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14.4 Ta.rﬁen‘\' planeS  ard linear approxinations

Tn calc I, we use the Yument \ing of o curve +y apprtinede
s valwes near sowme pén\. Wivh ia—flx,j\ o S\Mflg.,l wee
can occomp lish e same 3or~\ using  Yhe ﬁ&* plane .

Su?iwﬁe ,)C has Continusus ?o\rﬁd dey'vetives , An -eq,w.h‘on af
The tonged plare o the sufos Z22floy) At the Punt Plreye, o)

)
] Z"Eb"{,g(x.‘,ﬁ.)()(‘x.) * ;jl)fo;‘ju)(ﬂ“‘jg). ﬁ\

Notce This U Sinilar b e eguation of Y tergent live
‘f'V\DM Celc l 2 3'j. = f'(xc) ()l‘!o).

Dxampled  Find te tugent Pam B the Sufaa 22Yn
of the pont €Yy,2,-D.

°
Selebnn  Fesh  we conpube BE =y and 3y 0 P

At da s?ecwfwl Penk {,(—'1,7_): ‘1‘1‘) {3(-q,z)=
So  on equatn fic  the targent plae U

2+l =glx+g )+ (4=-2). o 2Z=FX4Y-7.,

Lirear o porpxivadens
T wWe e n on A mkaf’i‘*x‘"- wmw
fpj\:qN ok (4,2,-1), the —?woP.sufaw will \jbe very cloge Togethan
T\f\ere](-rt, 7@( Kiy) “Clese” 4 (4,2), the plane
L(¥|5)= "A!r)( +\j-'l.
U ¢ goed  approxiveton for fixy > At. The function L i
Called lingar izotion o fo-F ar (-4,7) ond e appusinafion
'F(x,uj) s {TX *J -2
called  the \linear approxi matin  or "hxrjev\\— plane  appraxitedion

u
°f— foar (-4,
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T genedd, Tha \inearization of f a+ (a0) @
L.g) = fa,b) +fulab)(x-a) +fyla, ) (y-b)
ard the mear oppnximetion w} fer @b

Foup s f(ab) £ fulabd(x-0) + fy(<,8) (y-b).
Exampe 2 Appaxivate (102, .97), where

flag)= 1= xy cas tmy)
U\S‘nrj xS linear eppvaXi wativa  ar (), 1),
Solutipn .P, (ty)= =Y ces (y), ‘Fb(”"j): ToxysmlTy) - xcostmy)

So, f,(\,l) 3 fj(\,)) =l. Them Since f{l,|)= 2
-f(x.lj) ® 7 o+ (-0 + (y-1)
= ¥+

4
Se fl107,:9%) = 199, Achuel valw: ).9850090.. .,
Se we ot pretly cloge.

A funchion S-ef two varwbles s d\ﬁerex\ﬁable at
(a,p) o W5 hnear appeuimeton "qood  when (xy) v
neor  (o,b). [ What exackly "good" means 4 n  Definition F.)

Et twns owl, b hoad f§ eost and are continusil fhen
the f\"d“’“ T> fU.‘/) ) d'ﬁwen’mbb CT\'\uf\a all done puint
‘}7 pont as  with  conivw h}

Hal

Ih  ene-variable  given y=f,  he d:-Ffurqha\ o? y U
dj: -F'(ﬂ ax.

‘ﬁ’fm
k\%‘éﬁ 89

7’ a a * Ax
'\j:f\ﬂ +{ (a)(x-2)

a po'lnt

We set Ax= AX, hen dj v the C.\Wje n te \Aﬂ?H af |
‘\‘afawl" line and Ay Yo dw’l in kasM vf -}
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Th fwe variables, 2=fxy), wnow dx and dy are itndependent
Vortdbles, and  the differential dz,  alse clld the hial differentel, b

d2 = fulbu)dx + filaydy = B dv + 35 dﬂ

r 2 —ptc*hm:, see -F\aure % ov  page 932.
'D-Hcenmb ollow us +o estiva te c\rwges oY &y In
weosurewent di«?fv.vam»\.h Fwd\'\&

&&ME\Q? The \e»ﬁ*k and  widi af a redo.ra\e Ore WeaSured af
% om oand MM om, with ey ¢ ) Cm  eath., Eskmale Hee
maxtmum ey in P Glesliled ares ’F the vectumle.

