
The relation GR = R allows us to lift the action of the group G by the automorphisms 
~(g) on (S, ~) to an action by the strict automorphisms ~(g) of the groupoid (R, v): ~(g)(x, 
y) = (~(g)x, =(g)y) for (x, Y) E R. This gives us the possibility to construct the semidirect 
product GsER , which we take as the definition of the semidirect product GsE~. 
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EXCEPTIONAL VALUES IN THE R. NEVANLINNA SENSE AND IN THE 

V. P. PETRENKO SENSE. 2 

A. A. Gol'dberg, A. E. Eremenko, 
and M. L. Sodin 

UDC 517.53 

This paper is a continuation of [I]. In it we shall prove Theorems 2-4, formulated 
in the first part; we shall use the definitions and the notations in [i]. The numbering of 
the sections and formulas is continued. 

3. By cj we denote positive constants. 

LEMMA 3.1. Let D be a Jordan domain, whose boundary contains the interval s and let 
v be a positive harmonic function in D, having zero limit values on s Then there exists 
a normal derivative 3v/an, continuous and positive on s 

�9 I LEMMA 3.2. Let D be a domain containing the sector Iz:largzl<=/(2~), J zi ~ RI, ~ <~<oo, 

R > 0, and assume that the segments l• =[z=le•177 O~t ~Rol, Ro<R, lie on the bound- 
ary 3D. Let v be a positive harmonic function in D, vanishing on s177 Then there exist num- 
bers c 2 > cz > 0 such that for 0<r~R0/2 we have 

n ( 3 . 1 )  c,r=c~sO ~ o(rd e) ~ c2r=cos~8, !8: ~ 2~' 

and, moreover, the left-hand side of this inequality is satified also for r ~ R. 

LEMMA 3.3. Let D be a domain containing the sector z:[argzi<2~, Izl~R, ~<~<oo, R>0, 
and assume that the rays l• IzI~R,}, Rt>R, lie on the boundary aD. Let v 
be a positive harmonic function in D, vanishing on s177 and unbounded in this sector. Then 
for �9 2Rt..8! ~a/(2=) the inequality (3.1) is satisfied and, moreover, the left-hand side of 
this inequality is satisfied also for r> R. 

Statements of this type are well known; therefore, we shall omit of the proof of the 
lemmas. The following fact is also known (see, for example, [2], Sec. 2.3, Exercise 2). 

LEMMA 3.4. Let Dz, D 2 be disjoint domains, aD t O aDg = l. where s is a segment. Assume 
that the function v is harmonic in Dz, D2, continuous in D z U Dz-U l and equal to 0 on s 
By 3/3ni, 3/3n 2 we denote the derivatives along the interior normals to the boundaries of the 

(0 0)o domains Dz, D2, respectively. If ~+~, (~0, zEl, then v is subharmonic in D, U D2 U l. 

Translated from Teoriya Funktsii, Funktsional'nyi Analiz i Ikh Prilozheniya, No. 48, 
pp. 58-70, 1987. Original article submitted October 16, 1985. 
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LEMMA 3 . 5 .  
ties : 

The following lemma plays a fundamental role at the proof of Theorem 3. 

For any ~6(I 61 there existsa functionu ~S with the following proper- 
kz II/ 

conformally and univalently onto [w:Rew>0}, T(oo)=oo, q>0 (Fig. i). 
positive harmonic function in Do, having on 3D 0 zero limiting values. 
3.2 and 3.3, the factor q can be selected so that 

v o(z)~<!z;% z6Do: 

V o ( Z ) ~ ( i z ! - - ! ) ~ ,  z6 D,, !z[ ~<6. 

Further, by virtue of Lemma 3.2 we have 

o o (re m +1) > --c~r f~cGs~O, r ~< 6, 0 -,- I~ ~" 2[~' 

while by virtue of Lemma 3.3 for r>4, ',0IE --2~' ~ we have 

c6r= cos = (n - -  ] O I ) ~< vo ( rE~ + 1 ) ~ c6r" cos c~ (= - -  [ O I). 

