ON THE FRONTIER OPERATOR IN BOOLEAN
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Kuratowski has shown in (1] that a topology on a set can be determined by a closure operator which
is defined by the following axioms:

1) (AUB)T = A" BY;
29 A C AT,

3°) ATT — AT,

4%y 0F =0,

and also proved that by applying the closure and the complementation operators to an arbitrary set in any
sequence we camnot obtain more than 14 different sets and investigated all possible inclusions between
these sets (see also [2], p. 48).

Zarycki [3] has studied the frontier operator
A=A (4 (1

and has proved that we cannot get more than six different sets from any given set by means of the fron-
tier and the complementation operators.

The problem naturally arises as to how many different sets can be obtained from any given set by
“applying all the three operators (closure, complementation, and frontier) in an arbitrary sequence.

Let an arbitrary Boolean algebra % be given. Let us denote the zero and the unity of this Boolean
algebra by 0 and 1, respectively, and the complement of an element A € % by AC, Let r be an mary
operator satisfying the system of the axioms 1°)-4°) and the operator f be defined by Eq. (1).

Let us prove the following theorem.

THEOREM. Not more than 34 different elements including 0 and 1 can be obtained by applying the
operators f, ¢, and r to any element A € % in an arbitrary sequence.

Proof. Let us observe some relations:
Arcrcrcr =Arcr (see “’21), (2)
Arfcr _ 1 (3)

(indeed, Arfer _ (AT) ATCT)Cr _ Arcr |J ATCTCT - AYer |J ATCrC - j),

AT =4 (4)
A=A (5)
((4) and (5) follow immediately from (1));
rerf rererf
A=A {6)

(indeed, Arererf ~ ATCICT (] ATCTCICT _ ATCICT (] ATCT = Arerfy,
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At — g (see ) (n
At = 4T (see 12, p. 61)). (8

Let us now proceed to prove the theorem. Applying each of the three operators to a given element
A we get AT, A®, and Af. If further only the operators c and r are applied, then we obtain in all 14 ele-
ments from AT and AC (see [1]):

AN, A AT, A A, A0 A AT A7 AT AT, AT, AT (9)
Applying the operators r and ¢ to Af we obtain the six elements
A", Af‘., Afcr’ Afcrc’ Afcrcr’ Aftrcrc’ (10)
since by virtue of (2} and (4) we have Afcrcfcr = Afrererer _ afrer _ gfer,
Applying the operator f to the 20 elements obtained above, we obtain the six new elements
AT AT At gt At gt (11)

Indeed, those of these 20 elements [see (9) and (10)] in which the last operator is ¢ cannot be considered
by virtue of (5). We shall not obtain any new elements other than those of (11) from the elements Arcrer
and ACTCTCT by applving the operator f by virtue of (8), and afererf - afrererf - pfrerf - pferfyy yirtye
of (4) and (6).

Obviously, by applying the operators r and c to the elements of (9) and (10) we do not get new ele-
ments [according to the definition of the groups of elements (9) and (10)}; the application of the operator r
to the elements of (11) does not lead to new elements by virtue of (4), Applying c to (11), we get six more
elements

Arfc, A,fc. Arcrfc’ Acr]c'Acrcrfc’ Afcrfc. (12)

If now the operator f is applied, we shall obtain either the elements of (11} by virtue of (7) and (8),
or the elements of (12) by virtue of (5).

Applying the operator r once more to an arbitrary element of (12), by virtue of (3) we obtain the
only new element 1. It now remains only to apply the operator ¢ or f to 1 and obtain the last new element
0. Thus, we obtain 34 different elements.

Let us now obtain the inclusions holding good between these elements in general,

The inclusions ATC & AC — ACT, AFCICrC c ATCT < ACTCICT — ACT ATC < ATCICIC c pACTCTC
o ACTCTCr ACTCrCrC — ACTCT — Arcrcr C AT, ACTC o pCTCTCTC — Arcrc < ATCrCr ACTC — A — AT

have been proved in [1] and the inclusions Aff = Af afe < AC have been proved in [3]. We shall use
these for obtaining the remaining inclusions.

The following inclusions follow from (1):
AfCA', AfCAcr, Arf (:Ar”, Arcrf C:Ar””, Aff CA,fCV' AcrfCAcrcr , AcrcrfCAcrcrcr, Af”'CAf”c’.

From Af = ACT, Af < AT, the axiom 2° and A = B = BC = AC, we have

*

Aicrc P Afcrcr Arcr P Afcr fcrcr Arcrcr Afcrcr - Acrcrcr
, .

Moreover it follows from ACT = (AT ) ACT)CT - ATCr(j ACTCr that porer —afer on applying ATCTCT
< AT to Af, by virtue of (4) we get Aferer — af,

Further, Aferf < Aff follows from Aferf - afer n aferer  Aff - Af nafer apg aferer = pf,
The inclusions ATCrf = Arf apg Acrerf < acrf hold good since
AT = A VAT SA (A7 (A7 = 4 A7 — 47
The inclusions A = A and AS*f = Aff follow from
AT=A NATCANA" NA A A
D@7 YA =4"na"=a"

Moreover, there are inclusions between the above-mentioned 34 elements which follow from the law
A < B = B® < AC and transitivity,



The following example shows that, in'general, all the 34 elements obtained above are different and
in the general case only the inclusions obtained above by us hold good between them.

Let us take the set of all subsets of the real line with the operations of tnion and intersection and the
complementation and the closure operators defined in the natural manner as the Boolean algebra %. As A
let us take the set

A=0,HU L, 21U{QN @3} U {4} UI56),

where Q is the set of all rational numbers. A direct verification shows that the set A possesses all the
required properties.

The authors sincerely thank A. A. Gold'berg for proposing this problem and for a number of useful
suggestions.
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