
I Locally Free Sheare ①
-- -

Lost time
,

we defed

Def A shef of R-models Mo-a ringed spase

TX
,

R) is locally free f remba if
n

I an open come S4, s .
% . M/

u ..

E C
u ,

Equivalently for schemes :

Dot A coherent shof M on a scheme X
-m

is locally free ofwank i if I a open offer
can [H . ) st . Mlu

.
EM.

,

whe M
. is from

of renk M

Prop If R is a northeria
viny ,

a finitely generall R-model Mis
-

projective (2) M is locally free

J A proof can be found a p109 of
Bourbaki's Come Als . J

Without going into details ,
Here are natural

-°

excl of rings will non free projectiv

Car loc free /modules. For nun affim
schemes we have :



②

Thm C
-

a) Opu(d) is locally free of rank!

(b) Ifd Co
,
the H°) 8(d)) =0

IP"

and when d 70
,
th It ° ) &pold)Y to

Here MY/U) = Hw(MIn ,
Op

) It's free iff diolora = 0)
.

pf Let Rok be a field
-

If M is a graded model over S = KExn
, .

- x1)
-

-Mla. M = + 1
Xi C

whe Mit
.

)
.

is viewed as on RI 10. -one

When M = <(d) me see that
MIt

. So/

is a free module you by te
Xu

There 8 (d) is locally free .

Ipm

For (b)
,

for d 70
,

we
how that

Ho (Oppul-d)) consiste of constant function,

vanraking on a degreea Hypersurface .

Theref Ht" O
,pa)-d))

= 0.



③
-

Wor the 2nd half
,

we check

-(d)
"
= 0( - d)

Finally, if Old) = O
,

then

Ho(0(d)) = HY)0(d) ) = k

The refe > follows Vie (b) .

Def A real Cor complex ( Vector

-

bunde of reala on a CO-manifold
X is CO -mcP F : V - X such tef

Her is a - open Cover
4 C .. 3 n .

t

isomorphism

↓.. : I"(i)
=> U . x R" Cor KY

h
u .

s . t . ti commutes with projection

and such that f
..
of;

"

is Linear

on fibres. (This data is

called a local trivialization (



④
The Given a rea Cresp · complex (
-

vector bud i : VeX of rank over

a manifold
,

the shef of sections

W(u) = ( w : K - - " (U)/500 = id)

is naturally a loadly free model f
ranka ove C : Creep CQC
Ear Hermane every Locally free shef
crises this way .

A similar result holds for scheme
S

see Hortshorne p 128 .
Fur this

reaso
, algebraic geometers tend

to un the terms "locally free

sheef" an "reator burl'

interchangeably

2 Nice schemes
--

Re call that we said all our

schemes. Even so
,

Here can be prelt
y

wild
. We various niceness conditions

we can impose



⑤
Def A scheme (X

, Ox) is
-

1) reduced if 0(k) is
reduced Fl

H
2) integrat of Ox(K) is a intege doman

H Ku

3) normal of x(K) is an integrally
H closed domain KU

4) regular if its intepel all all
local rings Ox

, -

ae regular .

Next
,

we need an analogue of the
Hausdorff exium .

We start with

He following simple characterization .

The A top space X is Hausdoeff

- Es te diagonal A CXxX is closed

ForHe analogue me need :

The The category of schemes admits
-

products· This meas that give X & Y

= XxY with projection morphisms

Px : X + Y + X aRX x Y -> Y which

are univeral in the seare that give



⑥
solid arrows

&

z -> Y
->

↓ "" x x y 0 y
* L

P-

7 a do Had arrow as above
.

-

When X = specA
,
Y = B,

X + Y = Spec (AQ B)
?

In genera see Hartshorne # them 3 . 3

for He construction.