We set 

v(rdOq- 1) ---- ta cosct ( ~ - - [ O  !), rdoq- 1E D,, lO l <  a 

u(z)~O, '.z[-.< I; ( 3 . 2 )  

lu(z)l~<[z[=, zEC; ( 3 . 3 )  

Ilu§ II > c,r~, r ~ 4; ( 3 . 4 )  

II u -  (tWo) II > 6 II u+ (r~o) II, r > 0, a > 0. ( 3 . 5 )  

Proof. If ~=~/(2~--I), then n/(2~!==--a/(2~),~>6. We set D=[z:lzi>21 U Iz:larg(z--l)l< 

, D r =  z : ! a r g ( z - - l ) l <  ~ ,Do=D~DI.  g e t  vo=qRe~ ' ,  where  ~ i s  t h e  f u n c t i o n  t h a t  maps D O 

O b v i o u s l y ,  v 0 i s  a 
By virtue of Lemmas 

(3 .6 )  
( 3 . 7 )  

( 3 . 8 )  

( 3 . 9 )  

(3.1o) 
and then in the sector D, U {z:Iz--II<5} we replace this function by its smallest harmonic 
majorant v* and we set 

v*(z)=o(z), z6DI N { z : [ z - - l [ > 5 } .  ( 3 . 1 1 )  
n Then f o r  r ~ 5 ,  ! 0 1 ~  we h a v e  

--cTr~cos~0 ~ g*(r~ ~ + 1) ~ - - q r ~ c o s ~ 0 .  ( 3 . 1 2 )  

Indeed, we consider in the sector 0<r<5. 101<a/(2~) the harmonic function V(re~ *~em+ 
I) +kr~cos~O,k>O. This function vanishes on the boundary segments. By virtue of (3.10), 
selecting a sufficiently large k, the function V can be made nonnegative also on the arc 

r = 5 ,  101~ ~ �9 By the minimum principle we have V (Z)>0, which gives the left-hand side of 

the inequality (3.12). The right-hand side of this inequality is obtained in a similar man- 
ner. 

We define a function u in the following manner: 

u (z) = o o (z), z 6 Do; ( 3 . 1 3 )  

( 3 . 1 4 )  

( 3 . 1 5 )  

O b v i o u s l y ,  u i s  c o n -  

u(z)=cv*(zL zED x, c > 0 ;  

u(z)~---O, z 6 C \ ( D o  U D0. 

We show that the constant c from (3.14) can be selected so that uES �9 
tinuous in C and subharmonic outside the rays I• = {z : arg (z -- l) ----- q-~/(2~)} . By virtue of (3.9)- 
(3.11), (3.13), (3.14) and Lermnas 3.1 and 3.4, the function u is subharmonic in {z:!z--ll>~ }, 
provided c < c s. By virtue of (3.8), (3.12)-(3.14) and Lenmaas 3.1 and 3.4, the function u 
is subharmonic in the neighborhoods l+ N [z:Iz--I[<5}, provided c < c~/c 7. At the three points 

z = I, z = I Jr 5exp i - t h e  s u b h a r m o n i c i t y  i s  n o t  v i o l a t e d  s i n c e  u ( z )  i s  c o n t i n u o u s  and s u b -  

h a r m o n i c  i n  t h e  d e l e t e d  n e i g h b o r h o o d s  o f  t h e s e  p o i n t s  ( s e e ,  f o r  e x a m p l e ,  [ 3 ] ,  Theorem 5 . 1 8 ) .  

D i m i n i s h i n g ,  i f  n e c e s s a r y ,  t h e  c o n s t a n t  c ,  we s h a l l  assume t h a t  

u(z)>__lZi~, zEDt" ( 3 . 1 6 )  

In the sequel we shall need the following estimates: 
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Fig. 1 

u(re te'l- l) ~ --xtB (r -5 1, u), r > 0 ,  [O[ ~ ~ ,  •  (3 .17)  

lu (z ) l<cD( l z l - - l )~ ,  l~<lzl~<6. (3.18) 

The e s t i m a t e  (3 .17)  fo l l ows  from ( 3 . 7 ) ,  ( 3 . 9 ) - ( 3 . 1 5 ) ,  wh i l e  t h e  e s t i m a t e  (3 .18)  from ( 3 . 7 ) ,  
( 3 . 1 2 ) - ( 3 . 1 5 ) .  

We show t h a t  t he  f u n c t i o n  u s a t i s f i e s  ( 3 . 2 ) ,  t h e  e s t i m a t e  (3 .3 )  from ( 3 . 6 ) ,  ( 3 . 1 3 ) ,  and 
( 3 . 1 6 ) ,  t h e  e s t i m a t e  (3 .4 )  from (3 .9 )  and ( 3 . 1 3 ) .  For l ~ < r ~ < 4 ,  by v i r t u e  of  ( 3 . 1 4 ) ,  ( 3 . 1 2 ) ,  
and (3 .18)  we have 

II u- (rde) II = c II v* (rd e) [I > cxo (r -- i)~ > cu [I u + (feet) II, 

whi le  f o r  r > 4 ,  by v i r t u e  of  ( 3 . 1 4 ) ,  ( 3 . 1 0 ) ,  ( 3 . 1 1 ) ,  and (3 .3 )  we have 

11 u- (rd e) 11 = c h u* (rdo) II .~ c~r~ > q ,  il u- (re to) II, 

t h u s ,  i n e q u a l i t y  (3 .5 )  i s  proved.  The len~na i s  proved.  

