MA 266 Lecture 1

Christian Moya, Ph.D.

Sec 1.1 Differential Equations; Mathematical Models

Question: What is a differential equation?

A differential equation is

) Z(,n/(“,omh ﬂuah'ﬂﬂ f(:)
o Afs oferivatived 7?: 5”, 5’(‘1.--, f(“,)....

Example 1. (Types of equations)

1. Findzin 2*+6x+1=0. Aot a DE

S

a bsown rat
2. Find f(t) in  f(t)cos(t) = e' — sin(¢). jﬁ-b a DE
/ Yy ‘;‘,.M;«ajiva

wnknows En

3. Findy(t) in "+ 10y = €. Yeu! a DE.
S -

U fuolon fr'r

Question: Why do we study differential equations?

e Many natural phenomena; physical processes involve C/tahvge

g '/}i o L — f(t) is the roufe at which x = f(t) is &éﬂ’*‘?(’tg
() (e ad

e Differential equations to model Ghﬂg"‘ug worl 2 .
f/fxnwmena tHeat /'l!l/a#/a
6491'7"”3 .
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Example 2. (An example of mathematical model — object-spring)
= AAL

Consider an object with a mass m attached to the end of a spring. The mass experiences
a force F(t). Formulate a differential equation to model its motion. ‘e._y(b)—"
|

e Notations Wa—m
e (C :faSlh‘wn @ btime € ﬁ- N M

1
|
o aaeﬂra}wn o/gy
a — — Q?,/oag,_'h'al,
of £
e Physical Law: Newton’s law

T= m a
_m. oY
oH;z.

e Forces that acted on the object

F) = -k ¢ &)

wbere K>soO )'5 a (291451‘0&(4'[

Di#&rw/z'a/ eq . : P
—k y(t) = m- ‘ﬁ,fﬁ (l)

2 —
el—‘”l+w2g(f)=o 5 W= /1/,_”/5 P @)
olt?
Remark The differential equation contains two constants: m, and k
. "FDI'M‘&JQ a /okyso'e.aa/ chaJS via wav‘/ret;;ﬁ’(c:éﬂ
e Bool: ) Fand the sofution &f )
,&i) _Tul'er,ore} the .So/cuzwn 5;{(_[)
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Definitions

e The order of a differential equation is the order of the highest Q/@f v “7L“Veinvolved
in the" ODE.

}C—) s 2athuown -fa'c
/,‘ua’efcuo(w'/' var

Example 3. (Find the order)

1. 42%y" +y =0

order =2
e rote: F o - yotued
=) tgi,\:@ order =1
zo 7o
3. y®x? + 1'% = sin(x)
order = 8

e The general form of an n—th order differential equation:

0 Cn) F A § e
() Fley, 9.9, Y0 plid b ek,
2vﬂI-C M a{a,n Vehlu/c @ mwos+ n+2
o We say ‘Z(,CZ) is a solution of the differential equation ( 2 * f
/J) ' u " u eocisl ) FEww - w” )=
e Initial value problem (IVP): QE together with an /.“‘.‘/"'a/ C’ouo/ : (I C)

(e an™

d
eq) o= 1CY); Yl =Y
The solution to an ODE for & aq:'t’w ZC s called particular solution.

il yo 7‘./9” 174

General solution

— Without an Il , the ODE may have 9 - 7"‘” solutions.

— If we can write an expression for __ é/er % solution = general solution.

#m‘é o}’ sl beous.
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Example 4. (Population Dynamics) d P C't') & Pop wlabion
Consider the time rate of change of a population P(t).

- ot ~_ time

e Notation

— constant birth rate b >0

— constant death rate 0' >0

e Differential equation

‘gé@z (b- J) P& = kPG @)

1. Check P(t ) CeF is a general solution 9.‘./ (4 )
TG - otk - k(€Y _ p. PG) = (4)
=P v

2. Suppose that the population at time t = 0 (hours, h) was 1000. Find the value of ’g
o

ﬂ_ kP /PC‘&:O) = C @K = E = /000
?(0);_’000 ?(t): |Joo© el_‘t »~

3. Assume the population doubled after 1 hour, determin jthe value of k

/'P@':’ﬁ) Ky PCO) 2000 . ,;(b > d
?(t'=_lﬂ)= /ooo e _ oo

TvP

= ef-= = k=_n @-")
4. Write the particular solution. Use it to predict the population after 1.5 hours
D@t +
Plt)= looo- € = (0002
(1.5)

Ple-1sh)= 1000 2
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1
e Ordinary differential equations (ODE): the _ &M nawn ‘f” Y ¢) depends on

a 50'70?1‘-’ I}'VJ“P- variable.

e Partial differential equations (PDE): If the unkuown -#' (f, ¢) is a function

of 2 2 £ "’o,e:p - variables. el ‘1"‘9', olori vative
. wc'” Le /'“ W'/U@d .

Example 5. (Thermal Diffusivity) )
Consider a one dimensional rod. The temperature ZL/;:‘/ £ satisfies the heat equation:

Tt _y du

— =

2t ox*

where K ( eoust ) is the thermal diffusivity.
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MA 266 Lecture 2

Christian Moya, Ph.D.

Sec 1.2 Integrals as General/Particular Solutions

In this section, we discuss how to solve differential equations.

e Consider the first order equation: . xd’f‘“l‘:‘} 'f ) / ohf"’/“d’
I P ol Lt ral
order= | piaRAC))
e Consider the simple case ; e jndqf“nf;n‘
(1) Fe.
PiHS

Example 1. Find the solution y(x) of the simple case:
;¢= #(,‘) => fdj = /f(x) 0/’(- ?ww‘/ w‘Aa’eﬂMVO
@) @ [fed okt C

Remarks

J éﬁ) is the gemracp- solution. 9'{ Ct)

e Involves an arbitrary constant Cé[R . F‘m‘zw bur
; (2 ) is aéution of CL)

e For every choice of cé R




e Consider the Initial Value Problem (IVP):

Wb, ylao) = o

él’/\/ M e O
E Ire.
Example 2. Find the particular so:Etz’on of the IVP. a, C
° gmefo/& /ul..on- y(") :'\[f(x') x + Fal/lm%é‘:’.r
« IC = Fﬂ-/zou &f 6’0‘/4’/«:" ‘/:g\(z/) e

Y(x) = G+ C B4) =)
L@)=Fe e Jl) = GlaI+CE =5 C= - EC%)

Example 3. Find the particular solution y(x) of the following IVP.