So\wh'gv\ The  orex .,F Yhe red'ayﬂle 0 gven by A=X\j, So
dA- 3dx + xdﬂ.

Were given | Bxl¢.1 and IAYyl2 .1, 5o - estoele the
mafXimum  error in aren, |BAl, we take dxzd:’:.l . We are also
9given  x= 30 and y=24. So

InAl = dA= @) + (36)(.1) = sS4,

Example 4 Eslimate Hhe oamount 'P wetal 1n a clesad c.:.l\:rdr:ai
can Hat 4 1Dem high, Uem i diameter if the metal mthe top
and  adem 3 0 om Pk ond Hhe metal tn the sides U .05 cm.

Selution The volume ¢  V=Tr*L  gnol
aVa AV = 55 dr 4 %\%\ dh
v hdr + wc* dh.
Hee, dr= .05, du=.1v1=.2 h=|o, vr= 2, s.
dV = 2m (1)(es) + M2)2(.2) = 2.37 = 3.5 om?.
145 The chain rule

There ore severs| versiors a{z Yre Chon vule -fw functons
® more Han one Noridble .

Casel 2+ flxy) 15 dffeventiable function X andy, anrd X=glt), yahit)
ore  &ffer entiayle -Fm,ﬁm of E. Then 2 & adifferentiable furnctn o t and

S-%&He

"

i}
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A\Mmhvelj, we  Could  Wrike
C d
L-B4 54
Notice Yhe s\m‘\\avi‘rb R the d‘Hevwﬁ&\ dt~ % dx *%35 dy.

Eampke 5 R3! 2=x"y +3xy, whore x= sint, g2 st fid d= /4e,
Solutton The Clhuin Rule j\va

c\e * %t 93 d*’-
=(2xj *33‘!) 2ts 'Lt) + (x" +\‘1-ij) (’5\‘?&-) .

Remack T4+ 4 not necesso.rj 1) ?M’ eij 'W\nﬁ in ¥erms cf k.

To give the alwve exarple clawrer (ontext, Oserve Hut the

-Fo\\om\‘ﬁ %"‘?"‘ shewe  Ble)= :(zf:m st .

- %X

S5t -Fvwchohs X= Sinlt | 3:@5‘\: Araes out e curve C,
and 2<fo, ) 1 a fu.h(‘-ﬂblv\ ow e turve. Ry exanple, t
Could e Ba dempersture, s 2=flay) oivel Ha  jempemiure o
o point on tha curve, and d¥/de gives T rate of dunge
JX mpevature o.bvﬁ &

C.ﬂ'ﬁ%l 't:{‘u,j) and x=3(5)t3 5:\A£S,.-t.). Thea

2% x ) 8%5.&:&
%%‘axS*%‘;"a—? ard Sk . O 2% y o -

(ase 1 can he jwc‘.\'ﬂd L Numbey df- Varieblas, m‘{-’;.uw\j,
Iree A\cﬁmm oy hep 3ou r&h\'oehloe/ e dwin vule,

RANR
Ay
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Ezamﬂs 7 f‘_jv\d -a—%- wha e

2= ton' x"+3‘), x=slgt, y-= re® .

S sltrom kY 2% 3x Qx 92
— 5% a. G- 5% ¢ 93'3}

= Y
1+ My

Tplicik Dy Ffemnhg:r.ﬁ.:

. 103-\:
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Suppese  The equation  Fluy) =0 defives y implicitly as
I daf-feret\'\'ub\n netton of 2 That y=fix), and Fls, fen)=0

v e x " domein R F o differentrable,
pFo afe

oF af &
ﬁ%ﬁ-‘-aj‘d&%-o;

and A aF/Qj #0, we get
dy  -2Ax R
ax - SF/';J =

(SM d*/dx -= ' ).

Py

Nete -This 1 velated t e Timphcit Function Thesrem.

Example 7 WFd dg/dx -Fv s (xq) = |+ Siny .

Solutton Wrile F(x.»j) = S"“j - CoSb(\j), Then F()(,\j)=b, and

Fx = ysinlxy) , §y= Cesy +xSinlxy),  So

dy _ -k “YSinlxy)
dd ‘:‘j (cSY + xsinlxy))




