 a=0 p=1 =1
2N—-12N—-12N-1 2N—-12N—-12N-1

+ Z Z Z (“aﬁﬂﬁ_“aﬂn Z Z Z Ua,By4+1 — ua,ﬁw)
a=1

a=1 pB=0 ~=1

Thanks to Cauchy-Schwarz inequality, we can bound the right-hand-side of (17) by

=

2N -1 2 2N -1
2,2 2 02
Z h Ua, B,y Z h fa,ﬁﬁ
a,B,v=1 a,B,v7=1
1 2N—-12N—-12N-1 2N—-12N—-12N-1
2 2
< 7 DYDY Wak18n —tas) D D D (Uapiig — Uasy)
a=0 pg=1 ~=1 a=1 p=0 ~=1

N
=

2N—-12N—-12N-1 2N—-1

+ Z Z Z (tor 6,41 = Uawp,7)” Z L R
a=1 p=1 ~=0

a,B,y=1
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and thus
2N—12N—12N-1 2N—-12N—-12N-1
2 2
SN D (Wakrpn —tass) D D D (Uapiig — Uass)
a=0 pg=1 ~=1 a=1 pB=0 ~=1

(19)
2N—-12N—-12N-1

+ Z Z Z Ua,B,4+1 — Ua,B,7) ?<

a=1 pg=1 ~=0

2N —
Z 2f§,ﬁ,'y'
B,y=1

O»D|’—‘

Denoting the right-hand-side of (19) by L(y, z), we have

2N—-1

Z W f2 5.

aﬁ7 1

We then introduce the incremental unknowns defined by (5)-(11) and we split the
sum in the left-hand-side of (19) into eight sums depending on whether «, 3, are odd
or even. We write

L=1Ly+Ly+-+ Ly, with

Ly for a =21, 08 =25,v =2k,

Ly for a =21, =25,v=2k+1,

L. for a =2i,6=25+1,v=2k,
Lgfora=214+1,8=25,~v=2k,
Lefora=2i,8=274+1,v=2k+1,
Lyfora=2i+1,8=2j,v=2k+1,
Lgfora=2i+1,8=2j+1,v =2k,
Lpfora=2i+1,0=2j4+1,7vy=2k+1,

1,5,k =0,..., N — 1. This yields

N-1 1 2
(22i+1,2j,2k + 5 (y2i+2,2j,2k - y2i,2j,2k))
1,5,k=0
N-1 1 2
+ (z2i,2j+1,2k + 5 (y2z’,2j+2,2k - y2i,2j,2k))
t,5,k=0
N-1 1 2
+ (2’22',23',2k+1 + 5 (y2i,25,26+2 — yzz‘,zj,2k)) )
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N-1

2
1
Ly = g (22i+1,2j,2k+1 — 2924,2j,2k+1 T 10k
1,7,k=0

N-1 1 2
+ E (z2i,2j+1,2k+1 — 224,2§,2k+1 T+ Zhi,j,k)
0

Z7j7k:
N-1 1 2
+ E (_ZQi,Qj,2k+1 + B (Y2i,25,2k+2 — y27;,2j,2k)) )
i,5,k=0
where
Gi gk = Y2i4+2,25,2k+2 T Y2i+2,25.2k — Y2i,25,2k+2 — Y2i,25,2k>
hi,j,k = Y2i,2j+2,2k+2 T Y2i,25+2,2k — Y2i,25,2k+2 — Y2i,25,2k;
N-1 1 2
/
L.= E (Z2i+1,2j+1,2k — 224,2j+1,2k + Zgi’j7k)
i,J,k=0
N-1 1 2
+ (_ZQi,2j+1,2k + 5 (QQi,2j+2,2k - y2i,2j,2k))
i,5,k=0
N-1 1 2
/
+ (z2i,2j+1,2k+1 — 22i,2j+1,2k + Zh”k> ,
i,5,k=0
where /
9i.4.k = Y2i+2,25+2,2k + Y2i12.25.2k — Y2i,254+2,2k — Y2i,25,2k>
/
hi,j,k = Y2i,2j+2,2k+2 T Y2i,25,2k+2 — Y2i,25+2,2k — Y2i,25,2k;
N-1 1 2
Lq= (_Z2i+1,2j,2k + 5 (y2i+2,2j,2k - y2i,2j,2k))
i,5,k=0
N-1 1 2
12
+ (z2i+1,2j+1,2k — 22i+1,2j,2k T Zgi,j,k)
i,5,k=0
N-1 1 2
124
+ (z2i+1,2j,2k+1 — 22i+1,25,2k T Zhid,k) )
i,5,k=0
where

1
9i.4.k = Y2i+2,25+2,2k + Y2i.2542,25 — Y2i+2,25,2k — Y2i,25,2k>

12
hi,ng = Y2i+2,25,2k+2 T Y2i,25,2k+2 — Y2i+2,25,2k — Y2i,25,2k>
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N-1 1 2
Le = E (22¢+1,2j+1,2k+1 — 22i,2j+1,2k+1 T ng‘,j,k)
i,5,k=0

N-1 1 2
+ E (22i,2j+2,2k+1 — 22i,2j+1,2k+1 T th’,k)

i,9,k=0
N-—1 1 2
/
+ g (ZQi,2j+1,2k+2 — 22,2j+1,2k+1 T Zhi,j,k) ’
i!j7k:0
where
Qi.j.k =Y2i+2,25,2k T Y2i+2,2j+2,2k T Y2i+2,25,2k+2 T Y2i+2,2j+2,2k+2
= Y24,2542,2k+2 — Y2i,2542,2k — Y2i,25,2k+2 — Y2i,25,2k;
N-—1 1 2
L= (Z2i+2,2j,2k+1 — 22i+1,2§,2k+1 T Zgi,j,k)
i7j7k:0
N-1 1 2
/
+ (22i+1,2j+1,2k+1 — 22i+1,25,2k+1 T gqi,j,k>
i!j7k:0
N-1 1 2
"
+ (zzi+1,2j,2k+2 — 22i41,25,2k+1 T th‘,j,k> ’
1,5,k=0
where
/ _
Qi j .k =Y2i+2,2j+2,2k+2 t Y24,2j+2,2k+2 T Y2i42,2j+2,2k T Y2i,2j+2,2k
— Y2i+2,25,2k+2 — Y2i+2,25,2k — Y2i,25,2k+2 — Y2i,25,2k,
N-—1 1 2
/
[,g = E (22i+2,2j+1,2k — 22i41,2j+1,2k T Zgz‘,j,k)
i,9,k=0
N-—1 1 2
1
+ g (Z2i+1,2j+2,2k — 22i41,2j+1,2k T Zgz‘,j,k)
i7j7k:0
N—-1 1 2
1
+ E (Z2i+1,2j+1,2k+1 — 22i41,2j+1,2k T gqi,j,k) ’
t,5,k=0
where

