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Kuratowski has shown in [1] that a topology on a set  can be determined by a c losure  opera tor  which 
is defined by the following axioms:  

1~ (AUB) r = A  r U B r ;  

2 ~ A c Ar;  

3~ Ar r  = Ar; 

4 ~ O r = 0, 

and also proved that by applying the c losure  and the complementation operators  to an a r b i t r a r y  set in any 
sequence we cannot obtain more  than 14 different sets and investigated all possible inclusions between 
these sets (see also [2], p. 48). 

Zarycki  [3] has studied the front ier  opera tor  

A ~ = A' fl A ~ (1) 

and has proved that we cannot get more than six different sets f rom any given set by means of the f ron-  
t ie r  and the complementation opera tors .  

The problem natural ly  a r i ses  as to how many different sets can be obtained from any given set by 
app ly ing  all the three  opera tors  (closure,  complementat ion,  and frontier)  in an a rb i t r a ry  sequence. 

Let  an a r b i t r a r y  Boolean algebra 9~ be given. Let us denote the zero and the unity of this Boolean 
algebra by 0 and 1, respect ively ,  and the complement  of an element A E ~ by A c. Let  r be an unary 
opera tor  sat isfying the sys tem of the axioms 1~ ~ and the opera tor  f be defined by Eq. (1). 

Le t  us prove the following theorem.  

THEOREM. Not more than 34 different elements ineluding 0 and 1 can be obtained by applying the 
opera tors  f, c, and r to any element A E -~l in an a r b i t r a r y  sequence. 

Proof.  Let  us observe some rela t ions:  

A ....... = A rc" (see ll, 21); (2) 

A ~ t ~ =  1 (3) 

(indeed, A r f c r  =(A rN Arcr)  cr  = A  r c r  U A r c r c r ~ A  r c r  U A r c r c = l ) ;  

A ~ = At; (4) 

A ~ _-- A t (5) 

((4) and (5) follow immediately  from (1)); 

A rcri = A rcrcrl 

(indeed, A r c r c r f  = A r c r e r  N A r e r c r c r  = A r e r e r  N A r e r  = Arerf) ;  

(6) 
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A "re = A ~t (see [3]); (7) 

A ~"---A r~ (see [2, p. 611). (8) 

L e t  us now p r o c e e d  to p r o v e  the t h e o r e m .  A p p l y i n g  e a c h  of  the  t h r e e  o p e r a t o r s  to a g iven  e l e m e n t  
A we ge t  A r ,  A e ,  and  A f. If f u r t h e r  on ly  the  o p e r a t o r s  e and  r a r e  a p p l i e d ,  then w e  ob ta in  in a l l  14 e l e -  
m e n t s  f r o m  A r and  A e ( see  [1]): 

A,A r, A rc , A rc" , A .... ,A ..... , A ...... , A c, A c', A c'c, A ~r=, A ..... , A ..... , A ....... . (9) 

Applying the operators r and e to A f we obtain the six elements 

A ~, A!~ At,,, At=~, A t .... , ArC, c,~, (10) 

since by virtue of (2) and (4) we have A fcrercr = A frcrerer = A frcr = A fcr. 

Applying the operator f to the 20 elements obtained above, we obtain the six new elements 

A ~t, A rcrl , A cr~ , A crcrt' At t  ' A t~f . (11) 

Indeed ,  t h o s e  of t h e s e  20 e l e m e n t s  [ see  (9) and (10)] in which  the  l a s t  o p e r a t o r  is  e canno t  be  c o n s i d e r e d  
b y  v i r t u e  of  (5). We  s h a l l  not  ob ta in  any  new e l e m e n t s  o t h e r  than t h o s e  of  (11) f r o m  the  e l e m e n t s  A r c r c r  
and  A c r c r c r  b y  a p p l y i n g  the o p e r a t o r  f b y  v i r t u e  of  (6), and  A f c r c r f  = A f r c r c r f  = A f r c r f  = A f c r f  b y  v i r t u e  

of  (4) and  (6). 

O b v i o u s l y ,  by  a p p l y i n g  the o p e r a t o r s  r and  c to the  e l e m e n t s  of  (9) and  (10) we do not  ge t  new e l e -  
m e n t s  [ a c c o r d i n g  to the de f in i t i on  of  the  g r o u p s  of  e l e m e n t s  (9) and (10)]; the  a p p l i c a t i o n  of  the o p e r a t o r  r 
to the e l e m e n t s  of  (11) does  not  l e a d  to  new e l e m e n t s  by  v i r t u e  of  (4). App ly ing  c to  (11), we ge t  s i x  m o r e  
e l e m e n t s  

A r1~, A u~. A rcrtc , A crlc , A cr=tc, A torte . (12) 

If  now the  o p e r a t o r  f is  a p p l i e d ,  we s h a l l  ob ta in  e i t h e r  the  e l e m e n t s  of  (11) b y  v i r t u e  of (7) and (8), 
o r  the  e l e m e n t s  of  (12) by  v i r t u e  of  (5). 

