
Warning: incomplete 



Vocal

· Dimension of Null space : # of free Variables R+ N =
=

columns of given matrix

-
· Dimension of Rank : # pivot columns Does Rank + Null = Span ?

·

Linearly independence
· det + 0

· Lin
. IDP columns : Original Matrix columns of columns with pivots

[
· Lin

. IDP ROWs : Eghelon rows that have pivots

[i] -> [] -> [0]}Lin . EDP Rows

· At : Flip columns and rows

[i] -> [0]

· Basis Vectors : originals matrix columns that align with the reduced Matrixes pivots-

↳ Each vector requires a pivot

Asking for columns : use original

Asking for rows : use reduced

·

Span : Linear collection of Vectors which are multiples of basis Vectors

· InfiniteSolutions : Matrix has free Variables

·

Sub-space :

· closed under addition and scalar multiplication



determinant rules : Only square Matrix :

det(A" ) = det - Invertable -> inverse

det(KA) = MY det(A) N : #rows in Matrix
= can find determinant

det (AT) = det (1)

· Matrix operations :

-

Adding to row doesn't change det

-

Multiplying row or column by something , multiply det

- Each row Switch Multiply det by (1)

· det(A) = 0 -> means there is a zero now

other equations :

· dim(rank) + dim(null) = dim (col)

· Rank (AT) = Rank (1)



Lesson 15-30 (3 . 4-6 . 1)

3
. 4 Matrix Operations

rion :

· Vectors in Matrix

3 Vector : I column or row ofMatrix

3 Ex)2X , + 3xz - 4x3 = 1

· Matrices tiplication 3x , + 4xz + 0 = 3

Row x Column

[m]x[j] = [ii]
3Mustman

Tells you new

MatrixSizei
- Xz + 5x3 = 2 & x , [i] + X

, [i] + xs[] = (j]

Multiply elements of row of focus to

each column element
:. Start With 1st A row then work through columns of B Matrix , down each column then to next column

· once all columns compleated move to next row of A and Work through all B columns again

A B
1(0) + 1(-5) 1(3)+ 1(z)

Ex)(i)x[03]= 20)+ 123)2(3) + 1(2)] = [i = )· 2(4) + 14)· Raidir RanGai

a = [] b= 51234]

· Matrix Equation : Ax =

EX)[S3
free variables

# variables - # Pivots = # free Variables

Xg= t Xy = S Xz= r

Xz = - 9Xz + 2xy - 4x5 =
-9 + 25 - 4t

Xi = r- Gs - 5t

Every-inZero,one
in

-

exists det (A) * Q



Inverse Acts as Matrix division :

Ex) X , + 2xz = 5

3x,
+ 4xz = 6

[ii](Y] = [5]

A" = co [ii] =[in]

[i] = [in] [

[x] =[] = [a]

When nxn n 2

(A :I] [I At]
Ex)

(16][i]*],

3
.

6-3 .7 Determinants

Example : A [i] Find det A

ex) Column 1

pinmyril-wa- +a-

~

cofactor sign [I] sign eveconis

Example

A : [ ]

·All others zero:. S

↳> Full form : () (0E)-0171 + 51? 1)



·

Triangular Matrix : Coy upper triangle

[10] lower triangle

det([05]) = (1)(3) -(0(z) = 3

A = [03] Along column

det A = (1)/) = (1) (4) (6) = 24

Triangular ou diagonal Matrix : determinant is product of main diagonal elements

Gaussian elimination producesfriangular Matrix Example1) use elimination,

2) produce triangular matrix

3) Find def

> Rules :

② EDB
,Y determ Signenare

1) Exchange two rows switch sign of determinant

Ex

A = [35] detA = -z ③
B = [P !] det B = 2

2) Multiplying one row by1(1# 8) multiply determinant by same ① ]
#x)

A= [i] = de+A = 5 - 5 = - 55

= [ii] 10timesrowlo-detA)
⑤

()Ry+ Ry]3) Multiply one row and adding to another doesn't change determinant

A = [bi] de+ A = -z
determinant is (1)(1)(-12) (5) = -60

ERITR [b22] Triangular ,
determinant is ()1-2) = -2

one swap earlier so detA = - (-00) = 60

Transpose : Switch column and row vectors

Example : A =[i] -> A =[]

4. 1 The Vector Space R3

Linear Dependent : One vector is scalar multiple of the other

Linearly independent : If a = D = 0 then auth = Q is only solution

Example: =[i]=[i] = []
Are they linearly independent ?

