
ohomologyof Projective Schemes ①

We want to return to the algebraic story.
Fix an algebraically closed field I.

1 c m ma 18 X & IP" is a closed
- K

subscheme all of whose componets have dim id
,

there exists on open office cover

u = (4
.,

... 40)

of We claim we ca ful hyperple
-

Ho .. - Ad <IP , < .
t. X 1 Hol . - And

= ④

Thenme take n ..
= X - Hi

We can prove
the clain by inducted.

Suppose dil
,
it . X is a

finite collection ofClosed) pts.
Then me can fid to which

arrich Nex plx
,

since
K = F.

Whe d > I
S

we choose It d
S . E. X 11 0

.

Since

the dimension of X1Hd ,

drops

we're done by inductor
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Prop If XCI , is an irre do bl
-

closed subclone of I is a colored
S

sherfor it.

a) din#"(x,
7) < ,

1) Hi (X
,

7) = 0 G is din X

Of : Let j : X - IP" devote the
K

inclusiv the >F is a shared

shef a IP" an

H" (x
,

j) = H
"
(IP
!

"

5 7)
There to al follows from what we

proved earlier fo IP"
k

By the previous lame X

has open after cover

x = 24
.,

... ah
,

d = de X
.

Thereb

H
:
(x

,
z) = : (2

,
7) = 0

& it d S
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It follows that

dir H(X
, 0x), i = 0, .. d

gives useful isomorphism in ar,L -S

when X is a reduced

di- Ho(x
,

0x) =
1

be cams a global regular functions an

constant

In particle when X is a

nonsingular irreducible
projective cu - v
e get

only one interesting number

Def The genus of X is
-

q = dim H'(X
, 0x

We do one computatio

Thm If X < IP? is defined by a

-

Regreed polynomic
, g = (%)
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of ↳b i: N denche the inclusin
-

We have an exact sea

0 dx + 0,-
+10x + 0

IfI is a defining polymont & X
,

- -

-

d
x

= j = S(-d) = 0,p -

(- d)

Also
,
since i is exact

C
&

It'(X
,
0x) = #(I, i = 0x

Theref
,

we have

It'(IP ; Op .
)+ (x

, 0x) - H (1?0(-1)
Il

O

E
I " (x,

0x)

↳

The retu

H'(X
,
0x) = H(IP ? 01 -a)

= Sd - 3

who 5 = k[x ,
1 ,
7). The dimousin

is easily computed as stated
/
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Kahlerdifferencee

of finite type a

an alg closed field K.

Thu/Dob There exists a colorant
--

Sheof e &
x/k

such that

e
=u = En fo any office open

SpecR CX .
If X/K is a nonsingle

variety of din. n, h'x/k is locally
free of rant n.

See Hartshorne Chop 11
,

Sect 8.

3Serveduality for curves

For the rest of this section

X will denote a rousingalor project

curve ( = 1 dim'l schone) over

k = K
.

A point of X means a closed

point (which is what are means classically
by a pb) .
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Then & is a line bundle

,

called the conomical line bundle.

Given a divisor D
,

let

! (D) = 2 ! 0 O(D)
x

Serve duckts (olgebraic version (
-

There is an isomorphism

H'(x
,
O(b)) = (o(X

,
2; ( D)

*

for any divis Don X.

C The genus g
= & Ho(X

,
R%)Or

-

Let k(x) = function field of X

We define te ring of a dates by

R = S(rp) = πk(x)) rp e Op
PEX

for almost all p 3
whe X = closed pts of X
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We have a diagona embody

k(x) C R

f +> (f)
pex

For each divisi D = Inpp

let R(() = 3(rp(ER) Ord p Y - M
p

p = Supp D
.

Prop
-

H(X
,
O(D)) = R/(R(D) + k(x))

Pf
-

Let K(X)
x

= constantsheaf associata

We have an exact sequence

0 + 8x(x) + k(x) + k(X)y /O(0) + 0
*

Since K(6/
>

is flasque ,
we get

# (k(x)
,

) + # (k(0)x/o(D) + H'(x
,
0x(D)) + 0

-

k(x)

One chocks K(Xx/OCD) is a su of sky scope

shear K(X)/O(D)
p
=> 10(k(x)< /O(11 = R/R(D) /
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Set =/ ·

This is should

be interested as the
space of rotirid different

forms a X
.

Let PE X .
Since e

x p
is a d . v.

m ,
th valuation Ordp : k(D) + USO)

S

I

there exists on elect Emp which

generates the maximal ided. A plays
the role of a lock coordinate

,
and it is

usully called a
local uniformizer.

It is not unique .

The completin

of KCX) W
.
r . t the valucte ordp

is isomorphin to (((7 3)

Thm/Def If we I
,

the

-

coefficient f Edt of the image of o in
KCSELdt is independent of ,

and donated

by resp (c) The sum

E resp(w) = 0

PEX



⑧
When K = & these statements follow

S

easily from Cauchy's formula and

Stokes' Here - te gewand caseFor

S= - Serve's book "Algebraic

Groups and Closs fields"

We define a pairing

R x 2 -> k

< ((p)
,

w) = I resp (rpw)
P

Give a & set
/

and w = ordpf wh werdt
/

So son Loca uniformizer
and (w) = (ordpa)p

Gim D = Emp
,

we
con identify

H(x
,
h

=
c -D) = Sw = R)arl,

>
,

+ n
!
)
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⑨
lemma 1f(rp)c R(D) + k(x)
-

and = #(R)-DI) ,
the

< (p)
,

> = 0

of If (rple R(DL
, ordpp> - 10

-

while ordpar >, + up
,

There

resp(rpw) = 0

18 f t k(x)
,

the I res
,

(fw) = 0

P

by the last thm
#

Theref <, > induces a pairing

R/R(D) + k(x)) + H(2)- b) -> k
.

II

H'X
,

OLD

A precise form of duality is

(serve The above pairing
iS nondegene-te
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Full details can be found in Serve;

book. However
, we can explain the idea

We can wr . te

& = UHR(D) = Lim (R(-D)
D

->

D

Th , s is a I dimit vector space

On K(X)
.

On te othe hard

&

J : = li- (R/R(b) + k(x)
C

ca
Isn be given to structe of K(X)-v . S

.

Prop (a) din J & I

k(X)

(b) <, > induces on injective KW-lin

map fra R + J

Car l = J
-

To finish the proof ,
one needs to

check the isomorphism is compatible will

the filtration induced by D
.
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Let X be a curve : nonsing reduced
irrea e One din'l

project variety Ou

K = F.
Let =genus of X

.

Given a divisor de E P

Set dog D = rp &

an
l

( (D) = [fek(/ up
,
0rdof 7, - p3

U 50 3

We state

Thm (Riemann: inequality
-

(D) 7
, def D + 1 - g

This will be sharpened to an

equality shortly
.

Given a nonzero ratial

I-form are
exp ,

it's divisi

(0) = E(ordpa) p
pox
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1 e mm a If w

,
w' = xk(xyx - Gr

-

(w) r (w')

of w = 800 u ,
h & c k(x)

-

al (w's = (0) + (7) /

Def A canonical divisor is a

-

divisor of the form Cars. This

is traditiona written as K
.

(The

Lemma says that the linear equivalence

closs is well defined . (

Thm (Riemann-Rock
-

e (D) - l(k - D) = dgD + 1 -

q


