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Abstract

This paper is centered at deriving and studying systems model-
ing bi-directional surface waves over an uneven or a moving bottom.
Compared with the huge amount of work on model equations describ-
ing one-way propagation of water waves, much less attention has been
given to Boussinesq systems describing two-way propagation of water
waves, especially to the systems which are externally forced.
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1 Introduction

Boussinesq systems over a flat bottom have been studied in [2-4] and it was
demonstrated that the systems have the capability of predicting physical
phenomena and have the advantages of being simpler than Euler equations
and applicable to more general situations than the KdV equation. Since in
practical applications, the wave reflection due to the bottom topography
and the wave interaction have to be considered, we will derive, without ad
hoc assumptions, a class of model equations which have the same formal
accuracy as KdV-type equations, but model bi-directional surface waves
over an uneven or moving bottom.

2 Equations for Bi-directional Waves Over an Un-
even Bottom

Consider nonlinear dispersive waves in a water channel of length L with an
uneven and possibly moving bottom. The bottom may actually be moving,
as in the experiments of [10], or it may result from an imposed flow at infin-
ity which is brought to rest via a change to traveling coordinates in which an



uneven bottom will appear to move. Let x be the coordinate along the chan-
nel and y the vertical coordinate pointing upward with the undisturbed free
surface located at y = 0. Let n(x, t) be the free surface which is a fundamen-
tal unknown of the problem and —h(x,t) be the possibly moving bottom
topography, the flow domain is then €, = (0, L) x (=h(z,t),n(x,t)). Let ag
denote a typical wave height, A\g denote a typical wave length, hy denote the
average still water depth and g be the gravity constant. By assuming the
initial flow is irrotational, the system describing two-dimensional gravity
waves on the free surface may be written in the form

1
momentum conservation in x :  uy + uuy + vuy + — P, =0, for (z,y) € Q,
p
.. 1
momentum conservation in y : vy + uvy +vvy + —Py = —g, for (z,y) € 4,
p
mass conservation: Uy + vy = 0, for (z,y) € Q,
irrotational flow: Uy — vy =0, for (z,y) € 4,

where (u,v) denotes the velocity in the x and y directions, respectively,
P denotes the pressure field and p denotes the density. The boundary
conditions on the surfaces are

ne+une —v=0; P(z,t)=Fy(z,t); on y = n(z,t),
hi + uhg +v = 0; on y = —h(z,t).

Since the object of current study is on the small amplitude and long waves,
one can scale the variables so that the magnitude of each term be more
explicit. It is not always clear, initially, how all the variables should be
scaled and sometime there may be a genuine ambiguity corresponding to
different physical situation. A natural scaling of x, y and 7 is chosen, so

z ~_ Y ~_ N

%:

TO, Y= hi()a n= ao .
In the context of waves we are considering, such as the waves on a beach,
the waves progress with a velocity (i.e phase velocity) which is of order 1,
so the time should be scaled as x and we therefore set the non-dimensional

time as
~ Cot

t =
Ao
where ¢y = y/ghg. To maintain the approximation that would obtain in

the absence of bottom variation or bottom motion, A — hg is assumed to
behave similarly to n, so we let

~ h—hg
a '




By assuming the horizontal velocity u has the same order of magnitude as

the surface variation 7,
~ uho
U=—-
apCo
is used as corresponding non-dimensional variable. From mass conservation
and the kinematic condition on the surface, one finds

apCo ~
Uz + vy = 0,
Ao
2
apco ~ . AGCO ~~ 0
ung —v =
o U Nolo UE ;
. ag . . . . o
so v is of order — and the nondimensionalized vertical velocity is chosen
0
to be
~ ’U)\o
v = .
apCo