If not write one as a linear combination of the other two



Ways to solve:

1) unique solution only if [i] " exists

-> determinantQ

2) Reduce augmented Matrix[500

-][ J
0 O G

↳
So n,

v
,

w are NOT linearly independent Infinitelymanysolutioa
only

if a =D = C = 0 is ONLY solution

From reduced matrix : C= r (free
,

no pivot in Column 3)

b- yc = 0 -> b = 4 = 4r

a - b - c = 0 -> a = b + c = Gr

an + bi + c = = Choose v= 1 -> a = 5
,

b= 4
,

c=

Su + 45 + w = 0

= - S-45 or i =
-E - 5

4
. 2 The Vector Space R" and Subspace

R
,

= [x] + Re = [] + Ro = [ E J +... -> Rn contains all the subspaces that came before is-

·

closed under addition : pick any two vectors in subspace - their Sum MUST remain in subspace

Ex) =Sin
and +

· closed under Scalar Multiplication : If multiplying Vector by Scalar Vector should remain in same subspace

- R3
-> still R2

Ex) = [2] i = 2 uxi = [i]

· subspace containing all sol tons to Ax = Qul

Example : X ,
- 4x - 3xy - 7xy = 0

2x ,
- Xz + Xy + 7xy = 0

X , + 2xz + 3xz + 11xy = 0

↳
)=
[i]] Red an

Echelon

= [][]
2 pivots,

4 variables so 4-2 = 2 free variables

Choose Xy = P
,

X =

Row 2 : x + X y +3xy = 0 -> Xz = - S - 3t A
contains

Rowl : X 1 + Xo + 5Xy = 0 -> X ,
= - S - St all liner

combinationsandstors
to form line combos

So subspe

all liner combinations ofwt
use a rectors

to form line combos



4.3 Linear Combinations and Linear Independence
·

Linear combination : C .
F

,
+ Cz +... + CnY

Linearly independent : CV + Cz +... + Crun =

Linearly independent if # column vectors matches # pivots

Example : V
,

= [s] = [i]

[]
= [i]-] Two pivots ,

two vectors , linearly indp.

[b][ii] : [:] -> [340] -> [0 .28]

Example : V = [i] = [i]= [i] = (:2]

[in] : [0 - [] Not linearlyoa

Example : V =[]=[] = [& ] Linearly independent ?

3
, 4-component vectors -> may or may not be independent

[15] Notsquaresocra

Reduce to count pivots - [F0] 3 pivot Linearly independa

Are there free variables?

solving : C, V + C +C =

[
zero row : VariableWithout pivots in their

Column are free

Here we have pivot in 1st
,

2nd
,

3rd column so C
,

C
,
are NOT free

Span
· We say vectors T = [b] and j = [i] Span R" Dk we can make every possible R Vector With linear combos of i and I
->We can fill up &" using and j

we write span [[0]
,
[173 = Re

linewise
, span [[]

,
[i]

,
[] 3 = Rs

Example :

X
,
- 3Xz + X3 + Xy = 0

X, + 2xz + Xy + 11Xy = Q

X ,
+ Xz + Xy + 9xy = 0

Let Xy = t Xy =S

[ii] ->[]-]pirossees
Xy = t

Xz = S
= [] :

C
rectors

X ,
- 3x2 + Xy + xy = 0 Xz = - 2t

Xz + 2xy = 0 X1 = - 7t - S

Let Xy = t Xy =S

Xy = t

Xz = S

Xz = - 2t

X1 = - 7t - S

= [] :

C
rectors



4
.
4 Bases and Dimensions of Vector Space

For R you need at least n vectors
,

but n vectors may not be enough
· Exactly n if linearly independent

· More than n if not linearly independent

Basis : linearly indp - Vectors

Example : Solution space of X1 -2xz-5xz = 0 solution space : Contains ALL Solutions = [*]
2x

,

- 3Xz - 13Xz = 0

solve : [ii]> Row 2 : Xz - 3 x3
= 0 Row 1 : X

,
-2x3 - 5 xz = @

Xz = 3Xz = 3r
X ,

= 2xz + 5x3

column3noDivTable(
= Gr + 5r = Ir

so = [] = [] = r(i]
solution space has basis [b] and is one-dimensional

choosing X
,

or X2 to be free gives alternative base

4
.

5 Row and Column Spaces

To find basis for Row(A)
, perform now op to get

echelon matrix ,
then pivot rows

To find basis for Col(A)
, perform now operations and identify pivot columns in echelor

form
,

then the corresponding columns in the original Matrix form a basis for Col (A)

Example : A = [35 ] Findbasiso(1)

#op
, [    a]

Pivot rows : all three so basis for Row (A) are the pivot rows of echelon form : [D1113 ,
[02-1272,

2000 - 593)

Pivot Columns : 1
,

2
,

4 so basis for col(A) ae corresponding columns of.
columns of A are linearly indp



5. 1 Intro to Linear Second Order Equations

Wronskian : We 9 . ) if Q linearly indp

Characteristic polynomials
y = r

, y" = r'
,

etc.