?ﬂhwlﬂ 5’&4#" dy ‘ ( ) (0) .
_ - @ S w0 =1
Y(e)= 6() 6(%) + o =
. gcuem-/ So bu feont

y@):ch'nCZJ oe +C-
= - fos x) + C-
;5;7 6)(1): sin(x = -f[z)
¢ IC ?(")-?l - ,fw{l'w/a.( sofutwn .
C= - Sz )
_ 1. Cpal)

= 2.

-farﬁ'au&r
Sofefior - ?(") = - o (=) +2
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Second Order Equations Stwple -

e Consider the second-order differential equation of the special form:
2y /‘,uw/‘fwdaa/ variable
f = _— =
order =2 = =9@) (3)

Example 4. Find the general solution of this second-order equation.

4) "* J g’%/x,/g(w)o/z: B(x)t C

dt_ gt) +C
e ST

469 J"’Uz-‘/c(me, dz +Ce
(/G(x)dzJ— Gz *+&.

Remark

e The above second-order differential equation can be solved by solving successively the

??r.t f- order dt'ff eg’

U _ g
de
9’5/ _ o(/ 9 &)

E;z.
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Velocity and acceleration
—>

Notation - LS.

e The motion of a particle along a straight line (the z-axis) is described by its position

function:
2@ = £@)

a, .
° Z('b) is the z-coordinate at time ¢. [“"I’P g

F.o. JE Zz-—é::fﬁ): fl(t)

e The velocity v(t) of the particle is: )

e The acceleration a(t) is:

dv o’z
o—(z_ a.(")_ o(t'

Example 5. Find the general solution when the acceleration is constant a(t) = a.

aét):.q :}f‘b>0

b all *
dv_ 4.
dt
76“:;!4;.'," v(t) = /a At - ddﬁ +C.
- attC
‘% —u(*

?_lﬁ = d'IL +C4q
dt .
7««-‘;‘, ol 5 ° ZCt)r‘j[fo'('Jjo['é +Cg.
S
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Example 6. Given an initial position x(0) = x¢ and initial velocity v(0) = 0, find the
particular solution of the corresponding IVP.

v, v(g)= @t * ¢

dt ~ x(#)= L at?+ C1t +C2
INP: dz - v(4) 2

at V)=0 = (= o

U@):o ' ZCO)= Zo . zco) . => c‘z —

7 -

Example 7. At 12:00 PM, a car starts from rest at point A and proceeds at constant accel-
eration along a straight road towards point B. The car reaches B at 12:50 PM with velocity
of 60 miles/hour. Find the distance from A to B.

12:00 PN [2:80 Pri- J
= 74
fio_D% a/j_s/“ﬁ OTE-:O_-
Y. 8 y
lﬁ:af(t’):o. Vé—:d"(s/o): éo;-mio/
9’4=t(0)=0,
) .
- PP < =? £) qeuciol sols
- (%) )?U’(ﬂ’)saff- Cy.

.. eutar 550'n:
£i) f“’*%:‘g_{ = o(#)= at
l:.‘
bo:lf(%)=> d:.?(,o: 7.
GCERZE R
Z) 7euam/ sofitiou of >(t)

2(¢)= :2-4- at’+ &

) r(¢) = %7.2‘!97‘

A =-Z6£)= zfm'pd

V4

\
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Vertical Motion and Gravitational Acceleration

Notation
e The weight W of a body is the force exerted on the body by gravity.
W= g
ov~
e If we ignore the air resistance, then the acceleration = dt is
a= -
dr__gq.
o @t 7
e The velocity equation is:
Vi (‘6’ ): - 7«{' +CL
e The height equation is:
ErCit+Ce

Y (b= - =

Example 8. Suppose that a ball is thrown straight upward from the ground (yo = 0) with
inatial veloczty vo = 96 ft/s (then g = 32 ft/s*). Find the MATIMUm height the ball attains.

V@) =0 g(w

—fflf(o):qé f/s(?c 3214/52) d'(f" =0.

— ¢"= 35
2) pact sol'm of V(¥ (c_, - _7) 5

v¥)--32¢+9¢.

{o): 0.

96=v(o) = &
i) part sofn of ¥@) (Go= 7)
Q:O _

9@ - L@ | yar)=ust
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A Swimmer’s Problem

Consider a northward-flowing river of width w = 2a. The lines © = +a represent the banks

of the river and the y-axis its center. Suppose that the velocity vg at which the water flows
increases as one approaches the center of the river. vg is given by —=-— Vo

2
Zé[‘”‘,aj vR:vo<l—%).
-q ©O0. &

Example 9. Suppose that a swimmer start at point (—a,0) on the west bank and swims due
east (relative to the water) with constant speed vg. His velocity (relative to the riverbed) has
a horizontal component vs and a vertical component vg. Find the swimmer trajectory y(x).

%) =77 d
L bandl = == == o

x Us A T ‘-!5 =

tao) #=° (a o) Vs #

— W —>
w= 10 TJP dd._ _‘{-0_ é—- Zz y C—a’)-‘:a

ca)=o B S

'j' RH S

oo e+ €

=8 (2 tz )+e

—_ . (@) a
%{—("“)—0 (9:(7@01}: ‘l/f(o(-l—’ J +c

y 21/9 - — +€
‘;)z Iw;f:a/a Vs ( 3 )
o= 4 ' v
[s= 3 wife /4 C=2%a

s 3

g(;(,); Sz- 4z 3+ {
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MA 266 Lecture 3

Christian Moya, Ph.D.