For t h e  p roof  of  Theorem 2 we have to  modify  somewhat t h e  f u n c t i o n  u, r e p l a c i n g  t h e  in -  
e q u a l i t y  (3 .5 )  by t h e  " o p p o s i t e "  i n e q u a l i t y  ( 3 . 23 ) .  

1 1 -  

(s,), l<s,<2, nEN, such that the functions u n satisfy the following conditions: 

u.(z)~O,  Izl~<l; 
[u.(z)l'-.<c~,Izl '~, zEC; 

lu.(z)l--<c.([z!--l)~, i~<izU~<6, ~=~/(2~ ~-1); 
n (r, u .)  > 11 u + ( re  ~ II > ct6r=,. �9 ~ 4; 

1 
II u l  (s.e ~~ II ~ ~- II u+ (s. ~~ II; 

u, (re t~ -5 I) ~< --• (r -5 !, u,), 
r > 0 ,  1Ol~<n/(4~), •  

3.5. 
Proof. 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

We shall use the domains and the functions constructed at the proof of Lemma 

For each t, 1 < t < 2, let Ot={z:Rez<O,l<Iz!<3]. In the semiannulus G t we replace 
the function u by its smallest harmonic majorant. We denote the obtained function by w t. It 
is easy to see that 

wt=w,, t-+l,  

uniformly in C. 
r J I ~ - - % %  

We introduce the sectors Hk~{z:zexp(--i~(~,q-~.))6m,, 
functions 

v,(z)= 0, z~H,, izl<3. 

These are positive harmonic functions in H k, subharmonic for 
and (3.14) we have 

O~u,(z)<c,,(jz[--l)~, z66:. 

(3.25) 

Izl<3}, k ffi 0, 1 ..... n, and the 

z E Hk, 

Izl < 3. 

(3.267 

By virtue of (3.12) 

(3 .27)  
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On the other hand, 
w,(z) > c,~ ( I z l - -  1), zEG, fl { z : l = - - a r g z l  ~<0,4~}, 

in order to see this it is sufficient to apply to w I a modification of Lemma 3.1, in which D 
contains on its boundary an arc of a circumference instead of the interval s Therefore, 
there exists a number rl, 1 < r I < 2, such that w,(z)>2o~(z), Izl=r l, z6Gt~ k=O, I ..... n. 
Now from (3.25) we conclude that there exists a number r 2 < rz, sufficiently close to I, 
such that 

{w,, ~,~e) : 0,6n ~ 0 ~ 1.4n} > B (r t, ~ )  = . . . =  B @ , ,  On). ( 3 . 2 8 )  

We note that the numbers rl, r 2 do not depend on n. 

Now we define a function Un: 

Iw,,(z), !Z > r , ;  
u . ( z ) =  tmaxlw. . ,  vo . . . . .  v.}, Izl ~ r , .  ( 3 . 2 9 )  

This function is subharmonic for Izl > rz since wr, 6 S ,  while for Izl < r I as the upper en- 
velope of a finite family of subharmonic functions. Finally, u n is subharmonic in the neigh- 
borhood of the neighborhood of the circumference {z:Izl=rt} since, by virtue of (3.28) and 
(3.29), in some neighborhood of this circumference it coincides with wr 2. Thus, u, 6S �9 We 
mention at once that for Rez~0 or Izi~3 we have 

u. (z) -- u (z) (3.30) 

We show that for the functions u n the relations (3.19)-(3.24) are satisfied. Relation 
(3.19) is satisfied by construction. By virtue of (3.30) and (3.3), inequality (3.20) is 
satisfied for ]zi~3 , while, by virtue of (3.19), also for Izl < 3 (not necessarily with the 
same value of the constant cla). The inequality (3.21) for l~IzI~rs and for 3~!zI~6 
follows from (3.18), (3.27), (3.29), and (3.30); consequently, it holds also for c cls =c a 
The estimate (3.22) with Cls = c 3 follows directly from (3.4) and (3.30). 