Example : y" + 3y' + 2y = 0

Characteristic eg : f+ 3r + 2 =0 solutions : y,
= ex = ex General Solution :

y = Ge+ Ge
*

(r+ 2)(r+1) =0 yz = er = e
-Y

Vi = -2z = -

This is the case whenrs are real and distinct

Example : Repeated Roots Case

4y"+ 4y + y = 0

Characteristic eq : Yr + 4r + 1 = 0 Lif you forget , just plug ye into equation ,
the Characteristic eq. Will result

(2r + 1)(2r + 1) = 0

V = - Ve = - E repeated

Form y,
as usual :

y,ex = e-x

General Solution : y = C,
e+ Caxe

5
.
2 General Solutions of Linear Equations

R - order linear : y'+(x(y
*"

+((x(ym
2)

+ ...
+ my(x)y + R(x)y = =)

Can't contain y

Ex)y"+ xy" + exy + 3y = cos(x)

Principle of Superposition : The nt order homogeneous eq. hasn linearly indp solutions

Y1 , Ye , Ya, · Yo

- The linear combination of them -> general solution y = Cy+CYz + Cyn

For higher number of functions
, the Wronskian Works better

w= I
If W # 0 for an intuval

,
then the functions are linearly independent

If W = 0 for all X on an interval
,

then the functions are linearly dependent on that interval

For example : fi = 1
,

fu = X
,

f3 = X

X

I
w = 1. *
detW = 11 ) + o * 1 + 01 * ** 1 = 2 # 0 for Any X

so f
, fa

, fy are independent
for all is -> on (-00 , 2)



ductionofOT
guy = 0

If we know (somehow) one solution ->
y,

The second solution can be founded by yz = Vexly
,

Finding V(X) -> finding y

Example : X'y" + xy'- gy = 0 (Euler's equation -> non constant coefficients

y .
= X"find yu

AssumeYc= Vy ,
= UX plug into the equation

yu' = 3vx+ vx

Y:

"
= Gux + 6Vx + vix

-

x (6Vx + 6vx) + v"x *

) + x(3vxz + vx3) - 9(vxi) = 0

6xx3+ 6vx"+ v"x+ 3xx + vx"- gxx = 0

XV"+ 7v'x = 0

Rewrite : V" = - Fu'X

- separable invan

[d(v) = - = *
- V = (x

-

yu =Vy
need

V = Scx- dx

V = Xo+ D Choose ANY C
, D that's convenient (except those that lead to v= e)

ChooseC=-6 : V =x

so y = Vy ,
= x - x = (i)

5. 3 Homogeneous EgrationWith ConstantCoefficients

As long as the coefficients of the linear equation are constant we can always assume

solutions of the form y = erx

y"+ Sy - zy = 0

y + 10y" - 5y' + 17 =0 & y = er are the solutions
Example : Gy"-by' = 0

y() -

100y = 0
2r=

- 3r = 0 -> r(2r-3) = 0 - r = 0 , = 3/2 (distinct)

Solutions : Y=ex so Y, =

yu = ex so ye
= ex

and order : ay" +by' + Cy = 0 -> characteristic eq . an + br + C = 0

- General solution : y = C + Geblax

two roots : r
I

Un

Creal and distinct , repeated ,
or complex)

3rd order : ay"+ by" + Cy + dy = 0 -> ar + br + cr + d = 0 Example : 4y" - 12y' + 9y = 0

-

Three roots : V
,

Uz , is 4r" - 12r + 9 = 0

Crepeated real
,

distinct real)

(ar -3)(zr - 3) = 0 V = 3
,

r = 3 (repeated)
nt order : nroots solutions are y,er , yuzex, ..., yn = ex

y = enx = ebx

y = Xe = xe" = xe
*x

General Solution : y = e+ Gxe
**



Example : Factoring Cubics : y" + by" -100y' - 500y = Q

+Er -V-500 =

LucySituationNatioBetween 2nd,
and 3rd

,
4th isthe a↳

r(r+ 5) - 100(r + 5) = 0

(r + 5)(r - 100) = 0

R = -5
,

ra = 10
,

83 = -10

y = G, e
*

+Ge + Ge
x

If coefficients are not patterned like above , usually guess and

check and do long division

Euler's Formula : ex = cosx + i Sinx

eilbx)
= cosbX + isin by

platbi)x = eaxi(nx) = e
* (CoSbX + iSinbx)

· If r= atDi is a root of the characteristic eg. .
then so is U= a-bi (complex roots always appear in conjugate pairs)

Example : y"+ 100 y =0

r + 100 = 0 -> v= 100 V = 10: re= -10i

y, = enx = g0x = gi(0x) Note : eix= Cosx + iSin x

y = Cos 10x + iSin (10x)

solutions have same real
yz = enx

= y
+10ix

= ei(10x) S
but opposite in sign -> conjugate pairs

Yz = cos(0x)+ iSin(0x) part (cos(lox)) and same imaginary part (sin(10x1)