Sec 1.3 Slope Fields and Solution Curves
Consider the first order differential equation:

dy _

Question: Can we find the solution y(z) using

@:/fﬁ;@)ﬁ+0 ? (l>

Answer:

. (—l) involves the wHFrown’ f’ﬂ }’ (2:)

Slope fields and Graphical solutions

e For each (2‘;5)@22, f(x/y) determines bhe Jlﬂo'pe Jf y(;r)
2-H-s W= v

dzx

Definition. /4 so pulwh Vy“) of the differential equation % = f(x,y) is a

cw "d/c'u [i , y) -;P/d‘e whose '/'a@wf( [;td each (-)',7 ?) has:
5,40/4 »= f(” ) ,}’)

1




Example 1. Consider a solution curve of

dy
ar Y
y
Y6
(x1, y1)
X
(x2. ¥2) /
(x3,|¥3)

e point (x1, ) CXI y(x,)) ﬁﬂ»‘ 5&9 M= ‘#6 ,Z//) = 7/77/
o point (z2,42) = (%2, y(f,)) " U = o, 4e) = 2292
e point (:L‘37y3) W= %~ 15

Constructing slope fields.

e Consider a representative collection of points [ x l,’/ ) Lu the F/‘we k

@:119—)’7 2l 2

e For each (xly } , we draw a “s{hgt” line segment having:

ffo/a( .r/?e »)= 'f(’(/y)
e The collection of line segments: 5&% ?2?;7 / 0/‘ f'eéﬂwm-/ 766 /é//

l/ea%r ﬂ? /0/
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Example 2. Consider the population dynamics: -t- )
o

dP(t)
O _kpw). P =0
dt 17V~
Construct the slope ﬂeld.{'> #(P) Kk=2.0 = @ - d)
t P M=k P(t)
o o | °
1 O | O
jaoo o | ©
o L |2
1 | %
/o;o 4 |2
o & |4
P =0
e Recall the general solution: 7 20
‘L
) - Ce
e How do we draw the tangent line? ) d‘/ [X y)
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)

2w

X —o

2> ~e0:

<€ IR 61'20 )
ge k- (rp

wa)

U

= ky,

propatios ; Sobutwous 5 e ODE

bolrawis ¢

e
.w “
kS y_x S
3 3 S o
S )
@ © I
= ~ 3
+~ RS <
= )
P =
g o S
7 » L
I +
o cS I ..
> = = R
= L L =
< s S S
() M 2 M
& E 2
o S E
= O —_ g
&
7 3 X &
[ o
- <5} ]
5= 5 =
E : 3 .
o " =
2 = E

£Z

. e

YG&)

e The solution curves and slope fields for k

2,0.5, —1:

1 2 3 4

0

-2 -1

4 3

-4

1 2 3 4

0

-2 -1

] = -
oy % “

a
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Existence of Solutions £(¢\ Al LS
ENISTENCE

Example 4. Consider the [VP: ~

e General solution:

Froe Le(;@f)‘j 1ol +C = JH/Z/—F@

o wot
x| 45 o
jndle {l'uca’ @

KL=0

Remark y(;z)
e The é ¢0'P e 'ﬂsz forces all curves near éf -axty to plunge

downward so that none can pass through (O} 0)
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Uniqueness of Solutions

Example 5. Consider the IVP: e
v
i (2)
Loy o) =0 <

2
e Check if ,\ff(?c) =% s a solution: 9% the VP .7

/
dr - s<
. Y (o)=0=0 ¥ NILUENE

e Check if & () = O. is a solution:

a‘el_‘{z:o:i/;;’/
ax

o 5/2(0):0,/

* Hio solutrou "'/(2-) J5 kot 2uni'g e
l fF 75 F5F Fr 5 7 7
VAV A AR
VAR AR SRV AR AR A A § y
) AR A A AR
VAV AR/ AV
) vy oy s =X, )
N s )
A AR I
N s s s SSsS S
A P A A
0 Yo(x) =0
~10.0)
0
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%w/ 545y oHS

Theorem 1. (Existence and UngGueness of Solutions) Suppose that both the function f(z,y)
and its partial derivative D, f(x,y) are continuous on some rectangle R in the xy-plane that
contains the point (a,b) in its interior. Then, for some open interval I containing the point

a, the initial value problem -
dy - )
E:f(:r,y), (I—VP

has one and only one solution that is defined on the interval I.

4
Ju.{ﬂ'u'w-/ Mwlwu 57";7
—P => 0 - l@;_>7
i';s’t'fﬁwm = & /& TRE
Storfemeut ¥
AL TRUE L
P 796/,,/) A< Coub nweeond o Y >4 am‘au'u-/ (a,é)

7
?: ‘f‘d_% e /CDM'Z " I T, U
24
Q= 7. (b bou e awdd suly ouo solutolr oy ?__W
Example 6. Consider .
% =2y FAIUS 2(‘“2 « aperS

’ f()@;/): 2,/? A's 6.7 Ves Y20

? . é‘.ﬁ._—_l_ LS 5.97 15 ol condrreeoced
" 3y Ny o y=o
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Example 7. Consider:

dy

:de

a) Check the existence and uniqueness of the IVP:

—0: ya) = 0. .
Corzscdlor y(") C;f, |

e Case b

-2C

oy

4

z X
=z

ax
- (o)

(o)

2

C(e)

-
—_—

e Case b # 0:

—_—

() k. SR
o = SN
-

m e~ ~ N\
- /
P\

-

N e p———
=
. ——— -

S ==
- s

= - 2 2 S ]
L s
i
\\\\\u
.

e s g
L

e

T
IRV EEY £
| 22 ree
i e »sre
P il
12 2 » = =3
/ - -

(P o o - - -

!
!
!
!

- =

T e ]
N\ o~
TINS S S s s =y

AT
ARATR S L N
VRNV NS
\

AR SR
1

-

\
|
|
|

!
!
!
1
=t ol o
{

¢ T

(=R

page 8 of 9
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b) Check the existence and uniqueness of the IVP:

xj—‘z =2y, yla)=0b, a,b#0. . (A)

Aa

o=~ y(—/): L

" l " :

'—_>5pa,[wu osec sy aua/ /:r 2(@0'705.
)= 2% . T His o soleter of (8) ¢
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MA 266 Lecture 4

Christian Moya, Ph.D.

Sec 1.4 Separable Equations and Applications

Defintion 1. We call a first-order differential equation J‘f‘" ‘é/e iof it can be

written as:
¢
Y~ o) = gfz)-k(v) = 3q) (J')

dr
{(y)- ;,[_: - g(z) (—f)

where -ﬂ(y) - 'Vk(y)

Example 1. Determine g(x) and h(y) *‘{(y)j- d_; -=8[2J
(4
1. Consider
:1;3@ — Y --—l’_j :_(_V = 'i;:s
dx }2_/ * A~
. %en) g (=)
3 - -y .
g(z) = '.l/z"'z and  h(y) = 'ye 9= ¢
2. Consider
dy 1000
dv
1099
gla) = _X and hy)=___ 4%
3. Consider J
W 100 (z0)3/°
=100 (ay)
Y5




Solving Separable Equations

1. The separable equation:
dy _ g(x)
dz ~ h(y)

&P H) Yo g6 )

2. Write in the form:

4 (y) Jj = 9 (=) olx

3. Integra,te both sides:

A ,/ bopdy = [ e+ £ (%)