1
ik =Y2i+42,2j+2,2k+2 T Y2i42,25,2k+2 T Y2i,2j+2,2k+2 T Y2i,25,2k+2

= Y2i4+2,2j42,2k — Y2i+2,25,2k — Y2i,25+2,2k — Y2i,25 2k,

9
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N-1

2
1
Ly = E (22i+2,2j+1,2k+1 — 22i41,2j+1,2k+1 + g%’,j,k
%,5,k=0
N-1 1 2
/
+ E (Z2i+1,2j+2,2k+1 — 22i+1,2j+1,2k+1 T+ gqi,j,k)
i,5,k=0
N-1 1 2
2
+ g (z2i+1,2j+1,2k+2 — 22i4+1,2j+1,2k+1 T gqi,j7k) .
i,5,k=0
We thus obtain
N-1
Ly, 2)=Lat - +Ln= > Lijxy,2),
i,7,k=0
where
_ 2 2 2
Lijr(y z) = 222i+1,2j,2k + 2z2i,2j+1,2k + 222i,2j,2k+1 (20)
1 1
2 2 2
+ §(y2i+2,2j,2k - y27;,2j,2k) + §(y2z‘,2j+2,2k - yQi,Qj,%) + §(y2z’,2j,2k+2 - y2i,2j,2k)
1 1
2 2
+ (22i41,25,2k+1 — 22i,2j,2k+1 + Zgi,j,k) + (22i42,2j,2k+1 — 22i4+1,2j,2k+1 + Zgi,j,k)
2i+4+1,254+1,2k 24,25+1,2k 4917],k 21+42,254+1,2k 2i4+1,2541,2k 4917],/%
1 1
1 2 1 2
+(z2ir12j0100 = 22012520 + 1 9050)" + (2201250200 — 220412540126 T 790 50k)
1 1
2 2
+ (22i,2j4+1,2k+1 — 22i,2j,2k+1 + Zhi,j,k) + (22i,2j42,2k+1 — 22i,2j4+1,2k+1 + th]k)
1., 1
2 / 2
+ (22i,2j4+1,2k+1 — 22i,2j+1,2k + Zhi,j,k) + (22i,2j+1,2k+2 — 22i,2j+1,2k+1 T Zhi,jyk)
+ (22i41.2; — 22i41,2; +1h” )2 + (22041, — 22i41,2; +1h” )?
2i+1,25,2k+1 2i4+1,25,2k 4 Vindok 21+1,25,2k+2 21+1,25,2k+1 4 Tk
1 9 1 2
+ (z2i+1,2j+1,2k+1 — 22§,2j+1,2k+1 T gQi,j,k) + (Z2i+2,2j+1,2k+1 — 22i+1,2j+1,2k+1 T+ g%,j,k)
1, 1
2 / 2
+ (22i41,2j4+1,2k+1 — 22i+1,2j,2k+1 + §q17j,k;) + (22i41,25 12,2k 41 — 22i41,2j41,2k+1 T g%’,j,k)
1, 1
2 " 2
+ (22i41,2j4+1,2k+1 — 22i+1,2j+1,2k + gqi,j,k) + (22i41,2j41,2k42 — 22i+1,2j+1,2k+1 + ng',j,k) :

We have the following result (see also [2]):
Lemma 1: For every (a,b,c,g) € R*, and for every 0 <~ < 1

(a—b+g)2+(c—a+g)2zv(az—bz—cz).
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Proof: Since the left-hand side of this inequality is positive, it suffices to prove the
inequality for v = 1 which can be done by observing that

(a=b+g)*+(c—a+g)* = (a—b—c)*+(=b+c+g)*+a>—b*—c*+g°> > a®*—b*—c*. O

We use Lemma 1 with v = 1 for the terms involving {g,¢’, ", h, 1/, h"} and with

v = & for the terms involving £{g, ¢, ¢"}. This yields:

N—1 N—1
2 2 2
E , Lijk = E {2Z2i+1,2j,2k + 222i,2j+1,2k + 222i,2j,2k+1
1,7,k=0 1,7,k=0
1 1
2 2
+ §(y2i+2,2j,2k - yQi,Qj,%) + §(y2z’,2j+2,2k - y2z’,2j,2k)
1 o 14 1, 1,
+ Q(Q%,Qj,%w - 92i,2j,2k) + Zz2i+1,2j,2k+1 - 1222',23',2k+1 - Zz2i+2,2j,2k+1
1, 1, 1, 1,
+ Zz2i+1,2j+1,2k - Zz2i,2j+1,2k - Zz2i+2,2j+1,2k + Zz2i+1,2j+1,2k
1, 1, 1, 1,
- Zz2i+1,2j,2k - 1Z2i+1,2j+2,2k + 1Z2i,2j+1,2k+1 - Zz2i,2j,2k+1
1, 1, 14 1,
- Zz2i,2j+2,2k+1 + Zz2i,2j+1,2k+1 - Zz2i,2j+1,2k - Zz2i,2j+1,2k+2
1, 1, 1, 1,
+ Zz2i+1,2j,2k+1 - Zz2i+1,2j,2k - Zz2i+1,2j,2k+2 + §22i+1,2j+1,2k+1
1, 1, 1, 1,
- §22i,2j+1,2k+1 - §22i+2,2j+1,2k+1 + gz2i+1,2j+1,2k+1 - §22i+1,2j,2k+1

1 1 1 1
12 1 2 12 19
8Z2i+1,2j+2,2k+1 + 822i+1,2j+1,2k+1 8Z2i+1,2j+1,2k 8Z2i+1,2j+1,2k+2 .

