
Lohomologyof Affine Schemes ①

Thm let R be a notherian ring,
X = Speck

-

and M an R-module
.
Then

It" ) X
,
m ) = 0 fur i > o

Firstme need

Prop If I is an injective R-module
-

The I is a flasque shef

& See Hartshorn I Prop 3 .4]

pf of thn
-

Give M
,

we can choose on injective

resolute
0 + M + 10 - I' + ..

By the prop
,

we have a flosque
a so (at m

0 + m + j + 5) -> --

The rel
It" (x

,

m) =
ke - T (iv) -> Tt Iy
-n+ (2i ) = ( . 1" ,



②
However

S

T CEO + (5) - 1
- -

Il

jo j' e ...

Turbu H"(x
,

m ) = 02 i) ~

/

2 -Mayor-Vieturs
Thm Given on open cover &H

,
Ul f

* and a shoot F
,

there exist,

a long excet sea

HeHitThe
where the middle two maps an Ha

sun and differences of restrictions



chonologyof IP ③
Let k be a field.

For the first application
,

we

compute the cohomology "(IP,
Let's start with =0

,
in D

-

IP'

Ne use
the standard cover

U
.0

= Spec [x , ] = Speck [t]
u

u
, = Spok [7 = Speek [t")

4 ...
4

.
1

,

= Speck [t
,
+

-

)

Then Mayor-Victoris give

thesee
H'(U

,
O)

This can be identified with
S

· KEKE,h



O4
Continuing the sequence ,

we see

H
:
(I' 8) = 0 whn is 2

S S

In fact
,

the same orget shows

Prop I'I' 1 =0 for is, 7
S

- and = quasicoherent

To analyze the lower indices

ne note

8 (f(t)
,

8(t")) = f(x) - g(t")
So that

Ho (P
,
8) = KorS = KINKE]

= k

& 16' (1P', 8) = coke-S = 0

since S is clearly
surjective



⑤
In geword ,

recoll

I ([U , 4 ,
1
,

8
%

= 39.
,

+ kj +, + " )
* ]

--

Sto/f
,

1 to KIE]
"

f
,
k[ +ja)

Since [7
,

"
*

= Sat "I ack >

n = 7 )

& kit
=

]" - k
↑

We see that

#' /Su .
1
,
2)=

Under this isomorphism no Th

to the class of 801 = -

Rall #'(x
,
80) = Pic(x) = f - on

of line Sull ,
for -any (rice) schex

The line bundle. corresponding to

80 .

= Ev is precisely (= 0y



⑥
Roll that to qu from L te he

cocyche ,
we use a diagra

LI
Ho. Ous

↓ %o,
-

L'a
.

g
u

,

Let us view oo as the reference

Is O
.
The 1 + Ou

.

go to +=0
,

unde 801 Then M . V can

be identified nith

· he

zeeu
n

6 (f(t)
,
g(t = )) = f(t) - t g(t )

Su
Ho( , OG)1 = HerS

= k[t]1)"kIt")



⑦
W n < O, we get

Ho (IP'
,

8 (n)) = 0

nhe
>, o

It (IP !, 0 (1) = < ! + .

... t")

-

= k
+ 1

For

H'(I'
,
O(n)) = Coke - S

= kit
,

-C

-
k[ + 3 + t"k[+ )

= k [t
,
z-
-

< -
- +" ;t"

,

1
,
t

.
...)

Whe n > - 1

H' (Il
,

e(n)) = 0

If n 2

S

H'(IP'
,

O(1)( = k
- 1 + 2



⑧
Summarizin

Ihn

Ho (IP !01)= S *. Inofferin
= - 2H(IP ! Oli = Gk-

-+

f
C i

Thm If F is a coherent
-

shoef on IP'
,
ten

K

It
in CIP'

,

E) is finite dimensio.

F ,

of We 5- Hi (( ; 8) = u ch

it
,
2

.

So we just home to prom

fin to ress f i = 0
,

1
.