Substitute the non-dimensional, scaled variables into the governing equa-
~ L ~ e
tions of the flow in Qy = <0, )\> X (— (1 + ah (x,%)) ,an (m,%)), and de-
0

note

a h%
o= h—o and (= /\—(2),
which are small parameters, one obtains
~ . — 1 ~ =
oty + otz + ooy + — P; =0, for (z,9) € Q, (1)
PCo
~ . . 1 ~ =
afv; + o*Buvy + aQﬂvvg + —P;=—1, for (z,y) € (2)
PC
Uz + 5 = 0, for (%,7) € Qs (3)
Uy — vz = 0, for (%,9) € Qs (4)
ﬁt + aaﬁ&? -v=0, on y = aﬁ(ﬁ;”")’ (5)
P (Z,t) = Py (7,1), on § = ai(z, 1), (6)
hy + atihz + 7 = 0, on = —(1+ah(z,1). (7)

Since we are considering the wave motion for which the classical Stokes
number S = «/f is of order one, the two small parameters o and § may
be treated on an equal footing and we seek to write approximate equations
corresponding to the orders of accuracy characterized by a” or " for n =
1,2,

Let U(z,t) denote the horizontal velocity at the bottom of the chan-
nel y = —(1 + ah). Integrate the relation (4) along y to determine that



i — U = O(B). Observing from equation (7) that Tr—i— (7, —(1 + ah), O(

t)=
the leading order approximation of v is then obtamed by integrating (3) in
Y,

Tihr=— [ Wdj+0@.) = ~F+ D0+ 00,
—(14ah)

The next order of approximation keeps all the terms which are of order one
and of order @ and 3. Using (4) and (8), one obtains

Uy = 0% = —B(7 + 1)Usz — bhzz + 0(a®, a8, 5°)
which yields by integrating in 7

u-U

L5+ 1020 — B+ Vg + Okl ). (9)

Integrating the momentum equation (2) with respect to y from y to an and
using (8), one derives by keeping all the terms of order o, a3 and 32, that

1 U .
aﬁyhtt—i_ O(/B( +2§) p02 (PO _P) +0477_y: O(a37a2ﬁ7a/327/35)7
0

which means P — Py = pcj(aij — ) + O(af3), the pressure P consists the
hydrostatic pressure and a higher order correction.

Differentiating with respect to  and combining with equation (1), one
obtains by using approximations (9) and (8) that

- 1~ 1 _
Uz + iz + a*UUz — 5 afUz;+ E(PO)% —afhyy = 0(a®, 0B, a2, 7).
0

It is worth to note that to maintain the order of approximation, (FPp)z

should be of the order a or o?, which means that the variation of outside
2

pressure along the channel should be of the order @ or i—, depending on

the physical situation! In the field situation, (FPp), is lower order. But when
Py is used to model the effect of ships as in the experiment of [10], it Could
be in the higher order. As an example, we assume that (Py)z is of order o
(i.e. (Py)s is of order a?/)g). In this case, the non-dimensional variables

~  Poho =~ Phy
Py = 2 = 2
Pygagy Pygagy

can be used. We therefore obtain

Us + 7z + aUUz — 5Ugg~ +a(Py); — Bhy = O(a?, a3, 5°).

(@),



Following the work of [8], one can derive, by using mass conservation
(3) and the boundary conditions (5) and (7), that

UG B 1 Ju on
W+8:¥/ ~)udy_77t~+/ —dy + au(z, an, )8~

—(1+ah (14ah) ox
A ~
+at(T, —(1 4 ah), i )ga: = —h;

1 on

Denoting t = —————= / _ u dy which is the depth-averaged ve-
(1+ aij + ah) J-(1rah)

locity, one finds

W+ ((1 e ozh)a)~ = D (10)
Therefore, by using

U =1a+0(a,B), ﬁ:a+§agg+§hﬁ+0(a af, 3%), (11)

which are consequences of (9) and by associating with (10), one obtains the
following system of equations with respect to unknown functions @ and 7

n; + ((1 +an+ ah)ﬂ)i = —hy,
%ﬂhﬁ{ — a(Po)z,

where the higher-order terms are neglected in the second equation. System
(12) appeared in [10] in a different form and was studied in [7, 6, 5] under an
additional condition that the external forces h and Po are time independent.
To my knowledge, the well-posedness of this system when associated with
the physically relevant, non-homogeneous initial- and Dirichlet-boundary-
value conditions is still an open question, even when the external forcing
is assumed to be zero. (The pure initial-value problem with zero external
forcing has been analyzed, however, and found to have global solutions.
See [9, 1].)