. 2 2 .
Using (4), we can replace, for example, 25,1 9; 9 o DY 23,11 ;05 in the sum,

which gives
N-1 N-1
/
Z E’L,j,k 2 Z Ei,j,k)’

i,9,k=0 i,9,k=0
where
El ( ) 2 + 2 + 2 + 1 2 + 1 2
i,5,k\Ys Z) = Z2441,25 2k T #24,2j+1,2k T %2i,2§,2k+1 4Z2i+1,2j+1,2k 422i+1,2j,2k+1
1, 3 5 1 2
+ 1720:2j+1,2k+1 + g P2i+1,2j+1,2k+1 + §(y2i+2,2j,2k — Y2i,2j,2k)
1 1
2 2
+ 5(92i,2j+2,2k - yQi,Qj,%) + §(y2i,2j,2k+2 - y2i,2j,2k) .
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. a+1)h 1h 1h
If we replace fa,5~ = f(ah, Bh,vh) by f5 5. = %fog}i ) ,6(,§+ ) fﬂf?ﬁ ) f(z)dz,
then the right-hand-side of (19) is bounded by 3+ | f |*= 5 f(o )3 | f(z1,22,23) |? dz,

and thus

N-1

2 2 2 2 2
E {Z2i+1,2j,2k T 225 241,26 T %25,25,2k+1 T 22i41,2j41,2k T %2i4+1,25,2k+1

i,5,k=0
+ Z%i,2j+1,2k+1 + z§i+1,2j+1,2k+1 + (Y2it2.2j.2k — Y2i,2j.2k)° (21)
+ (y2i,2j+2,2k - y2i,2j,2k)2 + (yzi,zj,2k+2 - yzi,zj,zk)2}
4
< 2,
<o /1

In conclusion, we have for h — 0

N-1

3 2 2 2 2
h E (z2i+1,2j,2k T 22.0541,2k T 22i,25,2k+1 T 22i41,2j41,2k (22)
4,3,k=0

2 2 2 2
T 22i41,25,2k+1 T 224,2j4+1,2k+1 T Z2i+1,2j+1,2k+1) < const. h7,

T
i
T

const.
Z (Y2iv2,25,2k — y2i,2j,2k)2 =" (23)
i=0 j=1 k=1
N—1N—-1N—-1 const
(y2i,2j+2,2k — sz‘,Qj,2k)2 < T, (24)
1=1 7=0 k=1
N-1N—-1N-1 const
(y2i,25,2k+2 — sz‘,Qj,2k)2 < T (25)

%

I
H
<

I
H
>
I
=

3. Variational formulation.

We consider the spaces H = L?(2),V = H()) which are endowed with their usual
scalar products which we denote (-,-) for H and ((-,-)) for V' (| -| and || - || denote the
corresponding norms). The variational formulation of (1)-(2) is classical. We look for
v € V such that

((u,v)) = (f,v),Yv € V.

Let now Vj, be the finite dimensional space which consists of functions u; which are
constant on each cube [ah, (o + 1)h) X [Bh, (8 + 1)h) x [yh, (v + 1)h). This space is
spanned by the functions wp,n, M = (ah, Sh,vh),a, B,y = 1,...,2N — 1, which are
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equal to 1 on the cube [ah, (a+1)h) x [Bh, (B + 1)h) X [yh, (v + 1)h) and 0 outside this
cube. Thus

up(x) = Z up (M )wp,pr (x), 2 € Q,

MeQy,

where Qp, = {(ah, Bh,vh), o, 8,7y =1,... ,2N — 1}. We introduce the finite differences
operators

Vind(@) = 7 (6(z + hey) — 6(a)),i = 1,2,3,

where (e, e2, e3) is the canonical basis of R3. We then endow Vj, with the discrete scalar

product
3

((wn, vn))n = Y (Vintun, Vinvn).

=1

We then consider the following variational problem:
Find uj € V}, such that

((un,va))n = (f,vn), You € Vi

We now consider the space decomposition
Vie=Y) & Z,

where Y}, is the space spanned by the functions ¢aop 1, M € Qop, Where ¢op, ar is given
by (see figure 2):

1
Gon, M =Wh M+ E{wh,MJrhel + Wh, M+hes + Wh,M+hes + Wh, M—heq

1
+ Wh, M —hes + Wh M —hes } + Z{wh,M+hel+heg + Wh,M+her —hes
+ Wh, M —hey+hes T Wh, M —hey —hes T Wh, M+hey+hes T Wh, M4he; —hes
+ Wh, M —hei+hes T Wh,M—her —hes T Wh,M+heat+hes T Wh, M+hes—hes
1
+ Wh, M—hes+hes TWh,M—hes—hes | + g{wh,M+hel+heg+h63

+ Wh, M+ hey+hes—hes T Wh,M4-he; —hes—hes T Wh M-4-he, —hes+hes
+ Wh, M —hey+hesthes T Wh, M —hey —hest+hes T Wh, M —he; +hes—hes

+ Wh, M—hey—hes—hes }»

and Zj, is the space spanned by the functions wyp, ar, M € Qp\Qop. Writing up, = yp, +
Zh,Yn € Yn, 2n € Zp, we obtain the incremental unknowns introduced above by using the
same method as in [4] for the two-dimensional case.



MIN CHEN, ALAIN MIRANVILLE AND ROGER TEMAM
south and north faces
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0! <t Q| <t o <
=5 = = = = =
AN A g RN A
| RN | S | N Q I AN I S
| ” | & | |
3 S < 2 N ” o
1 ! d —i
........ I R R s=R I N I R R R
@ < 0! | | <
=1 = =1 3 S 3

FIGURE 2. The values of the basis function ¢z, ar.



INCREMENTAL UNKNOWNS IN FINITE DIFFERENCES IN SPACE DIMENSION 3 15

Now we have
ON—12N—-12N—1

lyn+zn lh=lun I3=R0 D D > (war1py — tapa)’

a=0 pB=0 ~=0

2N—12N—-12N-1 2N—12N—-12N-1
2 2
+ D D D Wapriy—taps)’+ D D D (apait —taps)’ ]
a=0 B=0 ~y=0 a=0 B=0 ~=0
N-1 N—-1
. /
- h Z Ezijk 2 h Z Ei,j,k’
i, k=0 i, k=0

that is to say
L N-1
H 4 H2 > { 2 4 2 4 2 4 2
Yn T 2n || Z 1 R9i+1,24,2k T #24,25+1,2k T #24,25,2k+1 T ?2i+1,2j+1,2k
1,3,k=0
4 2 4 2 4 2 +( ) . - Lo )2
22i41,2§,2k+1 T #24,25+1,2k+1 T #2i+1,25+1,2k+1 Y2i+2,25,2k — Y2i,25,2k
2 2
+ (y2i,2j+2,2k - y2i,2j,2k) + (yzi,zj,2k+2 - y2i,2j,2k) }
1 1
2 2
= —51%nln + 7 |Yrll2n-
glenld + 5l
Now

| yn H% = ( we take 2 =01in L; ; 1 (y, 2))