We select the number s n < r 2 sufficiently close to unity in order that the sets Hk ~ Iz: 
lzl=~} be pairwise disjoint. Then by virtue of (3.30), (3.29), and (3.26) we have u,(z)~O 
for Rez < 0 and 

�9 ' II u. + (sneq [I, I]u-~(s.e'~ ~ ( ( n +  l)[lu-(sn~e)l[ +llu*(snete)ll) -~ 

which yields (3.23). 

Finally, by virtue of (3.30), (3.17), (3.8), (3.26), (3.21), and (3.29), for 101~/(4~)u. 
we have (l +r~e):u(lq-rMe) ~--• u)~--•162 x B(I + r.u,), which gives (3.24) with x = • 
Lemma 3.6 is proved. 

l 
Proof of Theorem 2. First we construct a function U6S of order p, ~<p~ I , such that 

i im [1 U-  (rs o) II/ll U + (rd o) [1 = 0, ( 3 . 3 1  ) 

and at the same time 

lim min {U-(z): [zl = r, z6K}/B(r ,  U ) > 0 ,  
f 

( 3 . 3 2 )  

where  /( = { z : R e z > 0 ,  I l m z l < l n l z l ,  ] z l >  1}. 
I f  O < 6 / 1 1 ,  t h e n  we s e t  a = p ;  i f ,  h o w e v e r ,  p ~  6/11 , t h e n  f o r  a we t a k e  an  a r b i t r a r y  

number  1 / 2  < a < 6 / 1 1 .  T h e n ,  a c c o r d i n g  t o  Lemma 3 . 6 ,  t h e r e  e x i s t  f u n c t i o n s  u n and  n u m b e r s  
s n ,  f o r  w h i c h  one  h a s  ( 3 . 1 9 ) - ( 3 . 2 4 ) .  We s e t  p.=llu+(s.e'e)l I. 

We construct inductively sequences of positive, unboundedly increasing numbers (Ak), 
(Tk). We set A I = T I = I. If the numbers A I ..... An_l, T I ..... Tn_ I have been already se- 
lected, then we select Tn, n~2, by observing the following conditions: 

n--| 

l n T , ~ n ~  A~; 
k , = l  

In T, ~ A,-~/P,; 
now we s e t  

(3.33) 
(3.34) 

A.=T~InT~, n>2.  ( 3 . 3 5 )  

894 



We set Ua (z) ----- A,u~ (Z/T#), 

formly on each compact and, consequently, U~S. 

Assume further that T, ~< I z I = �9 < T,,+t. Then 

U (z )=  Un-! (z) Jr U. (z) Jr o (1)II U+- ,  (rEe) II, , ~  ~ ,  
u n i f o r m l y  w i t h  respec t  to  z. Indeed,  by v i r t u e  o f  ( 3 . 1 9 ) ,  ( 3 . 2 0 ) ,  ( 3 . 3 3 ) ,  
we have 

. --2 n --2 

I U (z) - -  U._,  (z) - -  u,, (z) I ..< ~ A,I u~(z/7",)l ..< c,r ~ A~ ~< 
k = l  k ~ t  

/-~ r o~ C18 C18 ca, r~ in T._~ ~< A._ ,  ~ ~< A ._ ,  = - -  < c . n  -x II U.  +-, (r~O)II. 
% -.- T~_t -n z~_~ 

U(z) = ~ U,(z). By virtue of (3.19), this series converges uni- 

( 3 . 3 6 )  

( 3 . 3 5 ) ,  and ( 3 . 2 2 )  

If, however, Tnsn ~< r = I z ! < T.+t , then 

u (z)--  u.  (z) + o O)li u .  + (rEe) !1, n ~ ,  
again uniformly with respect to z. Indeed, assume first that T,s, ~<r-~< 5T,. 
of (3.20), (3.34), and (3.35), we have 

r.~_tr=--~- c'~ l "< c2~ ~ "< ~c'~ , ~,tl+ ~'T-o. ~ ~0~ I U,- ,  (z) l ~< czsA,_, < ~ r~_ ' in T,, ~ A,p, = I [ I ,  
- -  T . - - I  --n--I 

which, together with (3.36), yields (3.37). If, however,ST, x.<r~<T.+t, then, making use of 
(3.20), (3.33), (3.35), (3.22), we obtain 

rCL Cl 8 An r~ r~ __ c,, r= In T. ~ _c,a ,I  c , ,  + o" 

( 3 . 3 7 )  

Then, by virtue 

which, together with (3.36), yields again (3.37). 

