
PHYS 570/MA 595: Unit 3 Exercises, Due October 9, 2025

Exercises will be added to this list but no new problems will be added afterThursday October 2.

Tuesday September 23 andThursday September 25

1. In Kitaev’s quantum double model for a finite group 𝐺, the vertex gauge transformation
operators 𝐴𝑔(𝑠) and the operators 𝐵ℎ(𝑠) that project onto sites with flux ℎ do not com-
mute for all 𝑔, ℎ ∈ 𝐺.
Explain why they satisfy 𝐴𝑔(𝑠)𝐵ℎ(𝑠) = 𝐵

𝑔ℎ𝑔
−1(𝑠)𝐴𝑔(𝑠). (5 points)

This completes the calculation that shows that the local operators at a site 𝑠 form a rep-
resentation of the quantum double algebra 𝐷𝐺.

2. Recall that 𝐴𝑔(𝑠) only depends on the vertex 𝑣 at the site 𝑠, and so we can write 𝐴𝑔(𝑣) =

𝐴𝑔(𝑠).
Verify that the quantum double vertex operator 𝐴(𝑣) =

1

|𝐺|
∑

𝑔∈𝐺
𝐴𝑔(𝑣) is a projector,

i.e. 𝐴(𝑣)
2
= 𝐴(𝑣). (5 points)

3. Consider the quantum double model on a square lattice as in class. When you plug in
𝐺 = Z2, describe the relationship of the vertex and plaquettes operators 𝐴(𝑣) and 𝐵(𝑝)

to the vertex and plaquette operators 𝐴𝑣 and 𝐵𝑝 that appeared in Kitaev’s toric code
Hamiltonian from Lectures 4 and 5. (6 points)

Tuesday September 30

4. Consider a periodic 1d lattice with 𝑁 sites with a qubit on each site. Show that the
operator 𝑆𝑖,𝑗 that swaps the 𝑖th and 𝑗th qubits 𝑆𝑖,𝑗 =

1

2 (
𝑋𝑖𝑋𝑗 + 𝑌𝑖𝑌𝑗 + 𝑍𝑖𝑍𝑗 + 1) acts on

the Pauli 𝑋 operator on site 𝑖 to the Pauli 𝑋 operator on site 𝑗 , i.e. show that

𝑆𝑖,𝑗𝑋𝑗 (𝑆𝑖,𝑗 )
−1

= 𝑋𝑖. (6 points)

It will be helpful to remember the relations in the single-qubit Pauli group from the Unit
1 Exercises, which can be summarized with the notation 𝜎𝑖𝜎𝑗 = 𝛿𝑖𝑗 𝐼 + i𝜖𝑖𝑗𝑘𝜎𝑘 where
𝜎1 = 𝑋 , 𝜎2 = 𝑌 , and 𝜎3 = 𝑍 and 𝜖𝑖𝑗𝑘 is the Levi-Civita symbol.

5. Let 𝐻 = −𝑔 ∑
𝑁

𝑗=1
𝑋𝑗 − ∑

𝑁

𝑗=1
𝑍𝑗𝑍𝑗+1 be the transverse-field Ising Hamiltonian, and put

𝑇𝑗 ,𝑗+1 = 𝑆𝑗 ,𝑗+1 where 𝑆 is the operator defined in the previous problem. Argue that the
Z𝑁 lattice translation symmetry operator

𝑇 =

𝑁−1

∏

𝑗=1

𝑇𝑗 ,𝑗+1

commutes with 𝐻 . (4 points)

(Continues onto next page)
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Thursday October 2

6. In class we explained why [𝐹
1𝑏𝑐

𝑑
]𝑏,𝑑 = 1 is a constraint of the 𝐹 -symbols of a fusion

category by drawing the fusion trees involved with this specific 𝐹 -move. Draw the anal-
ogous pictures for the triangle equations that depict why [𝐹

𝑎1𝑐

𝑑
]𝑎,𝑐 = 1 and [𝐹

𝑎𝑏1

𝑑
]𝑑,𝑏 = 1

in a multiplicity-free fusion category. (4 points)
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