2N—1
1 2
=h E {§(y21‘+2,2j,2k - yQi,Qj,%)
i,7,k=0
1 1
2 2

+ 5(92i,2j+2,2k - yQi,Qj,%) + §(y2i,2j,2k+2 - y2i,2j,2k)

1 2
+ §(92i+2,2j,2k+2 — Y2i,2j,2k+2 T Y2i+2,25,2k — Y2i,2j,2k)

1 2
+ g(QQi,2j+2,2k+2 — Y2i,25,2k+2 T Y2i,25+2,2k — y2i,2j,2k)

1 2
+ §(92i+2,2j+2,2k — Y2i,2j+2,2k + Y2i+2,25,2k — y2i,2j,2k)

1 2
+ g(yQi,2j+2,2k+2 — Y2i,2j+2,2k + Y2i,25,2k+2 — Y2i,25,2k)

1 2
+ §(92i+2,2j+2,2k — Y2i+2,25,2k T Y2i,25+2,2k — y2z’,2j,2k)

1 2
+ g(y2i+2,2j,2k+2 — Y2i42,25,2k + Y2i,25,26+2 — Y2i,2j,2k)

1

+ ﬁ(y2i+2,2j,2k — Y2i,25,2k T Y2i+2,25+2,2k — Y2i,2j+2,2k

2
+ Y2i12.25.2k+2 — Y2i,25,2k+2 T Y2542 2j42,2k+2 — yQi,2j+2,2k+2)
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+ —(y2i,2j+2,2k — Y2i,25,2k T Y24,2j4+2,2k+2 — Y2i,25,2k+2

32
2
+ Y2i4+2,25+2,2k — Y2i+2,25,2k T Y2i+2,2j4+2,2k+2 — y2i+2,2j,2k+2)
1
+ 3_2(y2i,2j,2k+2 — Y2i,25,2k T Y2i,2j42,2k+2 — Y2i,2j+2,2k

2
+ Y2i+2,25,2k+2 — Y2i+2,25,2k T Y2i+2,25+2,2k+2 — yQi+2,2j+2,2k) }

We have, for instance

1 N-1
2
g (y2i+2,2j,2k+2 — Y2i,25,2k+2 T Y2i+2,25,2k — y2i,2j,2k)
1,5,k=0
1 N—-1
2 2
<7 [(y2i+2,2j, 2642 — Y2i,2j,26+2)° + (Y2i42,2j.26 — Y2i,25,2k)°]
1,7,k=0
-1
1 2
< 3 (Y2i+2,25,26 — Y2i,25,2k)"
i,3,k=0
Similarly
N—-1
1
@ (y2i+2,2j,2k — Y2i,25,2k T Y2i+2,25+2,2k — Y2i,2j+2,2k
i,5,k=0
2
+ Y2i42,25,2k+2 — Y2i,24,2k+2 T Y2i+2,2j42,2k+2 — yQi,2j+2,2k+2)
1 N—-1
< 2 2
= g [(y2i+2,2j,2k - y2i,2j,2k) + (y2i+2,2j+2,2k - y2i,2j+2,2k)
1,5,k=0
2 2
+(y2i+2,2j,2k+2 - y2i,2j,2k+2) + (y2i+2,2j+2,2k+2 - y2i,2j+2,2k+2) }
N—-1
1 2
< B (Y2i+2,2j,26 — Y2i,2j,2k)
%,5,k=0
Therefore

N-1
lyn <20 > [(2iv2.2.26 — Y2i2j2n)
i,j, k=0

+ (y2i,2j+2,2k - y2i,2j,2k)2 + (?JQi,Qj,2k+2 - QQi,Qj,2k)2} )

that is to say
Fyn 1R<2 1 yn 134 - (26)
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Moreover

| 21, l= ( we take y = 0 in L; ; x(y, 2))

N-1

=h Z (225, 11,252 + 225i 241,26 T 225 25,2041

i,5,k=0
+ (22i+1,25,26+1 — Z2i,2j,2k+1)2 + (22i+2,2j,26+1 — Z2i+1,2j,2k+1)2
+ (22i41,2j4+1,2k — Z2z’,2j+1,2k)2 + (22i42,2j4+1,2k — 22i+1,2j+1,2k)2
+ (22i+1,2j+1,2k — Z2i+1,2j,2k)2 + (22i+1,2j+2,2k — Z2i+1,2j+1,2k)2
+ (Z2i,2j+1,2k+1 - 2’22',23',2k+1)2 + (Z2i,2j+2,2k+1 - Z2i,2j+1,2k+1)2
+ (Z2i,2j+1,2k+1 - Z2i,2j+1,2k)2 + (Zzi,2j+1,2k+2 - Z2i,2j+1,2k+1)2
+ (Z2i+1,2j,2k+1 — 22i+1,25,2k 2 + (Z2i+1,2j,2k+2 - z2i+1,2j,2k+1>2
+ (z2i+1,2j+1,2k+1 - Z2i,2j+1,2k+1>2 + (z2i+2,2j+1,2k+1 - Z2i+1,2j+1,2k+1)2
+ (z2i+1,2j+1,2k+1 - Z2i+1,2j,2k+1)2 + (z2i+1,2j+2,2k+1 - Z2i+1,2j+1,2k+1>2
+ (z2i+1,2j+1,2k+1 - Z2i+1,2j+1,2k>2 + (Z2i+1,2j+1,2k+2 - Z2i+1,2j+1,2k+1)2 ]

< ( with the same techniques as above )
N-1
<h (1023 + 1023 + 1023
= 2i4+1,25,2k 20,2j+1,2k 24,2j,2k+1
i,3,k=0
+ 1022 + 1022 + 1022 + 1222 )
2i+1,2j+1,2k 2i+1,25,2k+1 2i,2j+1,2k+1 2i4+1,2j+1,2k+1 />

which gives

N—1
2 2 2 2 2
| zn [|[n< 12R E (23i41.2j.2k T 225 2j11.05 T 22i.2j.0k+1 T 22i41,2j+1.2k
i,j,k=0
2 2 2
T 2341,25,2k+1 T #2i,2j4+1,2k4+1 T Z2i+1,2j+1,2k+1>7

that is to say

12
20 [I5< 2 | #n . (27)

