
Lule-characteristics&Rieman-Rock ①
Given a coherent shoot of on a project

scheY
,

we define its Euler

characteristic by

x(y
,

2) = - (- 1)
"

di I"(x
,
8)

=
O

din X
I

= (-1) &H"(y
,
z)

1 = 0

Here is the key fact.

Lemma If
-

0 + 7 - y + H + 0

is exact
,

the

x(x
,b) = x(x

,
b) + x(x

,
(7)

ofThis follown from the long
-

exact sequen and the following
additivity property :

If 0 + V
,
+ V + ..

. -

is an exact of fin de Vector

Spaces IEIJ din Vi = 0

I



②
We can now reinterpret and

Prove Riemann-Rock :

Th If Disadvisor on a gonns of cure

l (D) - l(k - b) = dag D + 1 -g

Before proving ,
we row-t th

left sich as

R (D) = din Ho (X
,
Ox(D)

l(k - D) = dir 170(X
,
ex(k - b))

= din It'(x
,
Rj C - D)

where we use serve duality for
He last stop.

The rele R
..
R. is equivalent to :

Them
-

X(X
,
0x(D1 = deg D + 1 - 8.

Lt D = Impo .

We

prove this by industr a

m(D) = 5 Imp !



The base case is D = 0
③

Thor
(X

,
0x) = din H (X

,2x

- d H'(X
,
8)

I 1 -

-
by definite

.

Next suppose m(b) >U

If D = upp + ... with p >0

set F = (np - 1) p = ...

Ther we have or exact see

o 0(E) + &(b) + k(p)+

where KIPL is the Skyscraper she ot p

Them

x(O(D)) = x(0(E)) + x(k(p)

By in der Kim * (O(EU) = by z + 1- g

and we also have

< <2) = din( > 1 - c (cpi) = I

-

I O

Su
x(e(p)) = (dy z + 1) + 1 - 2



③

If all the nonzer coefficiate of D
a-e negative ,

me can f .
id E

with

o + 0(0) + (E) + k(p1 -> u

al r(EL < mCD) and conclude

for similar rocums /

2 Evay application of Riemann
. Rock

↑

-

Lot x be a carve of gens of

Prop deg k = 2g - 2

-

f : plus into R.
K. to obtain

-

R (k) - l(k - k) = desk + - g

Ginen a nonzero retinal differential

W W - tak - k = (w)
S

Then we have an isomorphism

(k) = 2
* *



⑤
defined ↳

-

O(D)(k) - y
(u)

f 1 > f . 0

Therefore

e(() = H) 1 x ) E I
Similarly

((0) = dH(0x ) = 1

T hereh

q - 1 = dog k + 1 - q

= des k = 2g - 2

/

Given a
noncuctant morphism

8 : X -> y

between curves
,

we get an extension

of fields
K(y) & k(x)

The degree of this extension is

called the degree of f



⑥
Pro/Dob For all pe Y

#8"(p) [ degf
For all but finitely many pts called

branch or ramification pts equallyI

Golds
.

Its possible to give a more prim

statent . If t is uniformize-ab p

and 9 E 8
"

(P),
the ramification index

eg = ord(t) (remote-
-> ok(y)[k(x))

The For all Pey,
-

I eq = dgf

Finally
,

me Lan

Thr A degree/morphism :x-
-

& L isomorphism
is

NB: This Elseihigh
dienenen

-



j7
Thm IP' is the only gonns O
- K

cu-v .

pf By what we proved earlier

-

I'(IP Op )
= 0 = g(IP) = 0

Coversal, suppose g (X/ = 0

Let PEX (a closed pt)

By R .

R.

e(p) = 1 + 1 - 0 = 2

Since (o(0(p1) = (f K(x) /ordof -1

a ord
,
f = 0

- 9 + plIA K

We must how f (0(P)

which is nonconstant.

View 8 : X - IP' as a morphism

such Het 8"(0) = P as a divisur

=>l dog 8 = 1 by previc- results
.

= & is is an isomorphism
/



ProjectiveEmbeddings ⑤
A basic problem in classical as well as

modern algebraic geometry is to

describe
maps from a varietya

scheme to I,
The idea is simple ,

let

X be a variety . Given regular

function fog ... En
,

set

5)=Suc,-. E
in

x ? V = (x = x/ f(x) 10) =
A =so

1

& ↓
e ~ IP,

The re -- 2 problem,

I V night not excel X /

soI

is only partially defined

(2) If X is projective ,
Hen

Here are no global feature.



⑨
Let's solve (2)

, by replacing function

by a basis fo
,

. - f - G((X
, L)

e L is a line bade . Using ,

c (oc- trivilizat Lu
,
= Eu

..

gives Fi n + 5

-> A
K

- (0)

v1u , ↓

-> IP-
C , K

It turns out Het He ei will patch
to define a morphism

x = V -> IP"↑ L

ever though the Ja usually won't

(1) is still an issue
,
but

Prop If L is generated by global
-

section
,
Hea I is defined on

all

of X (In classial terminology, L

is base point free . (



⑩
Det L is called very amok
-

If it is generated by generated

by global section
/
cal &1 Lines

a closed immons it X F IP!

Returning to cu-v
here

is
S

a concrete criterion

The 18 D is a divisor on

-

genus of curve
X

,

the

a) ODI is generated by global
sectors if dyD, 29

17 Ox(D) is very ample of

des DC
, 2g el

pf
-

We e e an excit see

0 1 O(D- p) + 8(b) + k(p)-* x



⑪
which gives

It (8 >
(1)

- H
°

(k(p 1) - It' (ex (D -pi)

By Sarre duality

It'(o
x
(D -pl = H'(x

=

( - D +P)

=
It' &(k - D + P))

= J

Sin ca egk - D + p < 0

Theref

It (e) (D)) -> A v (k(p)

is surjective .
This implies that

ther exist a sect o 2 °(O
>
(D)

which doesn't verish p . Since

this hold, Gallo, OCD" is globally

generated .

The proof for (b) is similar
.
One has

0 + 8(D-p - q) + &(D) + k(10k() + 0

X Y

0- Op Imp
and checks last

map on global sorta

is surjective .
This implies ma

X - I" injective af injectiveon

targent space: /



⑫
Given a carm X CIP," Let < IP,

be
a hyperplane such the X & H.

T how X 1 H is a finite set
.

Give PEX1A
, suppose

t ith coording

& P is nonzero
,
1 pe Up = [xiU

U .. 1H is defined by a linear polycal

R = k17... - =) ,

me define the

intersection multiplicity ofI with Xatp
& S

Mp = Ordpl (this is inspect
f =

Def X. H = I mp p

PE X A A

Def/lenu If I' is a 2nd hyperpla
--

not containin X, X: H is linearly equiet

to X - H. The common degree is

dog X = des XoH = dog X · H/



⑬
Ex Leb X be a genus

I sure

-

Such a carve is called an elliptic

curre .

Let e X
,

D = 3 p .

One has ask = 2 - 2 = 0

Su R. R Jin

((D) - l(k - D) = ag D + 1 - 1

-

" = 3

Since d o

Theref we have an embeddy XC/
K

Sinc dy 0=3, X is on embedded

as a cubic


