HOMEWORK #12 - MA 504

PAULINHO TCHATCHATCHA

Chapter 6, problem 4. If f(z) = 0 for all irrational x, f(z) = 1 for all rational z,
prove that f € R on [a,b] for any a < b.

Solution.
Let a =29 <z <---<x, 1 <x, =>bbe a partition of [a,b], call it P. We have, by the
density of the rationals (respectively the irrationals) on R,

1=M;=supf(z) (zi-1 <z<uw),

0=m; =inf f(z) (z;01 <z <uay),

SO

ZM —x;q)=b—a,
Zmz i_le = 0.

Since P is an arbitrary partition of [a, b], we have

7ifd:c:b—a>O:/bf(a:)da:.

Hence f ¢ R on [a,b],a < b.

Chapter 6, problem 5. Suppose f is a bounded real function on [a,b], and f? € R on
[a, b]. Does it follow that f € R on [a,b]? Does the answer change if we assume that f3 € R?
Solution. 3

Answer to the first question: NAO! (NO!).

Indeed, let f(z) =1 for all irrational z, f(x) = —1 for all rational z. Similarly as we showed
in the previous problem, one can show that

/fdx:b—a>0>a—b:/f(:c)d:c

Hence f € R, but f?(z) =1 for all z, so f?> € R on [a, b].

Answer to the second question: SIM! (YES!).

We have that ¢(x) = ¥/x is continuous on [a,b] for any a,b € R, so by theorem 6.11 if
f2 € R, then h = ¢o f3 € R, where h(z) = ¢(f3(2) (z), ie, h = f.
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Chapter 6, problem 10. Let p and ¢ be positive real numbers such that
1 1

-+-=1.
p q
Prove the following statements.
(a) If u > 0 and v > 0, then
uP e
u < — + —.
p q

Equality holds if and only if u? = v9.
(b) If f € R(«), g € R(«x), f >0, 9 >0, and

then

a

(c) If f and g are complex functions in R(«), then

bfgda < bfpda v bqua 1/‘7‘
[l = { [ aa} [ o)

(d) Show that Holder’s inequality is also true for the “improper” integrals described in Ex-
ercises 7 and 8.

Solution.

First of all, assume u,v > 0, otherwise the inequality is trivial. We see that by making the
substitution @ = u? > 0 and v = v? > 0 the inequality that we want to show is equivalent
to the following inequality

|

Now if we make the substitution z = — and assume without loss of generality @ > v, so

z > 1, it suffices to show
1
S1/p < z + =,
p q
whenever z > 1, and equality holds if and only if z = 1.
Now the previous inequality is equivalent, by making z = 2/ > 1 to
P 1
0<——a2+—-.
p q
P 1

Let f(z) = — — x4+ —. We have f(1) =0 and
p q
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whenever x > 1. So f is a stricly increasing funtion on (1,+o00). In particular,
1
fo) = et i s pa)=o,
P q

whenever x > 1, as we wanted to show.

(b) If f € R(e), g € R(ax), f>0,9>0, and

b b
/fpdazlz/qua,

then it follows from the previous item that

b b D q 1 1
/fgdag/ (f—+g—> dao==>+-=1.
; « \P  q P q

(c) If f and g are complex functions in R(«). Assume without loss of generality that

b b
/ |f|P dae > 0, / lg|? da > 0.

F= /] G = 9]

(fo1rp )™ ([ gl a) ™

We have f € R(a), § € R(a), f >0, §>0, and

b b
/fpdazlz/quoz,

so it follows from the previous item that

b
/fgda§1,

[ rsaal < [Cisigtaa<{ [y da}l/p{/ab\g\q da}l/q.

(d) By the definitions given in problems 7 and 8, the result follows trivially.

Then let

which implies

Chapter 6, problem 11. Let « be a fixed increasing function on [a,b]. For u € R(a),

define
b
full:={ [ lupaa

Suppose that f,g,h € R(«), and prove the triangle inequality
1f = hlla < If = glla + llg = A2

as a consequence of the Schwartz inequality, as in the proof of Theorem 1.37.
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Solution.