We then obtain

1 1
| yn + 20 |72 = | 2 |7 +§ | yn |17 -

Therefore, we have the inverse triangle inequality:

1 1
|y + 21 (> 4—\/§(II a1+ Iy 17)2, (28)
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Yyn € Yn, zp € Zy. If we take || yn ||n=|| zn ||[n=1 in (28) we find

1
| yn + 26 7> =
24

which gives

1
- <1-—.
((yn> 20))n < I
Therefore, changing z; into —z;, we find
47
((Yns 20))n < 5
Now if 2z, and y;, are # 0, then
Yh Zh, 47
| ) ))h |S 4_7
[y a1l 2n ln 8

and we obtain the enhanced Cauchy-Schwarz inequality:

47
| (@nozn))n [< g lyn llall 20 llns (29)
Yyn € Yy, zp € Zy,. Finally
N-1
2_ 13 2 2 2 2
| 2n [°=h E (22i41,2j,2k t 225254126 T 22,25, 26+1 T 22i41,2j 2k+1
i,9,k=0
42 4 52 4 52 )
22i4+1,2j+1,2k T #24,2j+1,2k+1 T 22i+1,2j+1,2k+1)>
and since
p Mol
H H2> o (2 + 2 4 2 4 2
Zh [|hZ 1 R2i4+1,2§,2k T #24,25+1,2k T 24,25,2k+1 T ?2i+1,2j+1,2k
i,7,k=0
4 52 12 42 )
R2i4+1,2§,2k+1 T #24,25+1,2k+1 T ?2i+1,25+1,2k+1/>
we find

72 |z P<|| 20 |7 -

We then obtain the enhanced Poincaré inequality

1
o | 20 [<I| 21 |1y V2R € Zn. (30)



INCREMENTAL UNKNOWNS IN FINITE DIFFERENCES IN SPACE DIMENSION 3 19

A first consequence of (28), (30) is that the L?- norm of zj is small. We have

((wn, vn))n = (f,vn), Yon € Vi,
which gives for v, = up,
| un 5= (f;un) <| f ] un |-

We have the discrete Poincaré inequality (see [21])
’ Up ‘S C H Up Hh,Vuh € Vi, (31)
where c¢ is independent of h. Therefore

lun Z<c| £l un lln,
and
[ un I5< | f P,

that is to say
lyn + 20 <1 f

Thanks to (28) we have
Fyn 17+ 1 zn Ih< el f 1

and thus, thanks to (30)
| 2n [P< eh? | f 1%,

where c¢ is independent of A, hence the result.

4. Condition number of the matrix.

4.1. Mathematical setting.

ho

We consider here two discretization meshes hg and hg, hg = 53,d > 0. We associate

to these meshes the grids

Ro = Rp, made of points (j1ho, j2ho, j3ho),
Ra = R, made of points (jiha, joha, j3ha),

where j1,7j2,73 € Z. Here Ry is the coarse grid and R4 the fine grid. We set, for
j = (j17j27j3) S Zga

K a= (jiha, (51 + 1)hq) x (§2ha, (j2 + 1)ha) X (jshq, (js + 1)ha).
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We denote by Vj the space of continuous real functions on 2 that are Q; (i.e. affine

with respect to z1,x2 and x3 separately) on each cube K; 4 C Q and by Uy the set of
nodal points

UdZRdﬂQ.

Similarly we define the spaces V;,0 < ¢ < d, and we observe that Vo, C V; C ... C V.
Moreover, these spaces are endowed with the scalar products and norms induced by
L? and H!. In this section, ((-,-)) denotes the scalar product in H! and || - || is the
corresponding norm:

(u,v) = / u-vdx, | u|= (u,u)%,
Q
((w.0)) = (w,0) + [ Vu- Vodo, | u = ((w,u) .
Q
Since V;_1 C V3 we can define a supplement Wy_1 of V;_1 in V;. We write

Vi=Vi_1® Wy_q,

where W;_1 is the subspace of V,; consisting of the functions z € V; that vanish at the
coarse grid points, i.e.

Z(M) = O,VM S Udfl.

Since the functions of V; are uniquely defined by their values at the nodal points on
U,, every function u € V; can be uniquely written as the sum

u=y+z,y€ Vi 1,z€ Wy_1, (32)

so that
y(M) =u(M),VM € Ug_1, (33)
2(P) = u(P) —y(P),VP € Ug\Uq_1. (34)

Let F4 be the set of all the cubes K 4. The cubes of F4 are obtained by dividing the
cubes of Fy;_; into eight equal cubes (see figure 1). Since y is affine along the edges of
K € F4-1, we have with (33) and (34) (see figure 1):
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2(Py) = u(Py) — - (u(My) + u(My)),

2
2(Py) = u(Py) — 5 (u(M) + u(My)),
2(Py) = u(P5) — 5 (w(My) + u(M)).
2(Py) = u(Ps) — 3 (u(M0) + u(Ma) + u(Ms) + u(My), )
2(Py) = u(Py) — 3 (u(Ma) + u(Ma) + u(Ms) + u(Mg)),
(Py) = u(Ps) — 3 (u(M) + u(Ma) + u(My) + u(My),
2(Pr) = u(Pr) — g (u(My) + (M) + u(Ms) + u(Ma) + (M) + u(My)

Hence the nodal values of z at the points P; € Uy\Uy_1 are the incremental values of
u as defined in Section 1.
We can reiterate the decomposition and write

Vac1 = Vg ®Wy_o,...,
and finally

Vi=VoaWi@--dWy_q. (36)

We define the linear interpolation operator ry,0 < ¢ < d, which associates to any
continuous function u in €2 the function ryu € V; defined by its nodal values

reu(M) =u(M),YM € U,.
Of course, if u € Vi, u = rqu, and we have if u € Vj;

d

U= TqU = Tl + Z(mu — re_qu), (37)
=1

which gives the decomposition of u corresponding to (36) since rou € V and rpu—rp_qu €
Wy_1. Furthermore the (ryu — rp—qu)(z),z € U\Us—1,¢ = 1,---d, are the incremental
values of u at the different levels of discretization. If u € Vj;, we set

d
Wi=> > (reu—reau(@) (38)

=1 z€U,\ Up_1
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[ulli= ) | rou(z) [ +[ul. (39)

zeUy

Here [-]4 is a semi-norm on Vy and [[]]4 is @ norm. To a function u € Vy;, we associate
the step function @ such that

u(x) = u(jiha, j2ha, jzha), Vo € Kjq.