Similar to the work in [2], a regularized version of system (12) might be
more suitable for imposing a physically relevant initial- and non-homogeneous
boundary-value problem. Such systems, which are also correct to first or-
der in a and 3, can be obtained by considering changes in the depen-
dent variables and by making use of lower-order relations in the higher-
order terms. Letting ﬂe~be the scaled horizontal velocity at the depth
yg = 0an — (1 — 0)(1 + ah), where 0 < 6 < 1 and evaluating (9) at yp and
using (11), we have

o B 1 (12)
Uz + Nz + otz — gﬂufﬁ; =

= ag + % (02 _ :]);> /B/D:Q,v <9 — ;) 67125;_{' O(a27a6)ﬂ2)7
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which yields from (12) an one-parameter family of systems,
~ , ~f ~—0 | T~0 Lo 1Y 9
my + uz + a(nu’ + hu );c—i-i 0° — - | Buzzs
~ 1 )
= —h;— <«9 — 2> ﬁhﬁ +0(a?, a8, 5?), (13)

1
(6° 1) 5“55::
= —a(P)z + (1 — 0)Bhyz + O(a?, aB, B7).

W+ s + ou’ul + -

Do |

The order one relation in (13) is
i+ % + hy = O, ), W + 7z = O(a, ),
which formally implies that
Wiz = Tt — hagg + O(, B), W = —Tzz + O(a, B).
Therefore, for any A, 4 € IR, one has

Wz = Nz — (1= N) Tz + haap) + Ola, B);
- —pnzzz + (1 — )ugg’['f' O(a, B).

xxt

Substituting the relations above into (13) and neglecting the higher-order
terms, one derives a restricted four-parameter family of systems

i+ @)z + o + ha?); + afiss; — 08y
~ 1 1 ~
— _hf+ *ﬂ <(1 - )\) <92 _ 3> — 20 + 1> hﬁ:’fﬁf’ (14)
W+ 5 + o'l + Bz — dBUL = —a (130)~ + (1= 0)Bhyg,

where a, b, ¢, d are giving by

=5 (F-5)n vms(@og)un

=t d-= %(1 —0)(1 - ).



will simplify the equations by hiding the magnitude of each term
T+ @)z + (0 + ha')s + alifz — Uiy

~ 1 1 ~

+ T 4+ WUL + cilzg — dul s = — (Po> + (1= 0)hg

z

52

It is worth to note that the relationship between the original physical
variables z,t,n,u’, h, Py and the new variables Z,t, 7,0, h, Py is

x =hoZ, t=hot/co, 1= hol,

u9 = Coaa, h — ho = hoi\l, P() = pcgﬁo.

It follows that 7,7, 7 and @’ are the standard non-dimensionalization of
x,t,n and u? wherein the length scale is taken to be hg and the time scale
to be hgy/co.

3 Remarks

Systems in (16)-(15) are the model equations describing two-way propa-
gating surface waves over an uneven or a moving bottom. In general, it is
more challenging to study a system than a single equation and there are
fewer results available. But to describe the two-way propagation of water
waves, one is obliged to study such a system.

It is clear from the derivation that (16) is valid under the assumptions
that the bottom of the channel is moving slowly and has a small variation,
and the variation of outside pressure along the channel is small. Therefore,
the forcing terms in (16) should be of the form

where H, I’ and their first few derivatives are all of order one.
If one poses the pure initial-value problem for (16), then to be physically
relevant, the initial data

(z,0) = ¢(2), (2,0) = ¥(@),

should satisfy the small-amplitude, long-wavelength assumptions inherent
in the derivation of the models. That is, in principle, ¢(Z) and ¥ (Z) should
be of the form

6(3) = af(a’®), V(@) = aga?d),

where f, g and their first few derivatives are all of order one.



One sample system which corresponding to the regularized Boussinesq
system studied in [2] reads, by taking A =y = 0 and 6% = 2,

~ N 1 ~ 2\ ~
wl + 7y + u'ul — 6“4% = —(Py); + (1 - \/;> haz.

The theoretical and numerical analysis of above system and the systems in
(16) will be presented elsewhere.
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