Now we find the order of the function U. By virtue of (3.36) and (3.35), for T,~<r<T,+t 
A._. An 

we have  B (r, U) ..< (I Jr o(l)) B(r, U.-O .JrB(r, U.) ~< (1Jro(l))c,s--~--_tr~. Jrc t ,  -~ra~< (l 'Jr o(1))c,sraTP.-~ x lnT,,_t Jr 

clsraT~ On t h e  o t h e r  hand ,  by v i r t u e  o f  ( 3 . 3 7 ) ,  ( 3 . 3 4 ) ,  ( 3 . 3 5 ) ,  
1 1  

f o r  n ~ = we have  B(T.s.. U) >( I J ro ( l ) ) l lU  + (T.s,,E~ =(IJro(1))A,,p,,>(I + o ( l ) ) ~ T ~ l n T . ~ .  (1 Jr o(I))T.P > 

(2-PJro(l))(T.s.)P . T h e r e f o r e ,  t h e  o r d e r  o f  t h e  f u n c t i o n  U i s  e q u a l  t o  p. 

F u r t h e r ,  making u s e  o f  ( 3 . 3 7 )  and ( 3 . 2 3 ) ,  f o r  n ~ = we o b t a i n  

II U-(T.s.e'bl l  ..< II U'E(r.s.e'e)ll Jr o0)I~U+.(T.s,,e'b II < (~ + o(]))II U+(m.s.e~~ = o([)11U+(T,s,,e'e)ll, (3 .38 )  

which gives (3.31). 

Now we prove the estimate (3.32). Assume first that T,~<r=[z]~7",+InST,. Then, by 
virtue of (3.21), (3.35), we have 

]["l " (z) [ "<Ot4A" [i T, - -  1) I~ "< C14A" InSllT--'~,r" : c*4T"~-~ In3~+t T" ---- ~ (l)' n-~  oo, (3139) 

s i n c e  p ~ l < 6 < ~ .  T h e r e f o r e ,  by v i r t u e  o f  ( 3 . 3 6 ) ,  ( 3 . 2 0 ) ,  ( 3 . 2 2 ) ,  and ( 3 . 2 4 ) ,  we have  

U (z) = U._l (z) jr o(l) B(r, U.-t)  ~ - - ( x  W o(1)) B(r, U), 

i f  z 6 K ,  i . e . ,  c o n d i t i o n  ( 3 . 2 2 )  h o l d s .  Assume now t h a t  T . + l n S T . ~ r = l z l < T . + ~ ,  z 6 K .  In  
t h i s  c a s e ,  i n  v iew o f  ( 3 . 2 6 ) ,  ( 3 . 2 0 ) ,  ( 3 . 2 2 ) ,  ( 3 . 2 4 ) ,  f o r  n ~ ~ we have :  U(z) = U,,_j (z) + U,,(z) + 
o (l)ll U+-, (r~'~ II ~< ( - - •  + o (1)) B (r. Us_,) - -  xB (T.  + !z - -  T. ,. U.) ~ ( - - •  Jr o(1)) B (r, U._,)  - -  xB (r. U.) ~< ( - - x  Jr 
o( l ) )B(r ,  U). Thus, i n e q u a l i t y  ( 3 .22 )  i s  proved.  

Making use. o f  Theorem Y, we approx imate the  f u n c t i o n  U6S  by the  l o g a r i t h m  o f  the  
modulus o f  the  e n t i r e  f u n c t i o n  f so t h a t  ( 2 .17 )  be s a t i s f i e d .  I t  i s  easy to  see t h a t  the  
o rder  o f  the  e n t i r e  f u n c t i o n  f i s  a l so  equal  to  p. Since U , ( - - r ) >  O, r>~ 0, a6N ,  we have 
B ( r , U ) > U ( - - r ) ~ U , ( - - r ) = u , ( - - r ) > c ~ ( r J r l ) "  f o r  r ~ 4  by v i r t u e  o f  ( 3 . 9 ) ,  ( 3 . 1 3 ) ,  ( 3 . 3 0 ) .  
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By virtue of (3.36), (3.19), (3.20), (3.35), and (3.33)we have B(T,,U)=(I+o(I))B(T,, 

U._d..<(c,,+o(1))A._, ~--~(c,.+o(l))T=.InT., n-+~, and, therefore, the lower order of the 

function U is equal to ~. 

Now we note that 

h U (re~O) - -  ln l l (re~a) l ll = o (r=), r --~-oo. ( 3 . 4 0 )  

Indeed, let E(r) be the intersection of the exceptional set from Theorem Y with the circum- 
ference {z: Izl-----z} . Then, by virtue of (2.17) and by the theorem of Edrei and Fuchs on small 
arcs [4, p. 58], already used in Sec. 2, applied both to U and to f, we have 

[0, 2~) ~ E  (r) Elr) 

- - I n : f ( r e t ~ ) l l d O = O ( I n ~ r ) + O ( r o - ~ l n r ) = o ( r a ) ,  r-+oo. 