From the un,veral
prop ,

me get
a morphic Ax called the diagoul

ic
* -> X

Ax ↑
idk -

X x *

x

Def X is separatedIf A
y

is a

-

closed immersin

This is so basic that all schons

We will encounter satisfy this



②
Finally suppose we are given

- morphism X -> speck
,

whom Kis

field. This
implies that the rings 8

,
(4) are

k - algebras

Def A schon X-> speck is

If finite type if it possesses a

finite cover SU
.

E Speak.. I , when

R.. are finitely generated K-algebras.

Finally me can redefine

Dof X -> speck en algebra , i

-

variety if it integral , separated
and of finite type (some people

assure only that X is reduced)
.

3 Divisors
-

To motivate start with a compact

Riemann surface X. AlthoughHere
an no nonconstant holomorphic funchsax

,



(

⑧
Where plenty of non constant meromorphic
functive a 1 t

.

The collectio of meromorphos
functions form a field Q(x) > C

.=

A basic problem going back to Rienan-

-s to construct elements of C(x) a .
k

prescribed zeros and poles. We

record this information by forming a

findhe formal Sun D = Enpp
,
pox

~
o
K

.,
called a divisor

.

Set

L(D) = 5 fe K(X) /ardp(f) > -

-p
K 04

.

when andp(f) = M where

m

f(z) = amE = 9
M + 1

Z
M+ 1 +...

is the Laurent expansio
about P.

Riemann-Rach problem
-

What's dimL(D) ?
C

We will see later that this din is

fin ,
de



④
To help with we introduce the

sheef

8(b)(2) = & fe((x)/Yoo4 ,

83 - 3
Then L(D) = H") Y

,
0x(DK

-----

Before saying more,
We introduce

the scheme Heoretic version .

Let us assume from now on that

X is a normal Choetherian
/

seperated) scheme ,
e . g .

a nonsingular alg.

voriety

Def A prime divisor DCX
-

is a closed irredible subset of
codimension / (ie die DidiX-1)
Weil

A divisor is a finite furnl linear
n

combination & n
: Di ,

wh D.
Cx

are prime divisors and n
.
-



10O
By assumpt , X is more

,
and -

in particle interrel . This implie

that OEC) is a intepel domain
,
and

↳ varies over nonemphy open sch

Qx(C) has a common field of
fractions K(X)

,

called the Lunch m

field of X. Elements of K(X) me
called ratiual functions on X

.

A prime divisor Da X - bu

identified with a nonclosed) point

f X such the die e
x

,
p

= 1

A one dim interally closed local
r.y

is discrete valuation
rig /see

A t . yoh-MacDould)· Therefor

↳ a func ord: K(X) -> US

s . G - 1 Ord [68) = ord
,
foodq

ord
,
(f + 8) 3 m .. landpt

,
and,8

3) ord = 0 E f = 0

Ex
.

= < flordp f3, 03



⑭
Def Given a dirisur
-

D = En
; Di

,

Set 0
,

(b)(4) = 4 fek(x))ard i
NB Hartshorn use f(D) 2 B(D)

,
-

but most people use the last notatio.

Def X is celled locally factorial
I all the loca rings Ox

,
p

a --

VF D .

We need I hard results tra commutate

Algebra (See Matsum)

The (Ausload--Buchsbaun-Serve)
-

A regular load ring is a
VID

CorAregular scheme is locally factric
-

Thin A noetheria doncin is a UFD(
-

every heigt one prime is principal .



⑫
Im 18 X is locally factoria

,

(e . g regule) the Ox(D) is locally
free of renk one (invertible shof
= line bucla (
We need

lemme If I and Mare invertible ,
the

--

su are =
"

:= I
V
and I M.

pf Exercise
-

p f of thm When D is prime , G(D) is
-

-

He idea sheef of D .

This is invertible

by the
previous the In genera write

D = E n

e
D
-

= I a
.
A

.. - I b
,
B
;

with a
. bi > 0

a
,The 8

,

(b) = Q (AC a(* %(B!"je
1 ↑

I

is invertible by the lemme
.

-I