A p p l y i n g  the  o p e r a t o r  r once  m o r e  to an a r b i t r a r y  e l e m e n t  of (12), by  v i r t u e  of  (3) we ob ta in  the  
on ly  new e l e m e n t  1. I t  now r e m a i n s  on ly  to  a p p l y  the o p e r a t o r  c o r  f to 1 and ob ta in  the  l a s t  new e l e m e n t  
0. T h u s ,  we obta in  34 d i f f e r e n t  e l e m e n t s .  

L e t  us now ob ta in  the  i n c l u s i o n s  ho ld ing  good  be tw e e n  t h e s e  e l e m e n t s  in g e n e r a l .  

The  i n c l u s i o n s  A r c  ~ A e c A  c r ,  A r c r c r c  ~ A  r e r  ~ A  c r c r c r  ~ A  c r ,  A r c  ~ A  r c r c r c  ~ A  e r c r e  
A e r e r e r ,  A e r c r e r c  ~ A c r e r  ~ A r c r c r  ~ A r ,  A e r c  ~ A c r e r e r c  ~ A r e r e  ~ A r c r c r ,  A c r e  ~ A  ~ A  r 

have  been  p r o v e d  in [1] and  the  i n c l u s i o n s  A ff ~ A f, Afc ~ A ffc have  been  p r o v e d  in [3]. W e  s h a l l  use  
t h e s e  fo r  o b t a i n i n g  the  r e m a i n i n g  i n c l u s i o n s .  

T h e  fo l lowing  i n c l u s i o n s  fo l low f r o m  (1): 

A t ~ A ~, A ~ ~ A ~', A rt ~ A ~=, A ~=t ~ A ..... , A ~t ~ A t~, A ~t ~ A ~r~" , A ~r~r~ ~ A ~r~'=, A r~t ~ A t~'~" . 

F r o m A  f ~ A  c r ,  A f ~ A  r ,  the  a x i o m  2 ~ a n d A ~  B = ~ B  e ~ A  e,  we have  

A t~c ~ A f~r~r, A~C~ ~ A t~r, Af=~r ~ A ~r=, At~r~, ~ A ~=~" . 

M o r e o v e r  i t  fo l lows  f r o m  A f e r  = (A r f] Ac r )  e r  = A r c r  U A c r e r  tha t  A c r c r  ~ A f e r .  On a p p l y i n g  A r e r e r  
A v to A f, b y  v i r t u e  of  (4) we ge t  A f c r c r  ~ A f. 

F u r t h e r ,  A f c r f  ~ A ff fo l lows  f r o m  A f e r f  = A fc r  Iq A f c r c r ,  A ff = A f f] A f c r ,  and  A f c r e r  c-- A f. 

T h e  i n c l u s i o n s  A r c r f  ~ A r f  and A c r c r f  ~ A  c r f  hold  good s i n c e  

A ~ = A r 17 A rcr ~ A ~ fl A rcr ~ A ..... = A'~r N A ..... = Ar~r~. 

The  i n c l u s i o n s  A r f  ~ A ff and A c r f  ~ A ff fo l low f r o m  

A ~t=A'NA "=~A" flA ~fqA ~r~A" flA = 

{7 ( Ar~ U A ~r~ ' )=A  ~ fl A ~ = = A  u .  

M o r e o v e r ,  t h e r e  a r e  i n c l u s i o n s  be twee n  the  a b o v e - m e n t i o n e d  34 e l e m e n t s  which  fol low f r o m  the law 
A ~ B :=> B e ~ A c and t r a n s i t i v i t y .  
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The following example  shows that,  i n g e n e r a l ,  all the 34 e lements  obtained above a r e  different  and 
in the genera l  case  only the inclusions obtained above by us hold good between them.  

Le t  us take the se t  of all  subse t s  of the r ea l  line with the opera t ions  of union and in tersect ion and the 
complementa t ion  and the c losure  o p e r a t o r s  defined in the na tura l  manner  as the Boolean a lgebra  ~ .  As A 
let  us take the se t  

A = (0, l) U (1,2] (J {Q • (2,3)} [J {4} U [5,6], 

where  Q is the se t  of al l  ra t ional  numbers .  A d i rec t  ver i f icat ion shows that the se t  A p o s s e s s e s  all the 
requ i red  p rope r t i e s .  

The authors  s i n c e r e l y  thank A. A. Gold 'berg  for  propos ing  this p rob l em and for a number  of useful 
s uggest ions.  
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