Now from (3.38) and (3.40) we obtain 

'~  (T . s , .  O. [) ~ II U- (T .~W ~ - -  In- I f (T . s .d  ~ 111 + il U- (T.s.e ~e) II = 
= o (T~.) + o ( I ) l' U + (T.s.W e) II ~ o (7~,) + o (1) fl U + (T.s,,e ~~ - -  

- -  In + ; / ( T . s . ~ ) l l l  + o(1) i !  In+~ f ( T . s . d  ~ = o(T~) + 
+ o ( I ) T ( T . s n ,  D = o ( I ) T ( T . s . , ~ ,  n--+oo, 

which gives 6(0, f) = 0. 

Since E~(~, for sufficiently large r the set E cannot cover entirely the arc {z:!zl = 
r} ~ ~ . Therefore, from (3.32) there follows that 8(0, r) > 0. 

The unknown function has been constructed for all p, ]/2<p.~ 1. Considering the function 
g(z)----f(~), nqN, we can obtain any preassigned order 0 > 1/2. Theorem 2 is proved. 

Remark 3.1. For ~ < 6/11 the lower order of the constructed function f coincides with 
~. For 6/11 ~ p ~ | this can be achieved, complicating the construction of the auxiliary 
functions u n from L~mma 3.6. 

Remark 3.2. For the constructed function f we have 

Indeed, let 

iim l n ' l f ( r ) ! / I n M ( r  , D:>O. ( 3 . 4 1 )  
r 

e =  {z:Iz-z,1<..}, 
k=l k=, ( 3 . 4 2 )  

where E is the exceptional set from Theorem Y (see [I]). 
�9 l<" 2M-~ l} there exists the circumference {z :Iz--r I =/} , not intersecting E. 
of the mean value theorem, Theorem Y, (3.36), and (3.32), for n ~ - we have 

S ' ;  I In l / ( r  + tet*)ldap..< ~n U( r  + t~*)d~ + In l [ (r)l ~< 2-h 

§ 1 7 6  . Un-~(r + t e ~ * ) d ~ +  N U . ( r  + t e t * ) d ~ + o ( 1 ) B ( r ,  U.-O, 

We note that in the circle {z:Iz-- 
Now, by virtue 

(3.43) 

if T, ~ r ~ T,+t. If now 7", ..< r ~ 7", -}- I In'T,, then for n > n 0 we have r + t ~ r + 2M + I < T, + In s T, 
and, by virtue of (3.43), (3.39), (3.24), (3.20), and (3.22), we have 

--xB (T,_l -}-[r-- T,-I q- tet* l, U,_ 0 + o (1) B (r , U,_l) ..< 

~< - - x B ( r - - 2 M - -  1, U._ , )  + o ( l ) B ( r ,  U . _ , ) ~  (--c=4 n u o(I))B (r, U ._ , )  ---- (--c=4 Jr o(1)) B(r ,  U). ( 3 . 4 4 )  

1 
Assume now that Tn'q--~In sT.~r~T.+l. Then for l~1~<~/2 we have r~<Irn ut~+l~T.-1-}r- 

T,-}-letWl. By virtue of (3.43), (3.24), (3.36), inequality U,(r.~-t~t~)~.<O and of the already 
given estimates for n ~ ~, we have 
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n n/~ 

In I l (r)! < ~si U._, (r + te% tt~ + ~ .~ U. (r + tet~) d ,  + 
- - n  --~12 

-F o( l )  B(r ,  U ._  0 ..< (--c=4 + o(1 ) )B( r ,  U . - O - -  

x B (T,, + I r - -  T.  + te t+ l, U.)  ~. (--c=, + o (1)) B (r, U . - O  - -  x -~ B(r, U,) ,.< (--c=+ o(1))B(r, U). (3.45) 

By virtue of Lemma 2.2 and Theorem Y from [I], we have 

InM(r, D.-,B(r, U), r-+oo. (3.46) 

Now (3.41) follows from (3.44)-(3.46). 