-
⑨

-

Recall F = M
,

wh M is a

+ . g . graded SIXn, , ] mocht

We ca find an exact say If
models D

o + k + S(n :
)
+ M + 0

c = I

giving ad exact sea of coheret

shears

=

0 -> K
+ G8(n : 1 + 7 + 0

I

X

We obfein

⑦ H'(8( :) - H (J) - o

which implies fin ,
honoss for H'

This applies to K
.

ThroG

⑦ Ho (a(n : 1) + Ho (F) + H'(()

& ,nes finess of HY(7).
/



4echChorology ⑳
We want to extend He Mayor - Vieters

techniqu to sever open site. This

leads - Chigh) Yeah chonology

Given on open cove 2
= suil of

a Spcc > X
↑

Set

x , , . . in =
u
, 1 ... 14 ..

Give - a sty Jo Ab(X)
,

C

Yest P-cochair is a collectic

Li . --ip
E F(Ri

.
.. ip)

S . E Gin .. ip
= 0 if indices ae reported

an
=Yasin

... wip
signtel dior-ip

Fu c -

y pormlat.- W

Leh P(1
,
7) denote group of p-cochar

No define te ech cobum-dong by

2 : <" (u ,
7) -> (P+

(N
,
5)



⑪
by

Ca disip Circ
(Here a

man , on t.

2

10 mm a J =O

--

Def The pl ech schomy group
-

(F ° (2
,

7) = H (((n
,
2)

Kur 2 : C
->

CP*
=
-

in 2 C - CP

One can take the limit

N ° (X
,
7) = lin H

°

(X
,

3)
-

Le
·

Hone,Heronea
e



⑫
The Conclusiv 13

#P is not good

for Heretial purposes ,

but it is
-

good for computation .
Here

is the key def/resul
.

Det An open cam It is called
-

a heray cover w. r .
t to 7 , 6

HP (2 , ..i, 7) = 0 p > 0

↑
-

.
. - ca

Th - If U is Leroy W . r. t to J
-

Learn

F ° (U
,
F) = HP(X

,

E) p.

We give
the prouf after some

lemmas .



⑬
1em mc F u amy open cover I
--

Ho(X
,

21 2 # °

CU
,
=)

of There is a homomorphism
Ho(X

,
3) -

O

(U
,
7

f - (t(u
..

)
.

This is am is a morphism
b e cause - is a shed /

1 enna If
-

0 + a + B + 2 -10

is exact in Ab(X) and

I

H'(U , , . - cp ,

a) =0 ,
.. ip

The He ru , 's & long exact son

-> F'(u
,
a) #'(x

,
B)+ ..

-.

↳ The hypothesis implies there is a

start exact son

0 + C.(1 ,

a) + c(x
,
B) +c(

,
2)+ 0

This give a long exed % . /

temes 15 I is flesque
, #(2

,
71 : 0

-

X p > 0
.



⑭
·ftheWeKorHpeni.
Consider the sep .

0 + 7 -> G(7) + (f) + 0

from long ago We have

· - Ho (f) + HY(b(2))- H( C(A))+ H((z)+ 0
II II I v ↓

(*- 0 ° (1) - ((All -> #OC(A)
-> I' (H) - 0

The arrow v is an iso by the

3 - 10mm. So the p=1 case is done

2Fro()
, i' ( e(z)(E> H (z)

Now we have

2

It(J) = 16' (C (7)

↓ Sl
~
2

H(J) = '(2(2)
This proces p = 2

,

etc .
· /



⑬

Sohomologyof -

Thn Supp · X is a separated northern
-

schemeal F is coheret (or even

quasicohet) The -

for any office open car th

of X I " (X
,
F) = #°(2

,
8)

Since U
,
... c a

is after and

no other in (by to assuptions

HP (ki
,

.. i
, 7) = 0 Up > o

There L 2 ishevay. 1

Now we come to te key calculation



⑯6
Thm Fix IP = P

,
whe R is noele ...

-

The n

(1) H
° (IP

,

O(nL)E RIxo
,

- x&]
n

-
honog poly of dig n
in above variable,

(2) H(IP
,

O(n) = 0 for O
,
d

(3)HP (IP
,

O(n)) = Ho (IP
,
Oc-n -0 - 11)

*

R mk Rixo-xpn is a free
-

mochle of ranb (x)
by well known counting formles