4. We only need the @K k‘,‘f r ‘/‘m

Bx)- [9 6o e

Remark

e Equations (3) and (4) are equivalent: )
2 (iyw)) = H'ew) ' h6) 2 - = 2 (e
i @ (46 )) Hey) y'- g0 = o (

Hey) = 6¢) + €

eetuon of )€
Yy t'wrlid;/‘ ﬁrn
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Example 2. Find the general solution of

%) — Sin %
Z—z = ysin(z) @) g( P
h(y)- 7

e For j# 0 , separating variables gives:

L d __5/-,_',,z¢’7¢

J

e Integrating both sides: c

e obe. *
_.!._o[ - Sin =

7“‘5'/'1. Jy J
0# DE i — |Z/y/ = "f”x +C

iwd pl~ )L #flﬂ
A [
fL j(x)‘:ie-pqz-ﬁc

eucr‘/f‘,"' =’;a\% | /'4-40/
oncplicit ot =2 ‘y&)= A e"”’z" -

Remark

e For g(x)-"-'a , (5) has a ,‘;‘“»aq“h solution.

Defintion 2. C/S/'“a?“&" solutions are exceptional solutions that cannot

be obtained by selecting a value for A
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Example 3. Solve the differential equation:

(7‘) = 4._,2%
(6) dy 4—2x g
dr ~ 3y> 5 40y = 27’_8'

e Separating variables:

(3,2,5)47 - & 2x) ols

o Is ( 6) defined for all y?

dy
sef @3¢926 =0 = _;-Lcwgkq) or 400

e This implies that for (6) . w2 3¢ f“"“ “ Car¥  an cross either of

2 (o j 3.
the ﬁfc}‘“l_&l lines: 3? -3= < P
3

4L /
e Integrating Q) gexéaléo{léon: -(’euc‘/ cusred

(39’- 5) oly = j(4—=") dx + C- et
,eu..sof"c y s-g 4z x + C. o r(xq) C.
Unapleest

F(’"t?’ =: g —rg (4x - )_

e Question: Can we solve the general solution for y? No o

. 50&&4@" CLI 8 are contained in {M/w'“/ of: F(xl y)= c
of [6) Coy Lour Curves
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Example 4. Solve the initial value problem:

dy 4-—2x
dr  3y2—5’

s Our ol 087 ¢°’ pot 1 lies on the level curve: C': 7

‘O{akon ! — g
Flxy)= y‘?- §Y- (47( —zz) =9

it
{e; Io-lu"'ub ewrve el .
‘/1,; pasi /‘Mua" flee I”“f

(l,3)
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Example 5. Find all solutions of the differential equation:

Z—i = 6z(y — 1)*° (X)

Asau meiny
dj :/wd‘ 7¥"

Q_/) Y5 — 22+ C.
Yle)= 4 (P HC )7

e Separation of variableg gives:

o Is #(’() =4. a singular solution?
- 7/ cquo/ be oblainea/ #l e c. v _‘f{
- sofw o (?) 4 :.;‘!-_—ac(y

(8);
e Area) y(z) =1 and b) y(x) =1+ (22 — 1)? solutions of the IVP with IC: y(1) = 17
Y@ =L
- {¢A"#'a ‘I‘L? IC '“‘“?uuc
3
o y(r)= e (x* 1)
) s.(u/b" “

. sapis e TC. T
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Natural Growth and Decay

The differential equation:

d
@ kx, k a cosntant
dt

serves as a mathematical model for wide range of natural phenomena:

e Population dynamics
e Compound interest
e Radioactive decay

The general solution:

Kt
)= Cé v

e Separating the variables and integrating:

:!__f,,x- \/éa{z.-_-‘fkaﬂ' + C.

469 5_:_-3&) Ay |z]= Kt +C

e We solve for z:

oly z(t)=;l-___§ce“—
;(—h': Fj- =L ¢
x@=c-e" v

e The particular solution for the IC z(0) = z, is:

x (] = %o e
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Radioactive Decay

Consider a sample of material that contains N(¢) atoms of a certain radioactive isotope
a time t. It has been observed that a constant fraction of those radioactive atoms will
spontaneously decay during each unit of time. Consequently, the sample behaves exactly
like the population dynamics with no births b = 0. The model for the N(¢) atoms is then

dN

= = —kN().

Example 7. An accident at a nuclear plant has left the surrounding area polluted with
radioactive material that decays naturally. The initial amount of radioactive material is 15
(safe units), and 5 months later is still 10 su.

e Write a formula given the amount N (t) of radioactive material (in su) after ¢ months.
-Nle) = IT s .
. = _ 1
NG1= ko ey - -kt y IS
g 7mw’/ . A= CéEe et L=t
. packicalac: p(t = IS - € PPN
. Fud ki MIS)=l0. 34 =) =I5E€ .o

s ( _41._) Ys
- 3
e What amount of radioactive material will remain after 8 months?

NG) =7 2
NG)= IS (;)/’z 2.84 s

e How long it will be until N =1 su, so it is safe for people to return to the area?

N(+)= Y sofve #r'(' .
R NORIYARTNC)
4 _ (é)% PES 2 (/%)
ow 3 €= 5 I (%3) 7
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Christian Moya, Ph.D.

Population dynamics

Example 1. According to a census, the world’s total population reached 6 billion persons
m mid-1999, and was then increasing at a rate of about 212 thousand persons each day.
Assuming that natural population growth at this rate continues:

2)

What is the annual growth rate k 7

Let P(t) denote the population in billions and let ¢ be the time in years. Then,
the differential equation describing the population dynamics is:

dP
o= b= d) P() (1)

=k

Set t = 0 for mid-1999. Then, the initial population is P(0) = 6 billion. Observe that
the instantaneaous increase of population is

212 [thousand persons / day | = 0.000212 [billion persons / day ]
Hence, the efective increase at time ¢t = 0 is:
P'(0) = 0.000212 [billion / day | - 365.25 [days / year] ~ 0.07743 [billion / year ].
Using the above result, we can compute k as follows:

P'(0) _ 0.07743

b= PO) 6

= 0.0129.

The particular solution is then

P(t) =6- 60.0129-t (2)

What would be the population at the middle of the 21st century?

We use the particular solution (2) to make preditions:

P(t = 51 years) = 6 - "2 ~ 11.58 [billions]



c) How long will it take the world to increase tenfold —thereby reaching 60 billion that
some demographers believe to be the maximum for which the planet can provide food
supplies?