The proof of Theorem 3 repeats entirely the proof of Theorem 2 with the only differ- 
ence that the function u n from Lemma 3.6 must be replaced by the function u from Leamma 3.5, 
inequality (3.22) is not needed, while the estimate (3.31) has to be replaced by the inequal- 
ity [[U-(rete)lJ.>(6+o(l))llU+(rete)H,r-+oo, 6>0, which holds by virtue of (3.5). By virtue of 
this inequality, for the entire function f, occurring in (3.40), we have 6(0, f) > 0. Fur- 
ther, from (3.2), (3.3), (3.35), and (3.36) there follows that 

i + ~ (1) T~. In T,,, n.--,- oo. B (T. ,  U) ---- (I .+ o (1)) B (T., U . - O  ..< 

Now by virtue of (3.37), (3.4), and (3.35), we have II U* (4T,~ e) II -- (I + o (I)) !I U + (4T, de) II >(c=, + 
o(1))A,=(c=,-Fo(1))T~InT,;>(c=,-Fo(1))7~,_tB(T,, U) . From here and from (3.40) we conclude that 
the function f satisfies all the requirements of Theorem 3. 

4. Proof of Theorem 4. Let 2 < l X < C C , ~ = ~ m i n  , ~-- . We consider the domain 

{ ~ D r =  z =  l - l - r e ~ ~  I O i < ~ + - ~  , 

D ~ =  z------I - t - r e i~  I O - - a l < ~  . 

We set 

{r 
. sin i~( IOI -- 'q), z 6 D , ;  

wt(z)= O, zEC~D,; 
{ r.  cos IX (e- -  ~), z f D = ,  

w.a (z) = 0, z 6 C\D,. 

We consider the function w = w I + w 2, defined in C. 
function has the following properties: 

w(z) = O, ! z l ~ l ;  

Iw(z)!~< Izl", zEC; 

Clearly, wE S �9 

II w- (re'e) II > 6 IE w + (re'e) II, �9 > l, 

where the positive constant 6 depends only on ~. Further, 
w ( - - t + d e ) ; ~ O ,  0...<0..<2~t, t > 0 ;  

i! w+ ( - - t  + e re) If >~ at .+' ,  0 <. t ..< I; 

II w + (rd e) [', >1 [~r", r ~ 2; 

II to+ (re~~ il >I Y (r -- l)tt+l 

where the positive numbers a, 6, X depend only on It. 
By virtue of (4.1) the series 

u (z) = ]~ u~ (z) 

The constructed 

(4.1) 
(4.2) 
(4.3) 

(4.4) 

(4.5) 

(4.6) 

1 ~<r~<2,  (4.7) 

Let Rk > 2, Rk # oo, ak> 0, uk (z) = akW (z/Rk). 

#=1 

converges uniformly on the compacta in C and u(z)6 S. 

We see ak---I~ ~+t l,'Rk, and we select the sequence (R k) so that for k ~ 2 we should have 

In Rk > max {2 a, R~"--1-' In' R~-,I -- max {2 k, a~-,l. (4.8) 
We estimate the order of the function u. If :zi >Rk , then by virtue of (4.2) and (4.8) 

we have 
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us (z) ~< R~ "+' In' Rk I z I" R--~ ~< } z i 2"+'  In ~ I z l ~< 2-'kl Z I ~"+' (In * ; z ,  )'. 

If Izl < ak, then, in view of (4.1), the last inequality is obviously satisfied. Thus, the 
order of the function u does not exceed 2~ + i. Since all uk(--r)~ 0 for r > 0, we have 

u (--2R~) > u~ (--2R~) = hg~ ~+' (In ~ R~)w (--2) = R~ ~+' (In' R~). 

Consequently, the order of the function u is equal to 2~ + I. 

We show that the function u has a positive deficiency. Let �9 ~ R,. We select the number 
k so that /~k ~< r<R~+l. 

Assume first that 2R~,r<R~+~. By virtue of (4.6) we have 

II U~ (re ~e) (4.9 ) 

On the other hand, u,n(re ~~ = 0 for m > k by virtue of (4.1) and, in addition, by virtue of 
(4.2), (4.8), and (4.9), we have 

k--I 

1~ u/(re;e)l~<(k--l) R~+~In~Rk-'r" ---(k--l)R~+,'(In'Rk-,)r~'=o(llu+(re~e)[l), k-+oo, ( 4 . 1 0 )  
/=t  

uniformly with respect to rE [2R~, R~+~] �9 Consequently, for such r by virtue of (4.3) we have 

il u- (r~ "~) '1 > (6 n L o (1)) !1 u+ (re-e) II, r ~ .  ( 4 . 1 1  ) 
Assume now that Rk+ I ~<r<2R~. By virtue of (4.7) we have 

1, u + (re", i' = Ri, "+' In' R, II o ' C = , , " ) I I  

> R~ "+~ In' R~ '} w + ((I + RT') e ~e) t] > ~R[ "+' In ~ R~RT"-' = rR~ In' R~. 
for r < 2Rk, by virtue of (4.2), (4.8) and the previous estimate we have On the other hand, 

~-I 

, j ,~k-, (In' Rk-O tR--~_~] = 2~ (k - -  1) RN+~ (In' Rk-,) Rk" = o(1)II u + (re '~ [',, 
/'=1 

k ~ o o ,  

uniformly with respect to r6[Rk+ I, 2Rk]. Thus, by virtue of (4.3), the estimate (4.11) holds 
also in this case. 