We then define the discrete H!—scalar product and norm:

((u,v))q = /Qﬂ(:l:) - 0(x)dx + Z /Q Vin,(x) - Vi p,0(z)d,

| fla= [((u,w))d)2, Yu, v € Vy.

We now state the following result which will be proved in the next subsection:

Theorem 1: There exist two constants ¢; and ¢y that depend only on the shape of 2
such that for every u € Vy

cih 1
- d(\ Vrou | +[u]g) <[ Vu [°< e2d(] Vrou | +9[3 [u]3), (40)

cih _2
o5 (| Vrou [P+ 2| 8 rou 2 +u?) < (| Vu 2+ Q73] u?)

(41)
< cod(] Vrou > + | Q|5 [W]3+ | Q|75 rou |).

4.2. Proof of Theorem 1.
We first establish the following result:

Lemma 2: There exist three constants ci,cs,c3 that depend only on the shape of 2
such that

| 2]
d

Q
| u— U | o)< h—£n<’h3‘> | Vu |, Yu € Vy, (43)
d

Q
B2 h3

)(\v 241 )b Vue v, (44)
d

d
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where @ is the average of u on © and | Q | is the volume of 2.

Proof: If u € H} (), then rqu € V; N H(Q). Moreover we have

U(Al) - U(Ao) U(A7) - U(A()) U(Ag) - U(Ao)

rqou(z) = u(Ag) + iy 1 iy To + iy T3
Ay) Fu(Ag) —u(4y) —u(A As) +u(Ag) —u(4y) —u(A
| ) o) ) ) ) ) ) )
d d 45)
’U,(Ag) + U(A()) — U(Ag) — U(A7) (
+ h2 ToX3
d
U(Al) + U(Ag) + U(A5) —|— U(A7) — U(Ao) — U(AQ) — U(A4) — ’U,(Ag)
+ h3 T1X2X3,
d
on the cube K (see figure 3).
Xy
As As
As i X A
o
Ao A1 X1
FiGure 3. The cube K.
Therefore
orqu (- T3 T3 .'132.’133)U(A1) —u(Aog) (1- @)ﬁ u(A7) — u(Ay)
15) N h h h? h hg' h h
x1 d d 2 d d" ha d (46)

. ﬁ)ﬁu(Ag) —u(As) n xoxs u(As) — u(Ag)
ha' ha ha 12 he
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orqu (- T T3 LL‘lLL‘g)U(A7) —u(Ao) (1- ﬁ>ﬂ u(Ar) — u(Ay)
6.772 hd hd h?i hd hd hd hd (47)
- ﬂ)ﬁ u(As) — u(Ag) L 1T u(As) — u(Asz)
ha’ hd ha h? ha ’
orqu T T2 LL‘lLL‘Q)U(Ag) —u(Aog) (1- @)ﬂ u(Ar) — u(As)
8953 hd hd h?l hd hd hd hd (48)
. ﬂ)ﬂu(fh) — u(Ag) 4 F1%2 u(As) — u(Ay)
ha’ hd ha h? ha ’
on the cube K € Fy. Thus, if u € Vy
/ | Vu [P dz < = | u [0 / | Vu [? d, (49)
K ha K
where ¢ is a numerical constant. Furthermore, thanks to [8], Lemma 7.12 we have
0| zoe < eq [ Q]3] u o), Ve > 3, (50)
where ¢ is an absolute constant. Now, it is proved in [1] that
__3
| u|poe)< chy® | u|La), (51)

Vu € Vg, where c is an absolute constant. We sum (49) for all K € F; and we obtain
thanks to (50) and (51)

2 C 9 3, -7 2
‘U‘Lw(g)gh_dq [ Q[ hg* [Vul®.

Taking ¢ = Kn(%), we find (42).
d

Now, thanks to [8], Lemma 7.16 we obtain

| — @ |y < cq® | Q|| Vu|ps o), (52)

Vu € Vy,Vq > 3, where ¢ depends only on the shape of €2, and we obtain (43) and (44)
as above. [

Inequalities (43) and (44) are also valid if we replace €2 by a cube K € F,| Q| being
replaced by h} and %' by 8¢=¢. In that case, (43) and (44) become
d

_ Cc
|u—uK ‘LOO(K)S h—%(d—£)|vu|L2(K), (53)
l
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C _ 1
im0 (@ = O Vu ey +h° [ [F20)* (54)
14

Now, if u € Vy, we have
| Vrou sy < € | reu — Trlig | Lo (k) (55)

where ¢ depends only on the shape of K (i.e. of ), (55) being invariant by homothety.
Here tux and Tpug are the average on K. More precisely, we have

| V(Tgu) |L3(K)S c']nfaeR | Teuw — |LOO(K), (56)
and thus for o = u g

| V(reu) ’L3(K) < | mou — ug ’Loo(K)S c | u—ug ’Loo(K),

since ryu agrees with u at the vertices of K. Therefore, thanks to (53) we obtain

C
| V(Tgu) |L3(K)S h—%(d—g) | Vu |L2(K) .
14

Since
| V(reu) |2y 1K (8] V(reu) |pso < hi | V(rew) |ose),s
we find
| V(rew) 72050 < e(d = 0 | Vu T2k - (57)
Moreover, if u € V;, we have
| 7ou |%2(K) <hl|u |%°°(K)S ( thanks to (54))
< chi(d—02(| Vu 7205y +hi° w72 (50))s
and thus
| rou o) < eld = O (hi | VulTarey +hy ' [ [72))- (58)
Summing (57) and (58) for K € F; we then obtain:

Lemma 3: There exists a constant ¢ that depends only on the shape of € such that for
every u € Vy,0< /0 <d

| V(reu) |[<c(d—2) | Vu |, (59)
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| reu | < e(d = O)(hG | Vu |* +h "t [u]?)2. (60)

We can now prove the following results:

Lemma 4: There exist two constants ¢ and ¢’ that depend only on the shape of Q such
that for every u € V,

d
chalu)3 < Z | V(rpu —rp_qu) |*< holu)3. (61)
k=1
Proof: We fix k,1 < k < d. Let K be a cube of F4_1 (see figure 1). Then, for every
continuous function ¢ that is ()1 on each of the eight cubes of F,; that are in K and that
vanish at the points M;, we have

e |e(P) PSIK 75| Vo [fagn< Y [ o) (62)