Solve for ¢, the folowing equation:
60 = P(t) — . 00129

The obtained time ¢ is:
~ In(10)
©0.0129
i.e., the population will reach 60 billion in the year 2177.

~ 178 [years],
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Sec 1.5 Linear First-Order Equations

Defintion 1. A &"“"’ #f‘ /‘0’4‘ O&f/ is a differential equation of the

form: e' ‘o .
/ j— + Pl = Q).
-chla/a/ ,&'“faurk

The coefficients P(x) and Q(x) are assumed to be continuous in some interval on the
T-axis.

Example 1. Determine if the following equations are linear:

Plac) = € 54n ()

1. % = —evsin(z)y + 22,7 gu . Q(?C)— ZMD
2. B =g cos(y) +2x.7 g_g 4 ex.s/l"l(z)'y = X

becoce se
A8 a no« Cenear

os (y)
# F aa‘ah-
2t 7% aw-o ~

PO) = {

2900



start frou.

‘_{Z () oy = XEGS
S+P ) g )

METHOD: Solution of linear first-order equations (J )

Step 1) Calculate the J“IL‘?MM factor:
f Pee) dse
Pl

Step 2) Multiply both sides of the diff. eq. by

(A.) e!Féc) d". oig + e/P(”)ol’(‘ 'P(;c)‘ : y(X) = .
. D@

Step 3) Left hand side <= derivative of the product: P( ) Obf
() = D Lpe 4T D [0 ]
P2) aLY j P(>0) a(z
‘f‘ - P :—g +C . Pe)-y&
Z

Step 4) Integrating both sides gives:

| Dx [p6e) Y61 = [pcR) - RGe) d=z + C
ejm'm(") /@W)d @) ofx + C

Step 5) Solving y, we obtain the qeu era ﬁ solution:

d ex,o&a'/

- (=) of % - ) ol
Y)= € /7 - (f /e @Cx) 4*)

MA 266 Lecture 5 page 2 of 7



Example 2. Find the general solution:

(xz-i-l)j—i-i-?)xy:&c (xz-l I)
e Is this a linear equation e ? . 61-
Is th [ quation? ; . Cz 2+/)
_22¢ _6%X |
« Plz)= __(22*41) and Q)= (22 +4)
P O
e Integrating factor: 3z z ), /2 ‘H)))
JSPex) ol J G4 1) x (g ¢
(x)= € =
7 et
e L.H.S. is the derivative of the product: — (x 1 q
241 % ol V 9 (2:24 /.) -
( ) szH) y

t t th si . (x2+{)*/2. -65_
ntegrating both sides:| 7 [ (1) 2. Y =) ] = )// G+ )

e General solution: (xz./-/) % ‘ y (Z)

@: 2 —> 8o 4‘2.
(t)—>2 op €
/ ot

yo)= 2.

MA 266 Lecture 5 page 3 of 7




Example 3. Solve the initial value problem:

dy

%-I-y:Z, y(0) =0
Py = A and Qo) = 2
e Integrating factor:
g g JP('Z) 0(3(

pix) = € _e”

e We know that:

De [ p0d 46 ]= p&) Q)

e Integrating both sides:ﬁz [e’x. y(x)]:}‘x. 2 dx + e .

e%.y(z) = 287‘ + .:C
e General solution:

Y () - 2 +é§c - a+Ce T

e Particular solution: )

Use TC: Yp)=2 = 2+ ce
= (C=-2

y(x),_. 9 - P ,2_(.(— e'*>
2
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Example 4. Solve the initial value problem:

e Linear first order form: A 4
e

L _
o Pz)=__ 2& 3 and Q(z) o
e Integrating factor: _ -3 o(x ,/“ (el - 3X

fx) = (f =€

D [0 39 T= Pl Q=)

e Integrating both sides:

[2x [xe yCD] f/o'
xe ™ 7(1): + C

964)-‘: C,z_:e 32

e General solution:

e Particular solution:

we Tc y(/)=~9 = C=20

our far/ra bar Solctiec
AS e fwaf"”
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Example 5. Find the general solution:

& +ycotx = cosx

dxz

e P(x)= &1‘ x and Q(x) = Co? %

e Integrating factor: '/ o £ o O(JC ’{u (’7‘-" %)

e We know that: :Dx [S/.'nz. y(x)]: <S/.‘-“->' .jco’z

o Integrating both sides:
J.Px[g'ux yC:J] = /y‘nz-/c»x ofx 7-C

sinz - YCe) = :z—és/,uxz +C.

e General solution:

y(x)_ 2—/ ScuX A+ <

S 2¢
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Example 6. Ezpress the general solution of

dy
— =142
I + 2y

in terms of the error function

Ax ('/
e Linear first order form: 2

e Plz)=_ = 2z and Q(z) = -L

e Integrating factor:
_9x O‘{J( _ 2.
pr)= ! o
e We know that: Jz [f(” y(z)]= /D(x)' (Q(X)
_7‘2 - xz C
/Dz[e . 3Cx)J=je . £.dd= 1
e Integrating both sides:

G

Jor some C, x
‘/e‘xzo(x +£‘: /e‘io(‘l"

° Genegcal so;ution: Coud j“‘( x .

g [ -t x2 ¢ ¢ /
erfd=2 le7 e * . y(d = /e _C*+cC

T 4 ° + C-

1)\</[A 2662Lecture5 page 7 of 7 ) > Lﬂ'—' z)+C7
[ette Torpg 3 [FertS
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Sec 1.5-b Linear First-Order Equations - part 2

e To solve the linear first order equation:

dy

&Lt Py = Q). (1)

e We use the integrating factor f (7()

e Obtain the explicit general solution:

(2)  yod= & [JA6)pe dx 4 c]

Theorem 1. If the functions P(x) and Q(x) are continuous on the open interval I containing
the point xqg, then the initial value problem

Y + P(x)y = Q(x), y(r0) = Yo

has a unique solution y(x) on I , given by the formula in ('&) with an appropriate

value of C'. 2
c e ’ ) d + % j =2
e To find the partlcular solution, i.e., to find

J 7@ alf: +C ¢ [ a((- :7("’) b.
ZvP; . f(") @ - p-g o x o=
P dere - o oz 77 €22 Lo

ﬂ@g)_ 1 y(ﬂ)zyo
[ au) f(*} olt, + C]

%= Y Ge)= M

_ [ ﬁm)/(ﬁ ot + 6_7
o



-'—>._ “yd

j(x)— = [/@(f)/ﬂ(i-) de + o [

e

Example 1. Solve the initial value problem

d
Po bay=sin(z), (1) =1

e Linear first order form:

1: =Z;:_' Z>O}

o P(z)= % and Q(z 'w‘m/t
e with %0 =l , the ¢ integrating factor:

ID(:&) o / 1 Jﬁ 0 e (4
o The desired Méw/a( solution is:

9(&):i. [fd/—"t zt(o/é-l-yo

X S o

= X.