We consider the remaining case Ra~<r<Rkq-I . From (4. i0), replacing k - 1 by k - 2, there 
k--2 

follows that l ~ u/(re~e)ll--o(IIu+ , (re 'e) II), 
f=l 

We assume that i] u+ (fete) I] • [I uL! (r~ "0) II �9 Then 

II u + (fete) il "-< (I + o (l))II u*+-* (reO) II + II u~ + (re 'e) ;I ".< (2 + o (1)) II u + (re ie) If, r --,.oo. (4.12) 

We note that if Uk(Z) < 0, then also uj(z) < 0 for I ~ < ] ~ < k - - 1 .  From here and from (4.1), 
(4.3), (4.12) there follows that 

i! u-(rde) i[> :: uF(re'e) :! >- 6li u+(re'e)!l > ( ~  -t-0(l))l[,,+(re'e)ll. r -+co.  

I f  , h o w e v e r ,  Ilu+(reie) l!,:llu+_,(rete)ll, t h e n ,  i n  t h e  same way as  ( 4 . 1 2 ) ,  we o b t a i n  Ilu+(rde)ll~< 

(2+o(,))llu+_,(ret~ r.-+oo. The s u f f i c i e n t l y  s m a l l  number  ut,(re'O)=O, r6[Rl~, RknU 1], ,OIE[e ' 21 ; 

I ( r ) = ~  u?-I(re~~ gllu?- ,(rde)l! ,  r6lRk,  R , +  II. 
I O 1~8 

Then for k + ~ we have 

, ! l[ u-(rd e) lJ ~ o (H u+-, (fete) JI ) q- If (u,-x (re re) + u, (rel~ ) - II ~ o ( II u+-I(re to) If) -F I (r) ~ o (II u+-, (re~~ li) -I- ~ X 

u~-_l (reie)H ~ (~  + o  (1))II' u+-a (r~ e) [I ~ (~  + o  (1) II u+ (r~ e) [J. ( 4 . 1 3 )  

T h u s ,  f rom ( 4 . 1 1 ) - ( 4 . 1 3 )  t h e r e  f o l l o w s  t h a t  t h e  f u n c t i o n  u ha s  a p o s i t i v e  d e f i c i e n c y .  
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We show that the deficiency of the function u(z - I) is equal to 0. We have 

4-, R~ = 2" (h -- l) R~k~ In' R~_,R~. (4 14) 

i=| 

Further, by virtue of (4.5), we have [[u:(R,, 8- [)H:R~'+I,N'~,[],+(e'~ 

gR~In~Ra.. Therefore, from (4.14), (4.1), and (4.8) we conclude that for k + ~ we have 
lu(Rae m- l)--ua(Rae m- I)! =o(i,u~(R~O--l)ll). But by virtue of (4.4), ua(Rkd~ and, 

therefore, for k + ~ we have I!,'(R~ le- |)I] = ~ era- |)H) =o(ll"+(Rk ~e-|)~) ; this is 
what we intended to prove. 

Modifying some of the steps of the proof of R. S. Yulmukhametov's theorem [5], we can 
obtain the following theorem, e 

THEOREM Y'. For each subharmonic function v(z) of finite order there exists an entire 
function f, satisfying the asymptotic inequality: 

II v ( r ~  ~ - -  a )  - -  In J f ( r ~  ~ - -  a)  I]1 = 0 ( In '  r) ,  r - + ~  

f o r  e a c h  aEC. 

Applying this theorem to the constructed subharmonic function u(z), we obtain an entire 
function f for which the assertion of Theorem 4 holds. 

Remark 4.1. For r > 0 we have w(--r) > 0. Therefore, for �9 2Rl we have 

u(--r)~u,(--O>xr", x>0. 

Consequently, the lower order of the function u, and thus, also of f, is not smaller than 
= ( p  --1)/2.  

The fundamental results of the present paper, Theorems 1 and 2 have been communicated 
by the authors in Dokl. Akad. Nauk Ukr. SSR, No. 10, 1984, pp. 3-5. 
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