Ye = cos(10x) - iSin(10x)

General solution :

y = C, [Cosx + isinx] + C [Cosx- isinx]

y=(, (cos(0x)+ isin(10x))+ Cz((os(0x) - isin (10x)) General solution ise but looks complex blc C's an also complex

y
= () CoS(0x) + i) silo

y
=C+

Cinna
of y ,

or yz

= xample : Gy+ 11y" + 4y = 0

Gr" +11r" + 4 = 0

Gu + 11v + 4 = 0 u = r2

=9

r=-i-
Solve solutions

as in prev .
example

real part :Cos(x) real part :Cos(x) General solution :

y = C
,
cos(x) + Csin(x) + (cos(x) + Cysin(x)

imag : Sin(X) imag . part : Sin (x)



5. 4 Mechanical Vibration

· mass-spring-damper
·

spring wants to restore X to equilibrium

/
/

Ground (no friction

- provides force ofS = -kx

Damper resists Velocity Fa = - ex'

MX" + CX' + kX = 0
and order linear

constant coefficient eq.

M : mass

K : Spring constant

C : Damper / damping

Example : Mass Sug ,
no damper. Spring such that force of YON stretches it by Scm .

Solve for mass position if x (0) = 0
,

X(0) = 10m/s

MX" + CX' + kx = 0 M= 8 C = 0 I = to be found

Hooke's Law : F = XX
range from equilibrium

I 40 = k(0.5
Som in m

k = 800

8x" + 800X = 0

r + 100 =0= 110 :

X(t) = C
, COs(10t) + GSin(10t)

X(0) = 0
,

X(0) = 10

X' (t) = - 10C, Sin(t) + C , los (l0t)

X(0) = 0 -> 0 = C
, cos(o) + GSm(0) = C

X (0) = 10 = - 10CSin (0) + 10Gcos (0) = 100 -> C = 1

* X

-1x(t) = Sin (10t
circular

*,
111freg . (rad/s)

X(t)
1

Period:rad

1 -

"Tst
Circ . freg: 10 rad Is~

- 1 -

Amplitude : 1

Frequency : criod = He #cycles per second

same setup but now X(0) = 2 (x(0) = 10 as before

X (t) = C
, Cos(10t) + C Sin (10t)

X' (t) = - 104 Sin(10t) + 10Ccos(10t)

x(0) = 2 - ...
- 4 = 2

X(0) = 10 - ... - C = 1

Now X (t) =2cos(10t) + SinClot) Amplitude ?

Alternate form : X(t) = Cos (atmegaphase shit
-> x(t) = Acos(2t)Bsin(2t) = Ccos(wt -2)

z
:

Circulartreeaa

Using : Cos(a-b) = cos(al cos(b) + Sin(alsin(b) -> C=B z = tan"(i)

X(t) = 25(10t) + Es in cloth
↳ Dangerous Since doesn't tell quadrant

refer to Axand By to determine

X(t) = 5 cos(10+ - 0. 464) Amplitude = 5 Inverse tan gives Q and QI

C 2



same setup but now X(0) = 2 (x(0) = 10 as before

X (t) = C
, Cos(10t) + C Sin (10t)

X' (t) = - 104 Sin(10t) + 10Ccos(10t)

x(0) = 2 - ...
> 4 = 2

X(0) = 10 - ... - C = 1

Now X (t) =2cos(10t) + SinClot) Amplitude ?

Alternate form : X(t) = Cos (atmegaphase shit
-> x(t) = Acos(2t)Bsin(2t) = (cos(wt -2)

W : circular frequency

2 : phase snift

Using : Cos(a-b) = cos(al cos(b) + Sin(alsin(b) -> c=B z = tan"(i)

X(t) = 25(10t) + Es in cloth
↳ Dangerous Since doesn't tell quadrant

refer to Axand By to determine

X(t) = 55cos(10+ - 0. 464) Amplitude = 5 Inverse tan gives Q and QI

C 2

Back to Mx" + (x+ 1x = 0 - m
,

c
, k +Q

Mr + Cr+ k = Q

=- CE4km (discrimament) determines type of roots

Not
units ,

It
and

m
of

problem

· If Cum> 0 (C 4nm) roots are real and distinct R
,

R

X(t) = cent-cent strong damper (C41m) -> Overdamped (stronger than needs to be

· If " -lim = O (c=nm) roots are real and repeated r= v = r -> X(t) = Cet + Cater Critically dampedturned just right

· If C" - 41m <O (( < 4km) roots are complex r= a + bi

X(t) = Cecos(bt) + Gesinbt)underdampedwaso

Stronger the damper
the higher the

amplitude