Indeed, | K |75| Vo |L2(k) and (3, | o(F;) 2)2 are two norms on the space of such
functions. Moreover, (62) is invariant by homothety. Thus ¢ and ¢’ depend only on the
shape of K (i.e. of ) and are independent of hy_;. Therefore, for every v € Wj,_q, we
have

c Y @ Pt Vol Y ule) P

mGUk\Uk,1 wGUk\Uk,1

We then obtain

¢ Yo lu@) P<hyt Vo e -
mGUk\Uk,1

We now add these relations for K € Fj;_q1, and then for £k = 1,--- ,d, with v =
reu — rp_1u, and find

d
clulg < hg" > | V(rku—rp_qu) |
k=1

Similarly

ho ' IV [F20 < ¢ Z | w(x) |2,
:CGUk\Uk,1

hence

d
[u]? > hy't Z | V(rgu —rp_qu) 2. O
k=1
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Lemma 5: There exists a constant ¢ that depends only on the shape of €2 such that for
every u € Vy

|ul< e rou | + | Q| [u]?)?. (63)
Proof: Let u € V. Then

d

U =rqu = rou + E (riu —ri—qu),
1=1

where rju —rj_qu € W;_1 C V;. Thus

d

\u\glroul—kzwlu—rl_lu : (64)
=1

o= [ 1o Par= 3 [ e

KeF

If v € V}, we have

Now, if K € Fi,| v |r2(x) and (b3 32, | v(4;) [?)? (see figure 3) are two norms that
are equivalent on the finite dimensional space consisting of the functions that are ()1 on
K. Therefore, there exist two constants ¢ and ¢’ that depend only on the shape of ) such
that

hSZyv %)% <| v |20 < € hSZyv ) 122, (65)

since (65) is invariant by homothety. Thus

|v|%2(K)§Ch?Z‘U(AZ < ]’LSZ|U |2< l |Q|Z|'U . (66)

We now sum the inequalities (66) for K € F; and obtain, since each vertex A; belongs
to at most eight cubes

\v|2<—|Q|Z|U )12, Vo e V. (67)
zeU;

If v € W;_q, then v(z) = 0,Vx € U;_1, and therefore thanks to (67)

c
| v [2< - | Q] E | v(z) |?, Yo € Wi_y. (68)
8
z€U\U; -1
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We set v = rju — r;—ju in (68) and obtain thanks to (64)

S tu—rou)(x)

d
1 1
ul|l <|roul| +ec| Q|2
ul sl elalt |30 oo
= :L'EUI\U[_l

N=
N

%]

d d
<[rou|+clQz (Y Yo > I tu—rsu) (@) [P

=1 =1 meUl\Ul—l

< rou|+¢| Q|2 [ulg. O

We can now prove Theorem 1. Thanks to Lemma 4, we have

d
| V(rou) |* + hi <] V(rou) |2 +; | V(rgu — rp_q1u) \2>
. L

< > (! V(rou) |? %—2]’621 (| Vrru > + | Vrg_1u \2)>
< de & v 9

= ha kZ:O | Vrgu |7

Therefore, thanks to (59)
d
| Vrou |2 + hiz 02| Vu | djyvuP.

We now take ¢ =0 in (60) and obtain

| rou \2§ cd2(hg | Vu ]2 +h51 | u \2)
Since h3 <| Q|
| Q7] rou P< cd®(| Vu |* +hgt | Q|7 | u ),
and thus

cd?

| Vrou 2+ | Q|7 | rou |* +[ul? o | Yl Hed?( Vul? +hot QT u )

IN

cd3
(\V 2+ | ul?).
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We have then proved the first inequalities in (40) and (41). Now if u € Vj, we write

i
M)~

vy,
l

I
=

where vg = rou,v; = rju — ri_1u, 1 <1 < d. We obtain

d d d d
| Vu |>=| ZVUZ |2< Z (Vu;, Vi) < (d+ 1)2 | Vo |2< QdZ | Vo |2 .
=0 J,k=0 1=0 1=0

Therefore, thanks to Lemma 4

| Vu |2§ cd(ho[u]?i—l— | Vrou |2) (70)

The second inequality in (40) is then satisfied. Finally, if u € V; we have

[ Vu 2+ Q5 | ul? <ed(] Vrou | +holuld)+ | Q|7 | ul?
< ( Thanks to Lemma 5)
< ed(| Vrou |? +holul?) + ¢(| |7 [ rou |2 + | Q|5 [u]?)
< cd(| Vrou | + | Q|3 [ul2+ | Q75| rou [?),

which proves the second inequality in (41).

4.8. Application to incremental unknowns.

4.3.1 Preliminary results.

Lemma 6: For every u € V;, we have
2
2| 9,5 1<) Vul, @
where Vgu = (V1 p,u, Vo p,u, Vs p,u).
Proof: In order to prove (71), it suffices to prove

1
—/ yvda\2da:g/ | Vu |? dz,

where K is a cube of Fy;. We assume for simplicity that K = (0, hgq)3. We then have (see
figure 3):
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1

h—d(u(Al) —u(Ap))
Vi = hid<u<A7> ~u(Ag) |,

hid<u<A3> — u(Ap))

and

/K | Vi 2 die = hal(u(Ar) — u(A0))? + (u(Ar) — u(A0))® + (u(As) — u(Ap))?].