J

Y6d = ;1 [[ 5’—;— f+%]
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Example 2.

a) Show that ’
Ye(z) = Ce™ [ P@)de ,/6 (e )

is a general solution of % + P(x)y/go.
The fonel Ah'ny ,.f;o/m&// /ﬁrwy C
! -‘/”x)dx )7
Yooe)= CC . [P

I = 76(")01
y‘ (x) = «P[x) y‘(%) &) _y‘;'- 4 k) % [x) =0
o a
b) Show that
(a) = 170 | [ (el 7o)
is a solution of Z—:'; + P(z)y = Q(x). 7P’(>£)

ﬂAﬂ' {
Fro olucd /u-/e y i&-uo(- 'y 4,/“/“4 .

%) of _ Jrex) ol
0= eI ae-e ¢ “re T e -

JPbol
= Q) - Ple). ¢4 | [@a)eiﬂﬁgj/a(x)e "
\/’\,ypcx) )

¢) Show that y(z) = y.(x) + yp(z) is a general solution of Z_Z + P(x)y = Q(x).

e, 76 gy~ 0 g
av Plc) o = ) + P(x) 9(7‘-)
wus: L PEIY=Y
& = (yé(x.)-f y;(z))‘f" ?(")' (ycf’)*yr"’o)
= (’f/c' ) + P&) Ve(")) + (9;:(")'”;&) gP(x))
2 T —ae
= Q%) g RHS

" frc'"u)’/l 8‘/
Sayer/oaf%w "



Mixture problems

Consider a mixture of a solute and a solvent (e.g., salt dissolved in water). There is both
inflow and outflow. Our goal is to compute the amount x(¢) of the solute in the tank at
time ¢, given the amount z(0) at time ¢ = 0. We assume that a solution with a concentration
of ¢; (g/L) of solute flows into the tank at constant rate r; (L/s), and that the solution in

the tank flows out at constant rate r, (L / S (g / f‘ C‘_ /‘)

—) N ;'4{&“’; (‘L’) 57.” gotute é) time #-

Joclan 72 () e ZH)
Co [?/4_) vé)

e The amount of solute x(t) in the tank satisfies the differential equation:

. f G=6 = Vel
IVP z—t:ﬁCl’—VOZL‘. }{ 4~ Pd‘lﬂ*

V> o

?(‘F) = 70(}) —_—
QY =r,.¢

MA 266 Lecture 6 page 4 of 8



Example 3. Assume that a lake A has a volume of 480 km® and that its rate of inflow
from Lake B and outflow to Lake C are both 350 km® per year. Suppose thatt = 0 (years),
the pollutant concentration is five times that of Lake B. If the outflow henceforth is perfectly
mized lake water, how long it will take to reduce the pollution concentration in Lake A to

twice that of Lake B?
e We have: @\B): LA
KE
,ﬂ_ ro=r *3{0“*/#4:' LAbE

= C (pollatand couc. 0¢ 8)
SIC\Q)- 5.¢-V. /@: 5Ce = Sc/

e The differential equation: C= _.z{/-
o= r e: re -V
X _ ;. e,— L x(t) 2(0)= A
dt = 7 7y - s5ev.
=r.C _ _: £ (t)

e The particular solution:

):(a)—v sCV.-
Jm} ¢ r e
/o(i-) @ ./ - _ e

2()- = =2 [ Zo + / f) Q) 9(?‘]

> " ate). [mje' re ot
e To find when zé) =2.C V, we solve: e

<l5

f' r
.+ _e.t AcV /. Lt
2¢eV=cv+ 4cv€ .1 = ". L{o+ —;—,(e —J]
cr=dgte ” r, o<V £t
e_{_"‘_t._ 4 =@ ¥ é [3‘0"/‘ CV(e “-‘)]
L.tz n(4) x@): cv+ 4eve 7
=2 ¢ - 4 }«(4) ——

MA 266 Lecture 6 page 5 of 8



Example 4. Rework the previous example for the case of Lake C, which empties to a river X
and receives inflow from Lake A. The volume of Lake C is 1640 km® and an inflow-outflow

rate of 410 km® per year. fi‘ N
e8> —
e We have: A ~Ng 'G

LAkKE C
V= led o I ~ /\-v:f.'/
§~,.,;, =r= 4/ year L)

2_’9)-5-@-1/ Q:SCB.
( v Zé#)—‘ 3CV ? C = coucaul- ,{pl{ul"/
nu

e The differential equation: 6
r
Ive ‘%f: rre- L-xd
Z(O)z 65-C- V-
e The particular solution: r ‘

Z(-é)':: c-l/+4@l/€ o

e To find when z(‘t) =3 .Cv7

we solve:
Solve ,erb: -7"-1‘-
9.ev= ev+ 4 cVC
&> 2 )
=—Acvge V
t= ‘g‘/&‘@) /%r _ﬁ{‘zc €

r
7t
MA 266 Lecture 6 page 6 of 8 _k= :V_.,&( [L)
R
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Cascade of Tanks

Example 1. Suppose we have a cascade of tanks. Tank 1 initially contains 100 gal of pure
ethanol and tank 2 initially contains 100 gal of water. Pure water flows into tank 1 at 10

gal/min and the two other flow rates are 10 gal/min. a) Find the amount z(t) and y(t) of
ethanol in the two tanks at time t > 0.

::‘—J Tauk 4 Awouut efe-//w’(of in tauk ¢
\M‘ Volime =V z('b)/- 2 (0) = 100
—0Y

N

Let z(t) denote the amount of ethanol at time ¢ for tank 1 and let y(¢) denote the amount
of ethanol at time ¢ for tank 2. Let’s find the differential equation for z(¢). The data for
tank 1 is:

e inflow rate: ; = 10 gal/min

e inflow concentration: ¢} = 0 (water)

outflow rate: r} = 10 gal/min.

volume: V! =V =100 gals (remains constant).

initial amount of ethanol: z(0) = 100 gal

The differential equation for z(t) is then:

dx rl 1

The above is a linear equation with P(¢) = 1/10 and Q(¢) = 0. So, the integrating factor is:

p(t) = ef 18t = t/10,

1



The general solution is then

z(t) = e M0 (/ 0 - p(t)dt + C) = Ce /10,

Using the initial condition x(0) = 100, we find that the amount of ethanol in tank 1 for
t >0 is:
z(t) = 100e~4/10.

