
More on determinants

Recall cofactor expansion 3 3 a

Pick any row column

Row 2 A Az C2 022 22 923 23

Az 1 1 Mz 022 1
21

22 Azz 123423

Properties IAI can be negative orientation flip
AT 711 transpose rows cols

111 0 At defined
If A 0 then 11 l

upper triangular matrix
entries below main

diagonal 0

lower triangular

det triangular matrix

product of diagonal entries
E 2g 3g 1 8 1 0.04 24

Now can we use row col ops to make 0 s in

matrix or make triangular to get IAI



swap a
I

det 2 det 2 2

cofactor signs I

swapping two rows or two columns flips sign
of det

Note column ops work similarly b c

transpose swaps rows columns

at
det 21 det 2

R Ra a s

det 2 det 2

Scale
multiplying one row column by k
causes det to getmultiplied by k

Idet 21

R2 312
g

det 1 371 21 6



adding Ops Ri Ri k Rj and C Cit kC

do Not affect determinar

3 det 2

R2 R2 3R triangular det 1 2 2
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column 2

det 0 01 1 18 29
1 360 12 360 18

11 30 1301

A 2 nicer s

NET effect
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R3 Rz 212
14 Ra 214

88 2 3
e 1

Ra Ra Rs
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triangular deÉ 60 Then det A 6076 1

1601

Adjugate matrix for 3 3 works for 4 4

ad e
F

cofactors

Inverse matrix thm If det A 0 then

A
adj A
det A

adj A

Why Ex 1.1 entry of Aadi A

An Cil A z 12 a z 13 A

so A makes I's and O's It



Two example test questions to demonstrate
the concepts

Go

so

F

For this we want to trace row column ops
that take us from B back to 1 and record

the effect net on det

Ops net change
2g 30 2h 36 21 30

d e f
2A 26 2C

R R 29 3 a 24 36 Zi 3C

d e f x t

a 6 c

R R 313 2g 2h 2

d e f x
noeffect

a 6 c



a 6 c

R R g h i

d e f
x

a b c

R
E

a b c 1

d e f 7
4A g h i

A has determinant 5 and getting from
B A via row col ops accumulated
a total effect of

1
4

This means that

det B Effects det A 5

det B x 441 5

det B1 20



Although we could compute A in full using
the A I REF AI A method

we can get the desired entry using the
Inverse matrix theorem i e

A adi e

z

s
note rows cols

flipped

so the 1,21 entry of A is just

A 21

so we need the 2,1 cofactor C2 C 1 Mz

17 deleted row 2 Col 1

11 2 2

Then

1,21 entry of A is C2 2

2 5