Furthermore, thanks to (46), (47) and (48) we have

where

a1 = u(Ar) —u(Ap),as = u(Az) — u(Ap), as = u(As) — u(Aop),
Pr = u(A7) — u(As), B2 = u(Ar) — u(As), B3 = u(A1) — u(Az),
71 = u(Asz) — u(Az2), 72 = u(As) — u(As), vz = u(Ar) — u(Ae),
01 = u(As) — u(Ag), 02 = u(As) — u(As), 03 = u(As) — u(Ay)

Ty X3 TaTz\ Q1 3\ T2 1 T2\ T3 M1
e RNt R Y (R e R D et
< ha R hg)hd ( hd) oy ( hd) ha g
T1 T3 T1T3 )\ Q2 3\ 21 B2 T\ T3 V2

S I e ) e Rl e e
Vu ( ha  ha hfl)hd ( hd) Dy ( hd) haha

z1 T2 122 \ 3 Z2\ T1 B3 1\ T2 73
1-— - = — (1= (11— ) —=—
( hq hq + h?i ) hq ( hd) hg hy ( hd) hg hy +

o3 (31
h2 hq
13 (32
h2 hg
12 53
h2 ha
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Therefore

/ | Vatu \2 dr = hd(a% + a% + ag),
K

3
h 1

/ ’vu‘2dx:_d§ (0422+5i2+%2+5i2—Oéiﬁi—oéi’Vi+—Oéi5i

K 9 &~ 2

1=

1
+508i% — Bidi — %’52')

hy 1 s \2 1 1 1
:&§Xjé(m—@—%+é)+5£+§ﬁ+§ﬁ

3 1 1 1
1%~ 5@'52' - 5%52' — 5@%)

> (thanks to Cauchy-Schwarz inequality)

ha 5\° o, 82
> 2 3. — A - ‘ N
= 18((0% ﬁz Yi + 2) + aj + 2

We then deduce (71). O

In order to establish the inverse inequality of (71), we introduce the extended norms

1
2

Vianl= | | Vingi o)
’ QU(Q—i—hdei)

e~ e -~ e ~ 1/2
|Vau| = (‘Vl,dUP + ‘V2,dul2) )
Q= (0,1 + hy).
As in [3] (Lemma 4.2 and Lemma 4.3) we can prove the following results:

Lemma 7: There exist two numerical constants ¢; and ¢y such that for every u € V,

¢ | Vgt [<| Vu[< e [ VGa | (73)

Lemma 8: There exist two constants ¢; and ¢y that depend only on the shape of €2 such
that for every u € V,

! !
" /‘\aﬁm: <lul< e /1yaﬁm: | (74)
o o

We note that for functions vanishing on 0f2, the extended domains are not needed and
|V4a| = |[Vqt|. Thus, the left inequality in (73) is replaced by (71), and for the second
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inequality in (73), we can replace V5a by Vgu. We then have the inverse inequality of
(71).

4.3.2. Incremental unknowns for boundary value problems.

The discretization of (1)-(2) by the usual finite differences scheme leads to the classical
linear problem
AUyq = by. (75)

We actually have several systems

AU =b, 1=0,---,d, (76)

corresponding to the different levels of discretization, but we are here interested in the
resolution of (75). At each level [, we consider the set U, of incremental unknowns which
consists of the following:

e the set properly ordered (see Section 1) Y! = Y{ of the approximate nodal values of
u at the coarse grid,

e the set properly ordered (see Section 1) Z; of the incremental unknowns at level j.

Thus
Yl
Zl

We can pass from U, to U; by using a transformation matrix S; and we obtain the systems

Z1
Z

AU =b, 0<I1<d. (77)
If k(Ay) is the condition number of A4, then we have
K(Aa) = MAa)/A(Aa),

where A\(Ay) is the largest eigenvalue of Ay and A(Ay) the smallest eigenvalue. As in [3]
we have

< AgUy,Ug > = / | Vaiig |? dz > c/ | Vug |* dz > (thanks to (40))
Q Q

Chd
S
Chd

- ch . _
> ?ﬂ Vrotg \2 +[ud]3) > d—?’d min (A(Ag),1) < Uy, Ug > .

(| Vroug |? +[ug]?) > (thanks to (71))
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Therefore
— Chd

A(Aq) = S min (A(4o), 1)

Similarly we obtain

MAy) < ed max (M(Ag),1).

o * max ((4o), 1
- max 0),
Ad) < ¢ (A0 1)

We set h = hy. We then deduce that k(Ag) is at most of order 1 (Inh)?*, whereas r(Aq)

is of order #, hence an improvement in the case of incremental unknowns.

(78)

Remark 1: As in [3], we can consider more general domains or operators and obtain
similar results. Moreover, thanks to (41), Lemma 7 and 8, we can obtain similar results
in the case of Neumann boundary conditions.

5. Numerical results and other types of Incremental Unknowns.

In this section, we shall present the numerical results from the computation of x(Ay)
introduced in earlier sections. We then introduce another type of incremental unknowns
and conjecture the behavior of the condition number x(A4) through numerical compu-
tations.

The incremental unknowns introduced in Section 1 were referred to as the second-
order incremental unknowns in [4] since the Taylor’s expansion of z, g at (ah, Bh,vh)
is of order h2. In Figure 4 and 5, x(A4) and k(A4)/(h~!1logy(h)|) are plotted against
d respectively with h = hq = 1/2% being the mesh size and © = (0,1)3. The graph
in Figure 4(a) shows that x(A,) is growing with d and the graph in Figure 4(b) shows
that x(Aq)/(h~|log,(h)|) is almost a constant, which means that x(Ay) is of order
h~1|log,(h)| which confirms our theoretical results obtained in the previous sections.

Inspired by the idea of the second-order incremental unknowns and the first-order
incremental unknowns introduced in [4] for the two-dimensional case, we can introduce
third-order or even higher order incremental unknowns. For h = 1/(2N), we let as for
the second-order incremental unknowns:

Y2i,25,2k = U2i 252k, for i =0,1,..., N,

For a mesh point Ay = («, 3,7) which is not a coarse grid point, there exist three distinct
coarse grid points A, As, A3 on a line and dist(A1, Ay) = dist(Az, A3) = 2\h, Ap being
the midpoint of A; Ay, and 3 dist(Ag, A1) = 3 dist(Ag, Az) = dist(Ag, A3) = 3\h, where
X\ =1 or /2 correspond to the cases where A; Ay A3 is a horizontal\ vertical line segment
or a diagonal line segment respectively. Let

3 3 1

ZO(,B,’Y = uoﬁﬁaﬂy - (guAl + ZUAQ - guAS)ﬂ
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FIGURE 4. Condition numbers of the second-order IU in the three di-
mensional case.

for o or B or v odd, Ay, Az, and A3 as described. The Taylor’s expansion of z, g~ at
(ah, Bh,~h) is of order h3. Numerical results presented in Figure 5 make us believe that
x(Ag) in this case is also of order h=!|logy(h)].

Many other types of incremental unknowns can be introduced to suit certain specific
requirements from the original physical problem or the design of the numerical schemes.
In [5], we have used the wavelet-like incremental unknowns which have the Ly orthogo-
nality property between different levels of mesh to design numerical schemes which have
significantly improved stability when compared to the existing schemes.
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