The data for tank 2 is:
e inflow rate: 7 = r! = 10 gal/min

2

. . t
e inflow concentration: c¢; = @

e outflow rate: r2 = 10 gal/min.

volume: V = 100 gals (remains constant).

initial amount of ethanol: y(0) = 0 gal (only water)

The differential equation for y(t) is

W2t oy
—10- 20 Ly
= 11—(?0 - 100e"/1° T
10e~4/10 %Oy(t)

The above is a linear equation with P(t) = 1 and Q(t) = 10e7*/1°. To solve the linear
equation, we use the integrating factor:

Thus, the general solution is:

y(t) = e7/10 (/ 10e~ /106104t 4 C>
= e 10 (10t 4+ ).

Using the initial condition y(0) = 0, we find that C' = 0. Thus, the amount of ethanol
in tank 2 for ¢t > 0 is:
y(t) = 10te/10,
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Example 2. Find the maximum amount of ethanol ever in tank 2.

We know that for ¢ > 0, the amount of ethanol in tank 2 is given by:
y(t) = 10te /10,
To find the maximum value, we first need to solve
y'(t) =0

for t*. Using the product rule, we have

Yy (t) = 10(e /10 — lt—oe_t/lo)
= e Y10(10 — 1).
The above equation is zero when t* = 10. We now check if (10) is a maximum.
e for t €[0,10), y/(t) = e ¥/1°(10 — t) > 0. So, y(t) increases for t € [0, 10).
e for t > 10, y/(t) = e ¥/1°(10 — t) < 0. So, y(t) decreases for t > 0.

The above implies that y(t) reaches its maximum at ¢ = 10 min. Thus, the maximum
amount of ethanol in tank 2 is:

y(10) = 100e~! ~ 36.79 gal.
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Sec 1.6-a Substitution Methods

e Consider the first order differential equation:

(2)  v=(x,Y)

e Suppose we can solve C‘z) for j

Y- ¥ (x,v)

e Then, by applying the CW n ru (t :

dy 2%, 2% dv_y ;. %
(3) Z=a'x+3'lf.0l’5 \’iﬂ,i,-d"'

R.A-S.
QH S (3) for :—[—: 4nd , and solving for Jl/d‘ :

e Replacing
2 367
(4) | -2,

e If this eq'n is linear or separable, then we can apply the methods from Sec. 1.4 or 1.5.

Af{ V= lf(x) A8 the Sof‘n 34 (4)/ thee)
L y=vCy V(x)) s the
soluhon He (U




Example 1. Solve the differential equation:

dy
— = 2/xy.
xdz Y+ Ty

e For xa:’ : *& j >9 , We rewrite the differential equation as:
’
dz.

e Let’s try the substitution:

V= “("a c‘,) =

= j"

[&k&

b’(‘x v‘)
e Then b’ the eladn m(t

"# Y +0 Ho 2 v
< T , dx

-é.'u(t — = —+ﬂ-/—i7: W*’A‘r
dbe x 2
e So, the transformed equation is / 4 2 / + 2 [—1
2. olv 2 AV '

e Separating variables:

ov_ |2 dz- + .
Y O r 4

247 =29 fuGe) + €

e The general solution is: /'IF = /I u ( Z) T C
vz (uGtC)’

«Zi«ce =2V => ‘;/(Z)_- x.(—&(z)f-c) ‘

MA 266 Lecture 7 page 2 of 9




Homogeneous Equations

Defintion 1. A M’;‘"“w : first-order differential equation is one that can
be written in the form:

d’ _ F ( }‘_’ ( 5)

dz - <

e [f we make the substitution:

o dv _ .
a——:: X“" o;'a:i— vi x a; (6)

o Thepy (5) is transformed into the SQ’M/C "’h

x:

v+ 1-;’2”-‘1’_—. gg F(:Q: )
=V

W% e
=> V*"'s[;"-/z Fv) & x;b""-‘ F)

e Thus every h“w""w first-order differential equation can be reduced

to an integration problem by means of the substitutions in ( )

v 4

MA 266 Lecture 7 page 3 of 9



Example 2. Find general solutions of the differential equation:

v
2 dy
:cy dr =3 + y3

o For & ,j -* 0. , we rewrite the dlfferentlal equatlon as:

oy, =7, 4 _ __ (»)
)

bt xy? x;f"

&

e Substituting
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J"f nsl

Bernoulli Equation

Consider:

(#)  ©sr@y=-ouy

N

. '
The above equation is called a &MQ / & e? ”,

. If either

Otlerwise
The substitution .{ -N-
V= g
. 1
Transforms (J) into &MW 8? A

g}: + (PG -:9(74)3 =a.

N=o or n::,_[
Auncar o9

Haauaal‘! .

3:—:'+ (-n) P = (-n) @Y
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Example 3. Consider the homogeneous equation:

d
Qxyﬁ = 42% + 342

e This is a Bernoulli equation: 2

ﬂ: 41Z+5—’-2=2—"c+3q
dx gy 4 22

e We use the substitution:

1=K 8 %
=y = Y= y=r7r
e This gives: = x;’:i'd) WX) = _,:Zz p &
Q(x)= 2%

n= -4 =) I-n-=

oly 7 v
o gn g
_‘_l_‘r"’z.g(_«/
y 2 dx ;
Lot dv 3 o4 =
2 R TV =2E v

We kwew f=yz =

z‘z.l/’, - j—é-r('.

MA 266 Lecture 7
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Example 4. Find the general solution of the differential equation:

dy

ay _ 3
dr y+y
e Rewrite the differential equation as: )= -1 "
ket B @(x? ¥ eq'n

e We use the substitution:

-2.

/-7 ~ .
lf = g = y =‘> J = ”. %
e The substitution gives:

:;1:.:+ (in) PCIV = (-n)-QCH
dv 1(-2)CL)-v= (C2) <.
dx

dv + av=-2
ol

ﬁ/e?mf:%g /aa/or: ,/-’- olx

62‘ f = - e + C.-
- -4+ C e 1% 2t
w k . ~2 yﬂt: -1 '/'ee
¢ fow = f = 5 [gs A
MA 266 Lecture 7 page 7 of 9 v ce - 1—_{_.