We have , ,
If == [ 17 = hPda< [ (7 =gl + 19~ hlPda
b b
:ﬁnf—m@fg/<u>yP+Mfﬂm9—m+m—m%da=nf—m@+z/|f—mm—hwaﬂm—h%,

but it follows from the Schwartz inequality that

b b 1/2 b 1/2
/ |f = gllg — hlda < {/ If—QIQdOz} + {/ |9—h|2da} :

1f = Rll3 < 11f = gll3 + 21 = gllz2llg = Al + [lg = Rllz = (I1f = gll2 + [lg — hll2)*.

Chapter 7, problem 2. If {f,} and {g,} converge uniformly on a set E, prove that
{fn+gn} converges uniformly on E. If, in addition, {f,} and {g,} are sequences of bounded
functions, prove that f,g,} converges uniformly on E.

So

Solution.
Assume f, — f uniformly and g, — ¢ uniformly. Then given € > 0, there exists N; and N,
such that

|fu(z) — f(x)]| <€ Vn>Nj,x€E,
lgn(z) —g(z)| <€ Vn>Ny,xz € E.
So

|fu(@) +gn(x) = f(2) = g(2)| < [fulz) = (@) +]|gn(z) —g(z)] <ete=2¢, Vn=N,z€FE,
where N = max{Ny, No}. Hence (f, + g») — (f + ¢) uniformly.
Now assume that there exists M,, and K,, such that

ful@)| < M, Vzek,

lgn(2)| < K,, Vx € E.

Then first we see that, since f, — f uniformly and g, — g uniformly, there exists N; and
Ny such that

o) = fu@)| <1 Ynm> Nz e B,
|gn(x) - gm(x)| <1 Vn,m > Noy,x € E.
Let N = max{Ny, Ny}. We have

(@) < [fn(0)] + [fnlx) = fn(@)] < My + 1,0 2 N,
SO
|fn(l')| S M = maX{Ml, MQ, ---7MN—la MN + 1}, Vn,x e k.

Similarly, one can show

lgn(2)| < K = max{K;, Ky, ..., Kn_1, Ky + 1}, Vn,z € E.
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In particular, |f(z)| < M and |g(z)| < K for all z € E.
Now we have

[fu(@)gn(x) = f(2)g(x)] = | fu(2)(gn(2) — g(2)) + 9(2)(fn(x) — f(2))]
= |fa(@)gn(z) = f(@)g(2)] < [fu(2)llgn(z) — g(2)] + |g(@)[| fn(x) — f(z)|
= |fa(@)gn(x) — f(2)g(2)] < Mlgn(x) — g(2)] + K[ fulz) — f(2)],
but since M, K < oo and |g, — g| — 0 and |f, — f| — 0 uniformly, it follows from the
inequality above that |f,g, — fg| — 0 uniformly, ie, f,g, — fg uniformly.

Chapter 7, problem 5. Let

Show that {f,} converges to a continuous functlon, but not uniformly. Use the series Y_ f,
to show that absolute convergence, even for all x, does not imply uniform convergence.

Solution.
Clearly we see that f,(z) — 0 for all x, since for any x > 0 there exists NV such that

1 1
—< =< > N.
n_- N o R

If <0, then f,(x) =0 for all n.

Then we see that

N i >0, let z, = .
ow given € , let x 1

1 2
< <
n+1l - 2n+1—

fn(xn) = sin” (M) =1, Vn.

Therefore, since n is arbitrary, { f,} does not converge uniformly to 0.
We see that if z > 1 or < 0, then f,(z) = 0 for all n, and if 0 < x < 1, there exists at

S

SO

most two n’s such that <z < —, in this case x = % for some k£ € N.
n

n
Hence trivially we see that »_ f,, is convergent, in particular absolute convergent since
fn > 0. But as we saw previously f,, does not converge uniformly.



