
Dir i sor Class Group Q
↳analseparated scheme

.

lemma/det Given a nonzero

--
ratial fant f E K(X)?

,

He Sun

(f) = Z ord
,
(f) D

D

is finite
,

Herefore it defines a divisor

A divisor of this form is called principal

The set Dir CX) of divisors forms on

abelion group in an obvious may

lemmo/def Th subset of principal
--

divous Princ(X) C Dir (x) form , a subgroup .

The quotient (I(X) = (x)

Priva(x)
is called the divisor closs group.

PL Since andI is a valuation

37 g) = [08gID = (f) + 19)

(7 ) = Zord 8"(D = - (t)
.

/



②

Def Two diviso , D
,

D as
called

-

linearly equivalent (De D')

If D-D' is principal . i . e. they

define the some element of (I(X).

Thr -(D) = 8 , (D') E DnD'-

pf In one direction
.
If D'-D = (g)

-

The-O(D) (2) -> O(D') (a)

f 1 8 + q
is a isomorphism -

LE
Thm/Def The set of isomorphism
--

classes of Line
bandles forms an abolica

group Pic(X) called the Picard

group. The group operation
is given

↳ ①
Y

Suppose that X is locally factorie.

Then Ex(D) is a live bundle .



O
lemma If X is loc

. factorial
,

--

te
OLD) O(D') OLD+D'
x x x

Conequently , we have a homomorphic

cl(x) -> Pic()

The If X is locally factorial
---

He
Cl(X) = Pic(x)

We'll give the prof shortly

2 1st ech cohomology
--

Det Given & Ab (X) and an

-

open cove 2 = 5 U :. 7
,



&

O4
a (Yech) 1-cocycle is a collectio

fijE FlRij) sit

E fix = bij + fix or Vis

fir = O

↑where Ki = K, MU ; etc.I

* I-coboundary is cocycle tii sit

Fij = 8: -9 ;, when gie FCK :
)

The 1st Tech gos

I'l 21
,
2) = ↑ - cacyds

ario

-

H'X
,

I) = him #' (2
,

7)

->

z under

retireme

Im F'(X
,

2) E H'(X
,
F)



⑤
Thm Let (X

,8,) be a scheme
-- /

then Pic(X) = H'(X
,

0,
where ②

*

is shef units.
x

Skeld Give J <Pi(x). We

-

can find a cove (4
.
3 and

isomorphisms : =>u .

On vii
, 4..9 :

-1 .
On,u

. i

is given b
y multiplicate by C

unt figeEll : ) .
This is

a 1-cocycle with value in O
x

Multiplyy y fij by a caboundary

corresponds to the same line bral

I wit a differentchoice of
isomorphism e: Fa

.

- E
x .



O
This gives a homomorphin

Pic(X) -> F'(X
,

8,)
Give an element of F'(xO *

)
> x

it con be realized by a 1-cocycle

Si ; = E
,
(4
:;

) . We can

use this to build a bina bulle

by gluing z... to On ; sy

8 .. This gives an inverse

F'(x
,
8

% ) - Pic(x)/

3 Cartier Divisors
--

Let X be anurnl sep schon as befor

Def A Cartier divisor is a global
-

section 8 ki/8%, when K* "I

sho Hit Kx(x19. L CaDiv(x)

denote the group of Cartier divisor



⑦
Concretely

,

a Cartier divisor

is give by a collectio 8 . CK/U : )

5 . 7 . G . /8
;
E Clu :; )

*

for some open

Cover (4- ) f X .

This implica

ordfi = ordof i
Wherem D1Ki# C

The previous
nation of divisor an

called Weil divisor to distinguist them .

Diver Stil
,

me associate he (Weil)

diviso

I ord
,
(f

.
) D

This is easily see to
give

a homomorphin

CaDiv(X) - Div(x)

Im 17 X is 100. factorial , the

CaDir(X) = Din(x)

# See Hartshorne I prop 6 . 11



③
m 16 X is loc

. Jockorif,

Cl(x) = Pic(x)

if . Conside the exact sequence
--

1 - - -> K - kj/0= +X

This gives

HY(X
,

K ") + (Div(X) + Pic(x) + H'(xk-
d ↓ -

O

Princ(x) -> Div(x) ... K flasg

which implies the tha
Y