Example 5. The equation

Z—i — A()y? + B(z)y + C(x)

is called a Riccati Equation. Suppose that one particular solution yy(z) of this equation

18 known. Show that the substitution: |
”"' - ACY Y2, Begg+ )

1
Yy=uy+ -
v

transforms the Riccati equation into the linear equation:

dv
— +(B+2A = —A.
dr +( + yl)v

ol ox v
- 2 dx = AC9 . (*f’u l) ’3(»)
_ya) -— --A(x) (%V -}-.I) 3[,.}4/
= -(zq,hz)-v - A=) A2 A

A (B4 2AG) V= - A B4 B(x)
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Sec 1.6-b Exact Differential Equations

Recall that the general solution of

is often defined implicitly by:
F(r,y(z)) =C
1~

We can recover (1) from (2) as follows:

2 F(x,90=)= i/c» =

e o= 9#

= Htxy) --/vc:w)

P\

db{ﬁf‘““ &f"‘

2F , 9F°’d..__

[-J-:) : ’7(’1‘9)6{11‘ A/(Z',y)aff =

e The general first-order differential eq'n ¢y = f(z,y) can be written in this form with:

dy__ H&d) of M) = flny)

q'x NGi4) ”(26 )= -4

e As a result, if the exists a function F'(z,y) such that:

%

WW

° F(xlq) = c defines a general solution of (5)

e In this case: (3) aM c,xa.d a&.{ferm-/w»/ eqg.

1



=

(& . >
Theorem 1. Suppose that the functions M (x,y) and N(z,y) are continuous and have con-
tinuous first-order partial derivatives in the open rectangle R : a < © < b,c <y < d. Then

the differential equation d‘ff GMM fordc
i M (z,y)dz + N(z,y)dy =0
1s exact in R if and only if 0
oM  ON |
- 7 3
dy ox )

at each point of R. That is, there exists a function F(x,y) defined on R with OF/0x = M
d OF /0y = N if and only i hold. R.
an /0y = N if and only if (3) holds on we a‘u/rud

@) +f - W s Tk => ' Fl,y)
oY = si-

“) ¥ j[”) ?:—ﬂ ol
X, G oF .
@:’i‘.‘/) /ﬂ(,J)dx +g! 9) : N
S - Hey)
Y, Sefeet 7(y) o _93’5= N.

N(xy) = .3__ - —-f,.(@,y)dz + g(i)
g0~ »/- 2 jﬂ(x,y) olz -
(A/— —/H(z, g) dz) ‘4}

L) 0{_ 2 / ol x 9“ ? j MGy dlx

_ a_- = 0.
2% ay

Fls)= [Hesg)an ¢ [(er)- 2 [n60)ole) %
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Example 1. Verify that the following differential equation is exact; then solve it.

dy  3a®+ 2y
dr  dzy + 6y2

e Rewriting the equation in differential form gives:
(32‘1-1;/‘) ox + [4::( +6z’) 0,1 =0. (4)
= Mcx:y) =: MGy )

e We now check if (4) is ezact:

o _ a9 = N , Exacl r

Y %

JOfw.-

4) BE = M) = F)= rpn) o= + 3@)
./éz ‘-n.y?dz +3(.‘I)
= 24 axytrg )

i) %E,w,,,g) & %fy'mij:;(s::}z

- ?“4)-’./6/:"[? =""33'

?@Ml):b/r((x, y) olx + ?(")

= x34 2xy*+ 29° = C.
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Reducible Second-Order Equations

A second-order differential equation has the general form:

_7{(7‘) 9, :/', Z/")=" (5)

If either the Lol ’/“‘d‘*/ ver 2 orthe & e/“‘/“’l e/ y is missing from
a second-order equation, then it can be easily reduced to a first-order equation.

Dependent variable y missing.
e If y is missing, ( 5 ) takes the form:
J "} - .
F(x) 7 Y y =0
e Then the substitution:
J d (4 n
- — )
= - = => b—
F y dx ‘7 f
A~

e results in:
F(’I Y,) ’”)="' .
= F(xifa .f’)=0-

e If we can solve this equation for a general solution ;)0 (x 1 c’) ,

y(x):fz,:g.} ol =jf(z, ¢ )de + Ce.

e Observe that the solution involves 2 constants a M 6 :
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Example 2. Find a general solution of the differential equation:

1/ /

Ty =Y

e Since the 3— is missing, we use the substitution:
) / "
L9 = £-Y

e This leads to: p,p

e Separating variables gives:

dt’-j‘*..’f+(’-
r2e x

"{“0/ = ’&(&) + C.
e&«o}= Ccez.,(x)

2~

£- Cx
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Independent variable x missing.

¢ [
o If z is missing, T(?, ‘/4 ‘/, 9 ) takes the form:

F (v, y")=0.

e Then the substitution:

dp _ olp, Ay

I n _ o _ =0,
P-Y = 4= dx Ay g’;g_
e results in: Aef o’ y f dy

"'(y ‘F)’f = 0

e If we can solve this equation for a general solution "P y/ CI)

+ rsumivg Y 20"
4 j) d‘c 047 / dg/

Tiplicid Bra: Lfﬁf

2(1)= P(96) + &
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Example 3. Find a general solution of the differential equation:
yy// + (y/)2 _ yy/
~

€

e Since is missing, we use the substitution:

/F;. y,:dy D ?‘i— ip.i’: fi

e This leads to:

ol

Use sut foactor J L dy ale p= Jk’

P € = ¢ ol _d%c

ax z.g

‘Dj (9")“' FAR C- Sepaioting vor's

/V.— _ ¥, e 24 e + B.
tr=z* —;c"/”/" !
P = y“+C {
X#, ¢ I’,“(yie - 4 B-
Sedve ﬁryﬁ

Yod-t A+
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Example 4. Find a general solution of the differential equation:

y// — 2y(y')3

e Since x is missing, we use the substitution:
! u dp
y- P odd ’(7 f d%

e This leads to:

2"
oy
J?M“a var '8!
L. 42+
p= 17
y

-/ 4
we £ > %’;‘ T g3+c.
iefam.h'wna vae Is.
‘/92”'5 oly. = -/dz + B

-.f—-y’f Ci:—z."‘r B.

‘y-’_f_}z +A7 + 8 _—o\
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